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PREFACE

PREFACE

This volume contains the Technical Programme of the papers accepted 
for presentation at the V International Conference on Particle-based 
Methods (PARTICLES 2017), held in Hannover on 26 - 28 September, 
2017. The four previous conferences of the series were held in Barcelona, 
Spain, in the years 2009 and 2011, in Stuttgart, Germany, in September 
2013, and in Barcelona on 2015.

PARTICLES 2017 will address both the fundamental basis and the 
applicability of state-of-the-art particle-based computational methods 
that can be effectively used for solving a variety of problems in 
engineering and applied sciences.

The denotation "Particle-Based Methods" basically stands for two different 
computational models in solid and fluid mechanics.

On the one hand it represents discretization concepts in which the 
response of a continuum is projected onto "particles" carrying the 
mechanical information during deformations. Typical representatives are 
Meshless Methods, Smoothed Particles Hydrodynamics (SPH), Moving 
Particle Simulation (MPS), Particle Finite Element Method (PFEM), 
Material Point Method (MPM) and the Lattice-Boltzmann-Method (LBM).

The conference is held under the auspices of the European Community on 
Computational Methods in Applied Sciences (ECCOMAS) and the 
International Association for Computational Mechanics (IACM). The 
organizers would like to thank all the participants and the supporting 
organizations for their help in making PARTICLES 2017 possible.

PARTICLES 2017 Organizers

P. Wriggers (Chair)
Leibniz Universität Hannover, Germany

M. Bischoff
Universität Stuttgart, Germany

E. Oñate
CIMNE / Universitat Politècnica de 

Catalunya,Barcelona, Spain

D.R.J. Owen
Swansea University, United Kingdom

T. Zohdi
University of California, Berkeley, USA
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IS - Advanced Particle Methods for Continuum MechanicsModelling of the dispersed phase motion in free-surface flows with the two-fluid Smoothed Particle Hydrody-
namics approach
INVITED SESSIONS

V International Conference on Particle-based Methods – Fundamentals and Applications
PARTICLES 2017

P. Wriggers, M. Bischoff, E. Oñate, D.R.J. Owen, & T. Zohdi (Eds)

MODELLING OF THE DISPERSED PHASE MOTION
IN FREE-SURFACE FLOWS WITH THE TWO-FLUID

SMOOTHED PARTICLE HYDRODYNAMICS APPROACH

Micha�l Olejnik∗, Kamil Szewc, Jacek Pozorski

Institute of Fluid Flow Machinery, Polish Academy of Sciences
Fiszera 14, 80-231 Gdańsk, Poland
∗email: michal.olejnik@imp.gda.pl

Key words: Sedimentation, Free-surface Flow, Meshless Methods, Two-fluid Approach

Abstract. The sediment transport is an important problem in hydro-engineering. Ac-
curate numerical modelling of this complex phenomenon remains a challenging task. In
the present study we employ the Smoothed Particle Hydrodynamics (SPH) approach in
the two-fluid formulation to compute the interactions between the carrier and dispersed
phases. The main goal is to test this rather uncharted SPH variant for simple cases and
to find problematic points that require further improvement. We present initial results
of validation with experiment involving a vertical sheet of sand entering the water tank
through free surface, as well as results from a simplified quasi-2D study of sedimentation.

1 INTRODUCTION

The phenomena involving interaction of the carrier fluid and dispersed phase are object
of active research. In environmental sciences, transport of sediment (sand) in the coastal
areas is a complex process of particular interest in hydro-engineering. Numerical predic-
tions require advanced models able to handle physics of multiphase and free-surface flow.
While some grid-based approaches to tackle this issue exist, they suffer from problems
related to their Eulerian character. Lagrangian methods, such as Smoothed Particle Hy-
drodynamics (SPH), are surfacing as an interesting and promising alternative. Although
initially the SPH method was developed for astrophysical computations, over the years
it was successfully applied to a wide range of CFD problems, including both free-surface
and multiphase flows [1, 2].

The present work is a part of ongoing development of entirely SPH-based solver capable
of computing the free-surface flow, its interaction with deformable seabed [3], as well as
transport of sand carried by water. In the following we focus on the last aspect. For
this purpose we employ the so-called two-fluid SPH formulation, initially developed for
calculations of dust motion within gaseous medium [4], recently adapted for sedimentation

1
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problems [5]. Basing on the results for the case of sand entering water through the free
surface, as well as sedimentation problem, we outline main difficulties encountered.

2 GOVERNING EQUATIONS

2.1 Two-fluid model

The essence of the two-fluid modelling of multiphase flows is to treat the dispersed phase
and the carrier fluid as two separate continuous phases, interpenetrating and interacting
with each other. As a consequence the conservation equations for both phases, including
interaction terms between them, are solved. The idea of this approach can be found in [6].
In this work we consider liquid L and dispersed phase (dust) D. Their volume densities
are defined as

�̂L = θL�L, (1)

�̂D = θD�D, (2)

where θ and � denote the volume fraction and material density, respectively. The volume
fractions need to satisfy the condition

θL + θD = 1. (3)

The mass conservation equation for each phase is given as

d�̂L
dt

= −�̂L∇ · uL, (4)

d�̂D
dt

= −�̂D∇ · uD, (5)

and the momentum conservation equations are

duL

dt
= −∇p

�L
− K

�̂L
(uL − uD) +

1

�L
(∇µ · ∇)uL + f , (6)

duD

dt
= −∇p

�D
− K

�̂D
(uD − uL) + f , (7)

where f and K denote the mass force and the drag factor, respectively; µ is the dynamic
viscosity. An example of the two-fluid approach calculations within Eulerian-Eulerian
framework for problem of a dust sedimentation can be found in [7]. Since our long-term
aim is to include the effect of surface waves on the dispersed phase, as well as the specific
model of the bottom layer [3], we decided to apply the Lagrangian-Lagrangian two-fluid
model, based on a particle method, namely SPH.

2
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2.2 SPH formulation

The general idea behind SPH lies in interpolation theory. Let us consider any scalar
(for simplicity) field A. The integral formula

A(r) =

∫

Ω

A(r′)δ(r− r′)dr′, (8)

where δ(r) is the Dirac delta function, can be used to express the field value at the point
r in space Ω. To obtain SPH approximation, first we replace δ(r) with the weighting
kernel function W (r, h) which should be normalised, symmetrical and converge to δ(r)
with h → 0 [1]. Argument h is the so-called smoothing length and it determines the
interpolation range. In our work we use the Wendland kernel [8], as the one guaranteeing
good stability of computations [9].

The second step consists in discretisation of space into a set of particles of volume
Ωb = mb/�b, where mb is the mass and �b is the density of particle b. As a result the
integral from Eq. (8) is approximated by a sum, i.e.

A(r) �
∑
b

A(rb)W (r− rb, h)Ωb. (9)

In the shorthand notation, the SPH approximation 〈A〉a of field A at any point a is defined
as

〈A〉a =
∑
b

AbWab(h)Ωb, (10)

where Ab = A(rb) and Wab(h) = W (ra − rb, h). Thanks to the properties of W (r, h)
differentiation can be shifted from the field to the kernel function yielding

〈∇A〉a =
∑
b

Ab∇Wab(h)Ωb. (11)

Further derivatives can be obtained in a similar way. Using Eqs. (10) and (11) differen-
tial equations can be rewritten in SPH formalism and solved by calculating interaction
between particles. The detailed derivation of the SPH method for fluid-flow problems can
be found in [2].

Now, we will briefly recall the two-fluid SPH formulation used in the present study. In
this approach both phases are described by separate sets of SPH particles. Following the
original work by Monaghan and Kocharyan [4] we denote liquid particles with indices a
and b, while i and j are used for the dust particles. We recall that the “dust particles” are
understood here as parts of the continuum, and not the real physical particles. Since cases
considered in this research involve free-surface flows, we decided to use SPH formalism
proposed by Colagrossi and Landrini [10], well suited for the task [11]. In this formulation
Eqs. (4) and (5) will become

d�̂a
dt

= −�̂a
∑
b

mb

�̂b
uab · ∇aWab, (12)

3
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d�̂i
dt

= −�̂i
∑
j

mj

�̂j
uij · ∇iWij, (13)

where uab = ua − ub. Equations (6) and (7) are taken as

dua

dt
=

∑
b

mb

(
θapa + θbpb

�̂a�̂b
+Πab

)
∇aWab −

∑
j

mj
θjpa
�̂a�̂j

∇aWaj +

−σ
∑
j

mj
Kaj

�̂a�̂j
(uaj · r̂aj)r̂ajWaj + f ,

(14)

dui

dt
=

∑
j

mj

(
θipi + θjpj

�̂a�̂b

)
∇iWij −

∑
b

mb
θipb
�̂i�̂b

∇iWib +

−σ
∑
b

mb
Kib

�̂i�̂b
(uib · r̂ib)r̂ibWib + f ,

(15)

where σ (2 or 3) is the dimensionality of the problem. The first two r.h.s. terms in the
above equations are the pressure terms, with Π being the viscous stress tensor for liquid
phase. The third term is the drag term. To calculate the drag coefficient, Gidaspow’s
drag model [12] is used in which

K =



150

θ2D
θ2L

µ
d2

+ 1.75 θD
θL

�L
�D

|uLD| when θL < 0.8

3�LθLθDCD

4d
|uLD|θ−2.65

L when θL ≥ 0.8
. (16)

where d is the diameter of solid particle and CD is drag coefficient taken as [13]

CD =
24

Rep

(
1 +

3

16
Rep

)0.5

, (17)

and Rep = d|uLD|/ν. The slip velocity uLD is defined as uLD = uL−uD. The liquid-dust
interactions used in the evaluation of drag term are calculated using a double-hump-
shaped kernel

W (q) =
63

320π
q2(1 + 2q)(2− q)4, (18)

where q = |r|/h, q ≤ 2. The liquid volume fraction is calculated from

dθa
dt

= − 1

�D

∑
j

mjuaj · ∇aWaj, (19)

and Eq. (2) for the dispersed phase [5]. The set of governing equations for fluid flow is
closed with the state equation in the form

pa =
s2�0
γ

[(
�a
�0

)γ

− 1

]
, (20)

4

24



Micha�l Olejnik, Kamil Szewc, Jacek Pozorski

Figure 1: Left picture: test of the sand dispenser (the mass flux measurement in ”dry” conditions). Right
picture: the laser-lit sand sheet falling in the water tank; the upper edge marks the free surface and the
white dashed line indicates the border of the sand-laden area; the sand bottom visible as lighter-gray
region. Experimental data, courtesy of B. Stachurska (IBW PAN).

where s is a numerical speed of sound, γ is a constant and �0 is a reference density. In
the present work, we deal with small volume fractions of dispersed phase, i.e. θD ≤ 0.2,
hence we assumed pi = 0 for all dust particles.

Note that, contrary to the original works where this model was developed [5, 14], all
interactions are calculated using constant smoothing length. Additionally we use equation
for mass evolution

dma

dt
= ma

∑
b

mb

�̂b
uab · ∇aWab, (21)

to correct possible issues generated by changing volume densities, for details see [11].

3 RESULTS

3.1 Validation with the experiment

Since the model was tested for the cases of sedimentation in static and stirred tank
[5, 14], we decided to proceed with validation with experiment designed and conducted
specially for this task. The main goal was to deliver results that could serve as reference
data for 2D numerical simulation. For that purpose, a simple wooden box with a thin
outlet slit was constructed to form the curtain of sand with the width of 400mm and
the nominally constant thickness, in practice varying from 3 to 5mm, see left panel
of Fig. 1. The sand used had density of 2650 kg/m3 and the mean grain diameter of
0.26mm, and the measured mass flux was 148± 7 g/s. In the experiment, the sand sheet
was vertically poured into the water tank, large enough to neglect the influence of vertical
walls. Particle image velocimetry (PIV) measurements of the velocity field were performed
with sand grains as tracers. A single experimental run lasted 10 seconds, measured from

5
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Figure 2: Computational domain at t = 0 s. Fluid particles are coloured with their densities set to
match the hydrostatic pressure; black particles represent the sand.

Figure 3: The SPH computation at t = 2.5 s (left), t = 5 s (middle) and t = 6 s (right). Fluid particles
are coloured with their velocities, black particles represent the sand; only the left half of domain is shown
since the flow case was symmetric in practice, see Fig. 4.

the opening of the sand source to its closure. While the whole setup was designed to be
treated as 2D case, dispersion of sand in direction perpendicular to the curtain’s width
was inevitable, making it in fact a 3D problem.

To reconstruct the experimental setup within the numerical simulation we used a square
computational domain with periodic boundary conditions in the horizontal direction and
no-slip boundary modelled with ghost particles at the bottom for the liquid phase. In the
case considered, the initial water level was set to 33 cm, with one row of the dust particles
at the free-surface, see Fig. 2. Initial velocity of dust was set to u0 = 25 cm/s as in the
experiment. The new row of particles was added at the same place every 0.1 s with their
velocities set to u0. Due to the lack of proper boundary conditions at the bottom for
dispersed phase, the dust particles were made to stop after reaching it.

The main problem in reconstructing the experimental conditions lies in setting θD, so
that its value and the mass flux of sand are the same as in experiment. As a temporary
remedy we tried to set θD, so that the mass flux is match, i.e. after 1 s mass of sand
in the domain is equal to 148 g, which corresponds to θD = 0.00176 at the resolution of

6
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Figure 4: Velocity field of the liquid phase at t = 5 s (see Fig. 3).

Figure 5: Velocity magnitude of dust particles at t = 5 s (see Fig. 3).

L/h = 64 and h/∆r = 2. This turned out to be not the best solution, since such a low
volume fraction of the dispersed phase had barely any effect on the liquid and general
outcome was much different from the experimental one.

Setting θD to 0.0176 yielded more interesting results. Obviously, the mass flux was too
high (1.48 kg/s), but this volume fraction was enough to stir the fluid, see Fig. 3. This
resulted in two vortices appearing at the edges of sedimenting sand curtain, see Fig. 4.
Note, that the velocity field within the liquid was rather noisy, especially in later stages
of simulation.

It is hard to compare these results with the reference data, since the initial conditions
were not reproduced perfectly. For the case of higher θD the behaviour of sand, i.e.
bending of sand sheet near the free surface into a triangular shape and later expansion,
was similar to the observations made in experiment, see right panel of Fig. 1. Furthermore,
PIV measurements showed that sedimentation velocity was higher in the outer parts of
sand curtain. This effect was also reproduced in SPH simulation, as shown in Fig. 5.
It is important to note that rough estimations of θD in the experiment point towards

7
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Figure 6: Computational domain at t = 0 s for quasi-2D simulation. Liquid particles are coloured with
the hydrostatic pressure, dust particles are marked with black squares.

values around 0.1; however, reproducing this in calculations would require much higher
resolution to reproduce mass flux correctly.

3.2 Quasi-2D study of sedimentation

Not satisfied with noisy velocity field within the liquid phase, see Fig. 3, we decided
to investigate the model in more detail. For that purpose we used the validation case
described by Kwon and Monaghan, 2015 [5], i.e. the infinitely long layer of sediment of
thickness 0.2H falling due to the gravity within a hydrostatic tank of height H. Usually,
periodic boundary conditions would be used, but since there is no motion in the x direc-
tion, governing equations can be solved with only y component. To avoid deriving the 1D
SPH formulation, we considered 7 columns of particles, and solved governing equations
for the middle one; for the initial setup see Fig. 6. Thanks to the compact support of the
weighting kernels used, interactions with particles further away would return zero values.
After the advection step, the fields’ values and particle positions are rewritten row by
row with those from the 4th column, hence quasi-2D. The sediment is placed between
0.7H and 0.9H. Due to the gravity it should start falling and after short time reach
constant settling velocity vref , known from the analytical solution of the problem. The
results reported in this paper were obtained for θD = 0.02 in the area occupied initially by
dust; similar outcomes and conclusions were obtained for higher values of this parameter,
however, we omitted them in the following for clarity.

8
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Figure 7: Evolution of the mean settling velocity for different variants of the model with s = 32 m/s
(left) and influence of this parameter for the constant mass one (right).

Figure 8: Evolution of the mean settling velocity for the middle row of dust particles with horizontal
lines marking timesteps at which they are passing right through liquid particles (left) and comparison of
the liquid phase velocity profiles (right).

9
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For the sake of comparison we tested different variants of the model, namely:

1) ”constant mass” - model presented in Section 2.2 without Eq. (21),

2) ”variable mass” - model presented in Section 2.2 with Eq. (21),

3) ”constant mass in box” - the same as the 1st one but with domain closed with wall
instead of free surface,

4) ”constant mass - θ summation” - the same as the 1st one but with summation
formula for θL

θa = 1− 1

�D

∑
j

mjWaj, (22)

instead of Eq. (19).

The result for the evolution of settling velocity vd averaged over all dust particles is
shown in Fig. 7. The velocity, instead of reaching a constant value, oscillates around the
analytical prediction. Using Eq. (21) does not improve the results significantly, while the
variant with evolution equation for θL gives slightly more accurate result. The magnitude
of oscillations is lowered by increasing the speed of sound in Eq. (20), but without affecting
their frequency. Closing the domain with the upper wall, however, improves outcomes in
most visible way. It reduces the magnitude of oscillations, even for the lowest value of s
tested. One of the possible reasons for this oscillations could be interaction of two sets of
particles passing through each other, however, as presented on the left plot of Fig. 8, there
is now correlation between extrema of the value of vd and moments when dust particles
are positioned exactly at spots occupied by the liquid particles. Furthermore, comparison
of velocity profiles of water, see right plot of Fig. 8, shows that closing domain with the
lid significantly reduces noise. This solution, while simple, is not very practical since it
restricts simulations only to internal flows. The reason for oscillations in sedimentation
velocity is hard to be pin-pointed, however, the fact that closed domain improves the
results implies that the ”liquid” part of the two-fluid SPH formulation requires some
improvement for the free-surface flows.

4 CONCLUSIONS

In the paper the performance the two-fluid SPH model was assessed. The comparison
with experiment was not complete due to difficulties in exact reproduction of the initial
conditions within numerical simulation. The qualitative results, however, showed that the
motion of the sand within a water computed with SPH was very similar to that observed
in experiment. The analysis of the results for sedimentation in the quasi-2D setup showed
that, apart from hard to explain oscillations in dust settling velocity, the formulation
used for calculations requires a further extension of the model to treat free-surface flows.
Using some variation of the δ-SPH scheme [15] might be one of the possible solutions.

10
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Nevertheless, the perspective is promising, especially considering recent advancements in
SPH for granular flows [3] and possible coupling of different SPH formalisms for hydro-
engineering calculations.

Acknowledgements

This research was supported by the National Science Centre,
project No. 2013/11/B/ST8/03818. We would like to thank Barbara Stachurska and
Professor Ryszard Staroszczyk from Institute of Hydroengineering, Polish Academy of
Sciences (IBW PAN) for providing the experimental data.

REFERENCES

[1] Monaghan, J.J., Smoothed Particle Hydrodynamics, Annu. Rev. Astron. Astrophys.,
30, pp. 543-574, 1992.

[2] Violeau, D. Fluid Mechanics and the SPH Method: Theory and Applications. Oxford
University Press (2012).

[3] Szewc, K. Smoothed particle hydrodynamics modelling of granular column collapse.
Granul. Matter (2017) 19:3:1-13.

[4] Monaghan, J.J. and Kocharyan, A. SPH simulation of multi-phase flow. Comp. Phys.
Comm. (1995) 87:225-235.

[5] Kwon, J. and Monaghan, J.J. Sedimentation in homogeneous and inhomogeneous
fluids using SPH. Int. J. Multiphase Flow (2015) 72:155-164.

[6] Brennen, C.E. Fundamentals of Multiphase Flows. Cambridge University Press
(2005).

[7] Bergantz, G.W. and Ni, J. A numerical study of sedimentation by dripping instabil-
ities in viscous fluids. Int. J. Multiphase Flow (1999) 25:307-320.

[8] Wendland, H. Piecewise polynomial, positive definite and compactly supported radial
functions of minimal degree. Adv. Comput. Math. (1995) 4:389-396.

[9] Szewc, K., Pozorski, J., and Minier, J.-P., Analysis of the incompressibility constraint
in the SPH method, Int. J. Numer. Meth. Eng., (2012) 92:343-369.

[10] Colagrossi, A. and Landrini, M. Numerical simulation of interfacial flows by smoothed
particle hydrodynamics. J. Comput. Phys. (2003) 191:227-264.

[11] Szewc, K. Fluid-granular media multiphase modelling using the Smoothed Particle
Hydrodynamics method. 9th International Conference on Multiphase Flow, Florence,
Italy, May 22-27, 2016, paper no. 1098, Proceedings on a USB.

11

31



Micha�l Olejnik, Kamil Szewc, Jacek Pozorski

[12] Gidaspow, D. Multiphase Flow and Fluidization: Continuum and Kinetic Theory
Description. Academic Press, San Diego (1994).

[13] Olson, R.M. Essentials of Engineering Fluid Mechanics. International Textbook
Company, Scranton, Pennsylvania (1960).

[14] Kwon, J. and Monaghan, J.J. A novel SPH method for sedimentation in a turbulent
fluid. J. Comp. Phys. (2015) 300:520-532.

[15] Molteni, D. and Colagrossi, A. A simple procedure to improve the pressure evaluation
in hydrodynamic context using the SPH. Comp. Phys. Comm. (2009) 180:861-872.

12

32



IS - Complex Particle SuspensionsCross-flow of air through sealed elevator enclosures

V International Conference on Particle-based Methods – Fundamentals and Applications 
PARTICLES 2017 

P. Wriggers, M. Bischoff, E. Oñate, D.R.J. Owen, & T. Zohdi (Eds) 
 

 
 

CROSS-FLOW OF AIR THROUGH SEALED ELEVATOR 
ENCLOSURES 

O. A. AVERKOVA¹, I.N. LOGACHEV¹ ,  K.I. LOGACHEV¹ AND O.N. ZAYTSEV2 

¹ Belgorod State Technological University named after V.G. Shukhov 
(BSТU named after V.G. Shukhov),  

Kostukova str., 46, Belgorod, Russia, 308012  
e-mail: kilogachev@mail.ru, web page: http://www.bstu.ru 

 
2 V.I. Vernadsky Crimean Federal University (Vernadsky CFU),  

4 Vernadskogo Prospekt, Simferopol, Russia, 295007  
e-mail: zon071941@mail.ru, web page: http://www.eng.cfuv.ru 

 

Key words: Granular Materials, Bulk Material Transfer, Air Suction, Local Exhaust 
Ventilation. 

Abstract. Both the direction and the flow rate of ejected air in bucket elevator [1,2] 
enclosures that feature a separate arrangement of carrying and idle conveyor runs would 
depend on the ratio between ejection heads and the difference between static pressures inside 
the enclosures of elevator head and elevator boot. A forward motion of air (along the bucket 
travel direction) arises inside the enclosure of the carrying run when ejection forces prevail 
and inside the return run enclosure at any ejection forces differential pressures. A counterflow 
of air is only possible in a single enclosure. 
Relative velocities and flow rates of air inside the elevator enclosures depend on two 
parameters, t and g, representing the ratio of differential pressures and resistances of 
enclosures to ejection forces.  
When pressures inside the upper and lower elevator enclosures are equal. With ejection forces 
large enough  air velocities become equal to the velocity of traveling elevator buckets. 
Absolute velocities of airflows inside enclosures are dependent not only on the velocity of 
moving buckets but also on the differential pressure, head resistance of elevator buckets and 
aerodynamic drag of enclosures, as well as spillage of particles. 
In the case of a forward flow pattern, air flow rate inside the return run enclosure is greater 
than the one inside the carrying run enclosure of the elevator conveyor. The explanation is 
that ejection forces arise in an opposite direction to forces caused by differential pressure 
inside the carrying run enclosure (both forces act in the same direction inside the return run, 
thus intensifying the air ejection process and boosting additional ejection forces which occur 
when buckets are unloaded, producing streams of spilled particles), as well as different values 
of the drag coefficient for empty and laden buckets. 
When air moves in a counterflow pattern, ejection forces of buckets create additional drag and 
therefore the absolute flow rate of ascending air inside the return run enclosure, as well as 
descending air inside the carrying run enclosure, increase less markedly than in the forward 
flow case.  
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1 INTRODUCTION 

Consider the most common case of an elevator with two buckets. Let the carrying and 
return runs of the elevator with buckets be located in separate sealed enclosures that will not 
experience cross-flows of air over their entire length. These enclosures are aerodynamically 
coupled only in their bottom (loading) and top (unloading) parts. 

2 THE RESULTS OF THE STUDY 

Let static pressure p  be maintained in these parts respectively at kp  and np , additionally 
assuming that 

k np p .      (1) 

In this case air will arrive from the upper into the lower zone through the return run 
enclosure but will only pass through the carrying run enclosure when ejection head caused by 
laden buckets is lower that differential static pressure. 

e n kp p p   ,      (2) 

Then, the limit case (at 0v  ) owing to (7.65) and (7.66) will be written as: 
2

1ζ ρ
2
e

n k
v

p p       (3) 

or the following inequality can be used to describe the trigger condition for ejection properties 
of the carrying run: 

12 ζ
ρ

2

n k
a

e

p p
h

v


       (4) 

or 

1
1

1ah
t

M
  .     (5) 

Hereinafter a subscript “1” will continue to denote characteristic parameters of airflow 
inside the enclosure of conveyor carrying run (i.e. “1” will be substituted for index ' 'v , e.g. 
longitudinal air velocity 1u  instead of v , 1ζ  instead of ζv , 1M  instead of vM  etc.), whereas 
subscript “2” will denote longitudinal airflow in the return run enclosure (airflow velocity 2u  
instead of u , parameter 2ζ  instead of ζu , 2M  instead of uM  etc.) 

Generally (when np  may also be less than kp ), two patterns of air cross-flows through 
bucket elevator enclosures are possible: a direct-flow pattern with positive velocities 1u  and 

2u  and air moving in the same direction with buckets, and a combined pattern whereby 
airflow and bucket traveling directions are the same in one enclosure but opposite in the other 
(Fig. 1). 

Let's determine air flow rates 1Q  and 2Q  as well as their difference: 
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2 1Q Q Q   . 

Air flow rates can also become negative, depending on the sign and magnitude of velocity 
vectors 1u  and 2u . 

First we’ll determine the flow rate 2Q . Dynamics equation (7.43) will be used to find out 
the flow rate in the return run enclosure. In this case static pressure at inlet and outlet of the 
enclosure will be expressed through pressures np  and kp  using local resistance coefficients 
for air entering the enclosure  2ζ n  and leaving the enclosure  2ζ k . 

2
2

2 2(0) ζ ρ
2n n

up p  ,     (6) 

2
2

2 2( ) +ζ ρ
2k k

up l p .     (7) 

 

 
a) At n kp p                       b) At  n kp p  

Figure 1: Aerodynamic diagrams for cross-flows of air in two sealed enclosures of a bucket elevator 
 

In view of the accepted conditions we’ll rewrite equation (7.43) and expand the values of 
kE  and pE  based on (7.47), (7.48) and (7.52), 

 2
2 22

2 2ζ ρ ρ
2 2

e e
k n

v u v uup p M
 

   ,                          (8) 

where 2ζ  is the sum total of LRCs of the enclosure. 

2 2 2ζ ζ λ ζn w k
w

l
D

   ,      (9) 

2M  is a parameter describing the ejection capacity of the return run of the conveyor and flow 
of spilled material (in accordance with formula (7.78)). 
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If both sides of the equation are divided by ρ
2
ev , a dimensionless equation would result: 

 2
2 2 2 2 2ζ φ 1 φ 1 φah M     ,     (10) 

where 2
2φ

e

u
v

 ; 

2 2

ρ ρ
2 2

n k k n
a

e e

p p h h
h

v v
 

  ,     (11) 

where kh  is the negative pressure maintained inside an aspirated cowl of elevator boot by an 
aspiration system fan (Pa); nh  is the sustained negative pressure occurring inside an 
unaspirated cowl of the bucket elevator head as a result of air cross-flow through the 
unloading chute and elevator enclosures (Pa).  

The sought flow rate 2Q  is determined by an obvious relation  

2 2φ eQ v S ,      (12) 

where S a b  . 
The value of 2φ  is determined with equation (10) which, owing to random nature of ah , 

can be written as the following dimensionless equation: 

 2 2 2 2 2 21 φ 1 φ ζ φ φah M    ,     (13) 

or 
 2 2 2 2 2 2φ φ 1 φ 1 φt g    ,     (14) 

where dimensionless numbers have been introduce to dispense with some determinant 
parameters: 

2
2

ah
t

M
 ,      (15) 

2
2

2

ζ
g

M
  ,       (16) 

representing a ratio of the available pressure and pressure losses to the total resistance that the 
enclosure poses to ejection head created by the bucket elevator 1. 

Expanding signs of absolute values reduces equation (14) to the following three combined 
equations: 

 22
2 2 2 2 2φ 1 φ at 1 φ 0;t g         (17) 

 22
2 2 2 2 2φ 1 φ at φ 0;t g          (18) 

 22
2 2 2 2 2φ 1 φ at φ 1.t g          (19) 

                                                 
1 One should keep in mind that the parameter 2g  may change as a result of possible changes in ζ  when the sign of 2  reverses. 
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The single-valued function  2 2φ f t  is plotted as a joint set of three parabolic arcs (Fig. 
2): 

 1 2 2 2 2φ 1 2φ 1y t g       at φ 0
2

   ;                          (20) 

 2
2 2 2 2 2φ 1 2φ 1y t g       at 21 φ 0  ;   (21) 

 2
3 2 2 2 2φ 1 2φ 1y t g       at 2φ 1   .   (22) 

 
Figure 2: Variation in relative flow rate of air transferred the enclosure of elevator conveyor return run as a 

function of pressure transitions (solid curve – plot of single-valued function  2 2φ f t ) 

In order to obtain a single value for dimensionless flow rate 2φ  across the entire variation 
range of the parameter 2t , roots of the following equations have to be found: 

   2
2 2 2 2φ 1 2φ 1 0g t       at 2 1t    ;                           (23) 

   2
2 2 2 2φ 1 2φ 1 0g t       at 2 2 1g t   ;                           (24) 

   2
2 2 2 2φ 1 2φ 1 0g t      at 2 2t g   .                            (25) 

As a result (at 2 1g  ), 

  2 2 2 2
2

1φ 1 1 1 1 at 1;
1

t g t
g

          
   (26) 

37



O. A. Averkova, I. N. Logachev, K. I. Logachev and O.N. Zaytsev 

 6 

  2 2 2 2 2
2

1φ 1 1 1 1 at 1;
1

t g g t
g

         
   (27) 

  2 2 2 2 2
2

1φ 1 1 1 1 at .
1

t g t g
g

         
   (28) 

Thus, forward airflow arises in the enclosure of the return run at 2 1t    i.e. at 

2 aM h  .                                                   (29) 

Otherwise, at  
2 aM h  ,                                                   (30) 

a countercurrent of air is promoted by a significant negative pressure in the upper cowl at   
2

2 ρ
2
e

n k
v

h h M  .     (31) 

Absent differential pressure  n kh h , 2φ  reaches its limit value: 

2
2 20

2

1limφ φ
1prt g

 


,      (32) 

which converges toward one with increasing ejection forces 

2φ 1pr  , at 2 2ζM  ,     (33) 

i.e. the velocity of air inside the return run conveyor belt enclosure of the elevator reaches the 
velocity of the belt only with significant ejection forces. 

Let's now determine air flow rate inside the enclosure of the carrying run of the bucket 
elevator. To that end we’ll put forward an equation for the dynamics of air in this enclosure 
with a compound effect of differential pressure n kp p p    and of ejection head created by 
a belt with laden buckets. It will be recognized that air velocity 1u  may turn negative at 
significant differential pressures. The dynamics equation for airflow in this enclosure will be 
put down as follows2: 

 1 1 1 1 1 11 φ 1 φ ζ φ φaM h                                 (34) 

or  
 1 1 1 1 1 11 φ 1 φ φ φt g    ,    (35) 

where 

1
1

ah
t

M
 ; 1

1
1

ζ
g

M
  .     (36) 

An expansion of the signs at absolute values breaks down the equation (35) into three 
separate ones: 

                                                 
2 It should be noted that, generally, a reversal of airflow inside elevator enclosure will also change 1ζ  and 

2ζ  ( 1 1ζ ζ ;    2 2ζ ζ   , arrows indicate downward ( ) and upward ( ) airflow direction).     
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 2 2
1 1 1 1 11 φ φ at φ 0;t g          (37) 

 2 2
1 1 1 1 11 φ φ at 1 φ 0;t g         (38) 

 2 2
1 1 1 1 11 φ φ at φ 1.t g           (39) 

The first of these equations describes the balance of dimensionless forces in the case of 
downward (from top to bottom) motion of air arising as a result of a significant difference in 
the available static differential pressure ( n kp p p   ). The ejection head of a bucket-
carrying belt reduces airflow, further hindering the downward motion. When the available 
differential pressure is small enough (the second and third equations), an upward airflow 
(from bottom to top) arises. In this case it is counteracted not only by the drag of enclosure 
walls but also by differential pressure p . 

The single-valued function  1 1φ f t  is plotted as a joint set of three parabolic arcs3 (Fig. 
3): 

  2
1 1 1 1 11 φ 2φ 1y t g      at 1φ 0   ;    (40) 

  2
2 1 1 1 11 φ 2φ 1y t g      at 11 φ 0  ;     (41) 

  2
3 1 1 1 11 φ 2φ 1y t g       at 1 1    .    (42) 

Single-valued functions of dimensionless air velocity 1φ  inside the enclosure of the 
carrying run of the conveyor within the entire range of variations in the parameter 1t  are 
determined by roots of the following equations: 

   2
1 1 1 11 φ 2φ 1 0g t      at 1 1t   ;    (43) 

   2
1 1 1 11 φ 2φ 1 0g t      at 1 1 1g t   ;    (44) 

   2
1 1 1 11 φ 2φ 1 0g t      at 1 1t g    ,    (45) 

which gives (at 1 1g  ): 

  1 1 1 1 1
1

1φ 1 1 1 1 at ;
1

t g t g
g
          

  (46) 

  1 1 1 1 1
1

1φ 1 1 1 1 at 1 ;
1

t g t g
g
         

  (47) 

  1 1 1 1
1

1φ 1 1 1 1 at 1.
1

t g t
g
         

  (48) 

 

                                                 
3 Parabola sections outside of the range of single-valued function  φt f  are shown on Fig. 3.6 as dotted lines. 
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Figure 3: Variation in relative flow rate of air flowing over the enclosure of elevator conveyor carrying run as a 

function of differential pressure (solid curve – plot of single-valued function  1 1φ f t ) 

 
As is evident from these results, counterflow of air  1φ 0  inside the enclosure of 

conveyor belt carrying run may only arise at greater values of the parameter 1t , i.e. at 

1 1t  ,  
2

1 ρ
2
e

k n
v

h h M  .     (49) 

The limit value of dimensionless air velocity (flow rate) inside the enclosure of the 
conveyor carrying run (at k nh h ) is 

1
1 10

1

1limφ φ
1prt g

 


     (50) 

and air velocity 1u  reaches the velocity of buckets ev  

1φ 1pr   at 1 1ζM  .      (51) 

When static differential pressure is small ( 1 1t  ) only the forward airflow pattern may 
arise inside enclosures. Airflow follows the traveling conveyor belt inside enclosures of the 
bucket elevator. Additionally, as a rule, 

2 1Q Q . 

This is explained by the influence of ejecting capacity of spillage when grain is unloaded 
from buckets in the upper part of elevator, and by the difference between the drag of an empty 
bucket and a grain-laden bucket. In addition the available differential pressure promotes 
airflow inside return run enclosures while hindering it in the carrying run enclosure. The latter 
explains the fact that, given equal ejection forces ( 1 2M M ) and aerodynamic drag forces (
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1 2ζ ζ  ), velocities (airflows in bucket elevator enclosures) fail to equalize (Fig. 4).  

 
Figure 4: Changes in relative flow rate of air transferred through bucket elevator enclosures  

(at 1 2t t t  , 1 2g g g  ) 
 

In this case the difference between airflows 

 2 1 2 1φ φ eQ Q v S                                            (52) 

will be either positive (at 0t  ) or negative (at 0t  ) and will increase in its absolute value 
with increasing parameter t . 

Tables 1 and 2 summarize calculated values of relative air flow rates inside bucket elevator 
enclosures. These values have been determined using formulas (26–28) and (46–48).  

These findings reveal that, within the range of low available pressures (at 1t  ), flow rate 
of ascending air inside the return run enclosure declines both with increasing parameter 2t  
and decreasing parameter 2g . Within the range of high available pressures (at 2 2t g ), air 
velocity 2 eu v . In this case the ejecting capacity of empty buckets poses additional 
resistance and therefore relative flow air 2φ  would decrease with increasing 2M  at 
unchanged p  (and decreasing 2t ). 

The relative flow rate of ascending air decreases with increasing p  inside the enclosure 
of the carrying run of the conveyor, and a downward airflow arises at 1 1t   ( 1φ  is negative). 
Higher values of 1M (decreasing 1t ) result in decreased flow rate 1φ . 
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Table 1: Relative air flow rate 2φ  inside the enclosure of bucket elevator return run 
 

2g  

2t  
0 0.1 0.2 0.3 0.4 0.5 

-2.0 -0.4142 -0.4083 -0.4027 -0.3974 -0.3923 -0.3874 
-1.9 -0.3784 -0.3733 -0.3685 -0.3639 -0.3595 -0.3553 
-1.8 -0.3416 -0.3374 -0.3333 -0.3295 -0.3257 -0.3222 
-1.7 -0.3036 -0.3004 -0.3971 -0.2939 -0.2908 -0.2879 
-1.6 -0.2649 -0.2622 -0.2596 -0.2571 -0.2546 -0.2523 
-1.5 -0.2247 -0.2227 -0.2208 -0.2189 -0.2170 -0.2153 
-1.4 -0.1832 -0.1818 -0.1805 -0.1791 -0.1779 -0.1766 
-1.3 -0.1402 -0.1393 -0.1385 -0.1377 -0.1369 -0.1361 
-1.2 -0.0954 -0.0950 -0.0946 -0.0942 -0.0938 -0.0935 
-1.1 -0.0488 -0.0487 -0.0486 -0.0485 -0.0484 -0.0483 
-1.0 0.000 0.000 0.000 0.000 0.000 0.000 
-0.9 0.0513 0.0512 0.0510 0.0509 0.0508 0.0506 
-0.8 0.1056 0.1050 0.1044 0.1038 0.1032 0.1026 
-0.7 0.1633 0.1618 0.1603 0.1588 0.1574 0.1561 
-0.6 0.2254 0.2222 0.2192 0.2164 0.2137 0.211 
-0.5 0.2929 0.2871 0.2818 0.2768 0.3722 0.2679 
-0.4 0.3675 0.3575 0.3486 0.3406 0.3333 0.3267 
-0.3 0.4523 0.4352 0.4208 0.4084 0.3974 0.3875 
-0.2 0.5528 0.5232 0.5000 0.4810 0.4648 0.4508 
-0.1 0.6838 0.6268 0.5886 0.5596 0.5363 0.5168 

0 1.000 0.7597 0.6910 0.6461 0.6126 0.5858 
0.1 1.3162 1.000 0.8170 0.7435 0.6948 0.6584 
0.2 1.4472 1.2240 1.000 0.8511 0.7847 0.7351 
0.3 1.5477 1.3451 1.1667 1.000 0.8849 0.8168 
0.4 1.6325 1.4392 1.2743 1.1300 1.000 0.9046 
0.5 1.7071 1.5189 1.3604 1.2243 1.1055 1.000 
0.6 1.7746 1.5894 1.4343 1.3022 1.1881 1.0883 
0.7 1.8367 1.6535 1.5000 1.3700 1.2583 1.1611 
0.8 1.8944 1.7120 1.5598 1.4309 1.3204 1.2244 
0.9 1.9487 1.7667 1.6151 1.4867 1.3767 1.2813 
1.0 2.0000 1.8182 1.5667 1.5385 1.4286 1.3333 
1.1 2.0488 1.8669 1.7153 1.5869 1.4769 1.3816 
1.2 2.0954 1.9132 1.7613 1.6357 1.5224 1.4268 
1.3 2.1402 1.9575 1.8052 1.66761 1.5655 1.4694 
1.4 2.1832 2.0000 1.8471 1.7176 1.6064 1.5099 
1.5 2.2247 2.0409 1.8874 1.7573 1.6456 1.5486 
1.6 2.2649 2.0804 1.9262 1.7955 1.6832 1.5856 
1.7 2.3038 2.1186 1.9637 1.8323 1.7194 1.6212 
1.8 2.3416 2.1556 2.0000 1.8679 1.7543 1.6555 
1.9 2.3784 2.1915 2.0354 1.9024 1.7881 1.6886 
2 2.4142 2.2265 2.0694 1.9358 1.8209 1.7208 
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Table 2: Relative air flow rate 1φ  inside the enclosure of bucket elevator carrying run 
 

1g  

1t  
0 0.1 0.2 0.3 0.4 0.5 

-2.0 2.4142 2.2265 2.0694 1.9358 1.8209 1.7208 
-1.9 2.3784 2.1915 2.0354 1.9024 1.7881 1.6886 
-1.8 2.3416 2.1556 2.0000 1.8679 1.7543 1.6555 
-1.7 2.3038 2.1186 1.9637 1.8323 1.7194 1.6212 
-1.6 2.2649 2.0804 1.9262 1.7955 1.6832 1.5856 
-1.5 2.2247 2.0409 1.8874 1.7573 1.6456 1.5486 
-1.4 2.1832 2.0000 1.8471 1.7176 1.6064 1.5099 
-1.3 2.1402 1.9575 1.8052 1.6761 1.5655 1.4694 
-1.2 2.0954 1.9132 1.7613 1.6357 1.5224 1.4268 
-1.1 2.0488 1.8669 1.7153 1.5869 1.4769 1.3816 
-1.0 2.0000 1.8182 1.5667 1.5385 1.4286 1.3333 
-0.9 1.9487 1.7667 1.6151 1.4867 1.3767 1.2813 
-0.8 1.8944 1.7120 1.5598 1.4309 1.3204 1.2244 
-0.7 1.8367 1.6532 1.5000 1.3700 1.2583 1.1611 
-0.6 1.7746 1.5894 1.4343 1.3022 1.1881 1.0883 
-0.5 1.7071 1.5189 1.3604 1.2243 1.1055 1.000 
-0.4 1.6325 1.4392 1.2743 1.1300 1.000 0.9046 
-0.3 1.5477 1.3451 1.1667 1.000 0.8849 0.8168 
-0.2 1.4472 1.2240 1.000 0.8511 0.7847 0.7351 
-0.1 1.3162 1.000 0.8170 0.7435 0.6948 0.6584 

0 1.000 0.7597 0.6910 0.6461 0.6126 0.5858 
0.1 0.6838 0.6268 0.5886 0.5596 0.5363 0.5168 
0.2 0.5528 0.5232 0.5000 0.4810 0.4648 0.4508 
0.3 0.4523 0.4352 0.4208 0.4084 0.3974 0.3875 
0.4 0.3675 0.3775 0.3486 0.3406 0.3333 0.3267 
0.5 0.2929 0.2871 0.2818 0.2768 0.3722 0.2679 
0.6 0.2254 0.2222 0.2192 0.2164 0.2137 0.2111 
0.7 0.1633 0.1618 0.1603 0.1588 0.1574 0.1561 
0.8 0.1056 0.1050 0.1044 0.1038 0.1032 0.1026 
0.9 0.0513 0.0512 0.0510 0.0509 0.0508 0.0506 
1.0 0.000 0.000 0.000 0.000 0.000 0.000 
1.1 -0.0488 -0.0487 -0.0486 -0.0485 -0.0484 -0.0483 
1.2 -0.0954 -0.0950 -0.0946 -0.0942 -0.0938 -0.0935 
1.3 -0.1402 -0.1393 -0.1385 -0.1377 -0.1369 -0.1361 
1.4 -0.1832 -0.1818 -0.1805 -0.1791 -0.1779 -0.1766 
1.5 -0.2247 -0.2227 -0.2208 -0.2189 -0.2170 -0.2153 
1.6 -0.2649 -0.2622 -0.2596 -0.2571 -0.2546 -0.2523 
1.7 -0.3036 -0.3004 -0.3971 -0.2939 -0.2908 -0.2879 
1.8 -0.3416 -0.3374 -0.3333 -0.3295 -0.3257 -0.3222 
1.9 -0.3784 -0.3733 -0.3685 -0.3639 -0.3595 -0.3553 
2 -0.4142 -0.4083 -0.4027 -0.3974 -0.3923 -0.3874 

 

CONCLUSIONS 
-  Both the direction and the flow rate of ejected air in bucket elevator enclosures that 
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feature a separate arrangement of carrying and idle conveyor runs would depend on the 
ratio between ejection heads and the difference between static pressures inside the 
enclosures of elevator head and elevator boot. A forward motion of air (along the bucket 
travel direction) arises inside the enclosure of the carrying run when ejection forces prevail 
(at 1p M  , 1 1t   and 2p M  ) and inside the return run enclosure at any ejection forces 
differential pressures (at 2p M   , 2 1t   ). A counterflow of air is only possible in a 
single enclosure: within the carrying run enclosure at 1p M   or within the return run 
enclosure at 2p M   . The other enclosure would experience a forward flow of air in this 
case. 

- Relative velocities and flow rates of air inside the elevator enclosures depend on 
two parameters, t  and g  (14) and (35), representing the ratio of differential pressures and 
resistances of enclosures to ejection forces. Single-valued variables 1φ  and 2φ  within a 
wide range of differential pressures ( 1t   ; 2t   ) can be determined using 
formulas (46 … 48) and (26 … 28). 

When pressures inside the upper and lower elevator enclosures are equal, relative 
velocities reach their maxima determined by relations (50) and (32). With ejection forces 
large enough ( 1 1ζМ   and 2 2ζM  ) air velocities become equal to the velocity of 
traveling elevator buckets. 

Absolute velocities of airflows inside enclosures are dependent not only on the 
velocity of moving buckets but also on the differential pressure, head resistance of elevator 
buckets and aerodynamic drag of enclosures, as well as spillage of particles. 

- In the case of a forward flow pattern, air flow rate inside the return run enclosure is 
greater than the one inside the carrying run enclosure of the elevator conveyor. The 
explanation is that ejection forces arise in an opposite direction to forces caused by 
differential pressure inside the carrying run enclosure (both forces act in the same direction 
inside the return run, thus intensifying the air ejection process and boosting additional 
ejection forces which occur when buckets are unloaded, producing streams of spilled 
particles), as well as different values of the drag coefficient for empty and laden buckets. 

When air moves in a counterflow pattern, ejection forces of buckets create additional 
drag and therefore the absolute flow rate of ascending air inside the return run enclosure, as 
well as descending air inside the carrying run enclosure, increase less markedly than in the 
forward flow case (Tables 1 and 2). 

The work has been carried out with the financial support of the Grant Council of the 
President of the Russian Federation (project MD-95.2017.8) and RFBR (research project 
No. 16-08-00074а). 
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Abstract. Air inside the enclosure of a belt elevator may be brought into motion both by 
moving bucket belt and by spillage flows during loading and unloading of buckets. Initial 
findings from studies performed to evaluate air motion in ducts with mobile partitions have 
been published in our earlier monographs [1-3]. Here we’ll consider the process of air ejection 
in bucket elevators from the standpoint of classical laws of change in air mass and 
momentum. Direction of airflow inside enclosures of the carrying and return runs of a bucket 
elevator is determined by the drag of buckets and moving conveyor belt as well as ejection 
head created by a stream of spilled particles when buckets are unloaded. As a result of these 
forces acting together inside an enclosure, differential pressure arises. This differential 
pressure is equal to the sum total of ejection heads created by conveyor belt with buckets kE  
and flow rate of spilled material pE  minus aerodynamic drag of enclosure walls. 
The ejection head kE  created by a bucket-carrying conveyor belt is determined by 
aerodynamic coefficient ekс  (proportional to the number of buckets, their head resistances and 
squared mid-sectional dimensions) together with an absolute value and the direction of bucket 
velocity relative to the velocity of airflow inside the enclosure. Ejection head of spilled 
particles pE  depends on the drag coefficient of particles, their size and flow rate, as well as 
the enclosure length, enclosure cross-section and relative flow velocity of particles. 
When both the carrying and return runs of the conveyor belt are located in a common 
enclosure, the velocity of forward airflow varies over its length as a result of cross-flows of 
air through gaps between the conveyor runs and enclosure walls. Cross-flows are caused by a 
differential pressure between the carrying and return run enclosures and is dependent on the 
drag of the gap. Cross-flow direction depends on the ratio between vp  and up . 
Given identical size of elevator enclosures, change in absolute values of longitudinal 
velocities is identical and depends on absolute values of cross-flow velocities and geometrical 
dimensions of the gap, as well as enclosure cross-section. The momentum of longitudinal 
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airflow in this case is determined by variable magnitudes of aerodynamic forces of buckets 
due to changes in their relative motion velocities. 
The flow rate of air in enclosures may be determined by numerically integrating three 
dimensionless combined differential equations.  

1 INTRODUCTION 
Let’s now consider ejection properties of a bucket-belt elevator. Air inside the enclosure of 

a belt elevator may be brought into motion both by moving bucket belt and by spillage flows 
during loading and unloading of buckets. Initial findings from studies performed to evaluate 
air motion in ducts with mobile partitions have been published in our earlier monographs [1-
3]. Here we’ll consider the process of air ejection in bucket elevators from the standpoint of 
classical laws of change in air mass and momentum. 

2 THE RESULTS OF THE STUDY 

Let’s begin with considering airflow in a duct of elevator return line of length dx  (Fig. 1). 
For this area we can a momentum conservation equation can be written in projections onto 
axis 0x  directed vertically downwards. We’ll formulate a one-dimensional problem 
assuming that the velocity of ejected air is directed downwards and is equal to the cross-
sectional average: 

;Qu
S

  S ab ,                                               (1) 

where Q  is the flow rate of air ejected inside the duct (m3/s); a, b are cross-sectional 
dimensions of the duct (m) 

The tangential frictional stress on the surface of a moving belt is equal to 

 
ρ

2
e e

l l

v u v u
c

 
 ,                                              (2) 

where lc  is a dimensionless resistance coefficient, ev  is the velocity of elevator belt (m/s). 
Similarly, tangential frictional stress on the surface of enclosure walls is 

τ ρ
2w w

u u
c ,                                                (3) 

where wc  is a dimensionless resistance coefficient of enclosure walls.  
It is known that coefficients lc , wc  are related to friction coefficients in the Darcy-

Weisbach equation for determining pressure losses in straight pipe sections 
λ
4

l
lc  ; λ

4
w

wc  , 

where λl  is the hydraulic friction coefficient of the belt; λw  is the hydraulic friction 
coefficient of enclosure walls. 

The aerodynamic force of a bucket, expressed similarly to the aerodynamic force of 
particles, is 
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ρ

2
e e

k k k

v u v u
R c F

 
 ,                                         (4) 

where kF  is the mid-section area of a bucket  k k kF A B  (m2), kc  is the drag coefficient of 
an empty bucket. 
 

 
Figure 1: Diagram of forces acting on an element of elevator return run enclosure with a length dx  

 
In this case the equation for change in momentum would appear as: 

     ρ ρuS u u du S u du      

    βτ 2 τw l l k z
k p

dx dxSpS p dp S b a dx B dx R R
l V

        ,         (5) 

where kl  is the spacing of buckets on the belt (m); β  is volumetric concentration of grain 
spillage, equal to 

β
ρ

p

z z

G
Sv

 ;                                                   (6) 

pG  is the mass flow rate of grain spillage during bucket unloading (kg/s) 
ρ z  is grain density (kg/m3) 

47



O. A. Averkova, I. N. Logachev,  K. I. Logachev and O.N. Zaytsev 

 4 

zv  is the fall velocity of grain (m/s) 

pV   is the volume of an individual particle (m3) 

zR  is the aerodynamic force of a single particle of spilled material, 

 
ψ ρ

2
z z

z z z

v u v u
R F

 
 ;                                    (7) 

zF  is the mid-section area of a particle (m2) 
2π

4
e

z
d

F  ;                                                (8) 

ed is equivalent grain diameter (m). 
Considering that, in this case,  

constu  ,                                                        (9) 

after a trivial transformation of equation (5), ignoring infinitesimal second-order terms, we’ll 
obtain the following relation for determining differential pressure inside the enclosure of the 
return run of the elevator: 

(0) ( ) k p wp p l E E p    ,                                              (10) 

where (0), ( )p p l  are static pressures at the inlet/outlet of the enclosure (Pa) 

wp  is aerodynamic drag of enclosure walls (Pa) 
2

0

2λ ρ
4 2

l

w w
a b up dx

S


  ,                                               (11) 

equal at constu   and constS   
2

λ ρ
2w w

w

l up
D

 ,                                                  (12) 

4
2w
SD

b a



,                                                      (13) 

l  is the total length of elevator enclosure (distance between the axes of driving and return 
drums along the belt of the bucket elevator) (m); kE  is ejection head created by a conveyor 
belt with buckets: 

 
0

λ1 ρ
4 2

l
e ek l

k k l
k

v u v uF
E c В dx

S l
  

  
 
 ,                                (14) 

which, at constant relative velocity, is equal to 

 
ρ

2
e e

k ek

v u v u
E c

 
 ;                                          (15) 

ekc  is aerodynamic coefficient of the return run of elevator belt (with account of empty 
buckets and conveyor belt carrying them): 
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λ
4

k l
ek k l

k

Flc c В
S l
 

  
 

,                                            (16) 

pE  is the ejection head created by a flow of spilled grain during unloading of elevator 
buckets: 

 
0

1 ψ ε
2

l
z z

p z m p
z

v u v u dxE K G
S v

 
  ,                              (17) 

which, for a constantly accelerated vertical flow of particles at ψ constz  , equals: 
3 3

ψ ε
2 3

p k nz m
p

G v u v uK
E

Sg
  

                                    (18) 

or, for a uniformly accelerated flow of particles at constz ev v  ; constu  , 

 ψ ε
2

pz m
p e e

e

GK lE v u v u
S v

      ,                                      (19) 

where mK  is the ratio of mid-sectional area of a particle to its volume (1/m); ε  is the ratio of 
air density to particle density. 

Let's now consider a more complex case with carrying and return runs of a bucket elevator 
both located in a common enclosure (Fig. 2). In this case air may flow laterally from one part 
of the enclosure (for example, the one with grain-laden buckets running) to another (with 
empty buckets running). The velocity of air cross-flow in the gap between the belt and 
enclosure walls will be designated as ω . Parameters of airflow in the right-hand side of the 
enclosure (where empty buckets run and spilled particles fall) will be denoted with a subscript 
u  (from the designation of air velocity in the return run) while those in the left-hand side will 
be denoted respectively with v  (from the designation of air velocity in the carrying run of the 
conveyor). 

The cross-flow velocity is determined by differential pressure and aerodynamic drag of 
gaps: 

δ ρ
2v u z

w w
р p p    ,                                       (20) 

where ,v up p  are the respective excess static pressures in the left-hand and right-hand sides of 
the enclosure (Pa); δ z  is the total local resistance coefficient (LRC) for two gaps between 
chute walls and the end sides part of carrying and return runs of the conveyor. 

The sign of the absolute value in the right-hand side was introduced to ensure universality 
of the relation which in this case would be just as good for the case of a reverse flow (with 

u vp p ). The velocity w  in such “vector” case will be negative, that is, velocity vector will 
be directed oppositely (from right to left). This vector is represented with a dotted line on 
Fig.2. 

Due to the presence of lateral cross-flow of air, velocities u  and v  will not be constant but 
rather would change along the height of the elevator enclosure. 
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Now we’ll write an airflow conservation equation while still assuming velocities u  and v  
to be averaged throughout cross-section and the positive direction of these velocities to 
coincide with bucket traveling direction: 

   luab u du ab w b B dx    ,                                  (21) 

   lvab v dv ab w b B dx    .                                  (22) 

 
Figure 2: Longitudinal airflow diagram for return and  

carrying runs both located in a common elevator enclosure 

It can be seen from here that change in the absolute value of dilatational velocities is equal: 
du b Bw
dx ab


 , dv b Bw

dx ab


 .                                         (23) 

And the difference of these velocities does not vary along the enclosure 
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constu v k   .                                            (24) 

Let's now write a motion preservation equation for the chosen element of enclosure of 
length dx . For the right-hand (downward) airflow the momentum conservation equation in 
the projection onto axis 0x  does not differ in any way from equation (5). Trivial 
transformations would yield the following differential equation for the dynamics of the air 
current at hand: 

   2λ
2ρ ρ δ ρ ρ

2 2 2
e e e eu w

u n
w

v u v u v u v udp uduu A
dx dx D v

   
     ,     (25) 

with the following notational simplification: 
λ

δ
4

l l k k
u k

k

B A B
c

ab abl
  ,                                           (26) 

ψ1.5
ρ

p e
n

e z

G
A

d ab
 .                                                  (27) 

For the left-hand (upward) airflow we’ll first write the momentum preservation equation in 
differentials: 

     ρ ρ ( ) τ 2 τv v v w l l k
k

dxvvab v dv ab v dv p ab p dp ab b a dx B dx R
l

            ,   (28) 

where 

λ
τ ρ

4 2
w

w

v v
 ;                                              (29) 

 λ
τ ρ

4 2
e el

l

v v v v 
 ;                                        (30) 

 
ρ

2
e e

k kz k k

v v v v
R c A B

 
 ;                                    (31) 

kzc  is a dimensionless coefficient of aerodynamic drag of a grain-laden bucket. 
After trivial transformations equation (28) would appear as follows: 

 2λ
2ρ ρ δ ρ

2 2
e ev w

v
w

v v v vdp vdvv
dx dx D

 
    ,                      (32) 

λ1δ
4
l l k k

v kz
k

В A B
c

ab l
 

  
 

.                                        (33) 

Thus, longitudinal airflow in case of co-location of the carrying and return runs in the same 
enclosure can be described with combined equations: 

2ρ ,u
u

dpduu f
dx dx

       (34) 
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2ρ ,v
v

dpdvv f
dx dx

        (35) 

lb Bdu w
dx ab


 ;     (36) 

v u k  ;      (37) 

δ ρ; ,
2z v u

w w
p p p p        (38) 

with the following assignments for brevity: 

   λ
ρ δ ρ ρ

2 2 2
e e z zw

u u n
w z

u u v u v u v u v u
f A

D v
   

    ,          (39) 

 λ
ρ δ ρ

2 2
e ew

v v
w

v v v v v v
f

D
 

  .                             (40) 

Newly-introduced functions uf  and vf  can be written in a more convenient (symmetric) 
form. First of all let’s assume that spillage velocity is equal to the velocity of the return run 
(considering that gap between buckets and enclosure walls is rather narrow, particles would 
first impinge on the bottom of a bucket and then accelerate gravitationally and “catch up” 
with uniformly moving buckets): 

z ev v .                                                       (41) 

Then, 

 22 ρρ
ξ γ

2 2
eu

u u u

v uMuf
l l


   ,     (42) 

 22 ρρ
ξ γ

2 2
ev

v v v

v vMvf
l l


  ,                     (43) 

where  , uM  and vM  are dimensionless parameters: 

λw
w

l
D

  ;       (44) 

λ 1.5ψk k
u l k e

l k

A Bl l lM с
D l S d

    ;     (45) 

λ k k
v l kz

l k

A Bl lM с
D l S

  ;      (46) 

4
2w
SD

b a



; 

4
l

l

SD
B

 ;                (47) 
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β
ρ

p
e

z e

G
v S

 ;       (48) 

ξ signum( )u u , ξ signum( ) signum( )v v u k   ;   (49) 

γ signum( )u ev u  ;     γ signum( ) signum( )v e ev v v k u     .   (50) 

Combined equations (34 … 38) can be simplified significantly. Cross-flow velocity of a 
lateral flow can be derived from (38): 

2
δ ,

δ ρ v u
z

p
w p p p


    ,    (51) 

where 
δ signum( )p  .     (52) 

Substitution of (51) into (36) yields  

2
δ

ρ
pdu L

dx l


 ,     (53) 

where 

 
δ z

l b B
L

S


 .      (54) 

By subtracting relation (35) from the equation (34) and considering dv du
dx dx

  in view of 

(37) we’ll get: 

   2 22 2

2ρ ξ ρ γ ρ ξ ρ γ ρ
2 2 2 2

e eu v
u u v v

v u v vM Mu vdu d p T Tk
dx dx l l l l

 
        (55) 

or, in view of (53), 

   2 22 22
2δ ρ ξ γ ρ ξ ρ γ ρ

2 2 2 2
e eu v

x u v v

p v u v vM Mu vd p L T Tk
dx l l l l l

  
      


. (56)                                  

Equation (56) can be supplemented with (34) in view of (42) and (53): 

 222
2ρ δ ξ ρ γ ρ

ρ 2 2
eu u

u u

p v udp MuL Tu
dx l l l

 
    .                 (57) 

This, in view of (53), yields a familiar combined set (considering (37)) of three differential 
equations (57), (56) and (53) describing the process of averaged longitudinal airflows in an 
enclosure with co-location of the carrying and return runs of bucket elevator inside it. 

Changes in the velocity u  can be found from (55) using (53) which can be written as 
follows: 
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2 2ρ
2

du lp A
dx L

        
   

,    (58) 

where 

signum duA
dx

   
 

. 

A substitution of (58) into (55) using the relation (37) results in a 2nd order non-linear 
equation relative to the sought function u : 

 

   

22 22

2

2 2

ρ 2ρ ξ ρ γ ρ
2 2

ξ ρ γ ρ.
2 2

eu
u u

ev
v v

v uMul d u du du TA k
L dx dx l ldx

u k v k uMT
l l

       
 

  
 

           (59) 

We’ll use a dimensionless differential equation formula to facilitate our numerical 
integration of the resulting dimensional equations. It will enable us to reduce the number of 
constants. The following quantities will be considered as basic values: 

– elevator belt velocity ev  
– elevator enclosure length or height l ; 
– dynamic pressure 2ρ 2ev . 
Thus, let 

2 2
* *ρ ρ

; ; ; ;
2 2
e e

u e e
v v

p p p R u u v k m v x zl      ,               (60) 

then, after we substitute accepted conventions into equations (34 (56) (53) and perform 
certain trivial transformations, the following system of dimensionless differential equations 
will result: 

   2 2* * *δ 4 ξ γ 1u u u
dp u L R T u M u
dz

     ;                                (61) 

       2 2 2 2* * * * * *4δ ξ γ 1 ξ γ 1 * ;u u u v v v
dR m L R T u M u T u m M m u
dz

           (62) 

*

δdu L R
dz

 ,                                                  (63) 

where  

δ signum( )R ,  *ξ signum( )u u ,  * *ξ signum( ),v u m                   (64) 
*γ signum(1 )u u  ,  * *γ signum(1 )v m u   .                         (65) 

Similarly, (59) will now appear as: 
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2 * *
*

3 2 2

2 2 2 2* * * * * *

2 4

ξ γ 1 ξ γ 1 ,u u u v v v

d u duA m
dzL dz

T u M u T u m M m u

 
   
 

        

   (66) 

where  
*

3 signum duA
dz

 
  

 
.                                (67) 

CONCLUSIONS 
- Direction of airflow inside enclosures of the carrying and return runs of a bucket 

elevator is determined by the drag of buckets and moving conveyor belt as well as 
ejection head created by a stream of spilled particles when buckets are unloaded. As a 
result of these forces acting together inside an enclosure, differential pressure (10) 
arises. This differential pressure is equal to the sum total of ejection heads created by 
conveyor belt with buckets kE  (14) and flow rate of spilled material pE  (17) minus 
aerodynamic drag of enclosure walls (11). 

- The ejection head kE  created by a bucket-carrying conveyor belt is determined by 
aerodynamic coefficient ekс  (16) (proportional to the number of buckets, their head 
resistances and squared mid-sectional dimensions) together with an absolute value 
and the direction of bucket velocity relative to the velocity of airflow inside the 
enclosure. 

- Ejection head of spilled particles pE  (19) depends on the drag coefficient of particles, 
their size and flow rate, as well as the enclosure length, enclosure cross-section and 
relative flow velocity of particles. 

- When both the carrying and return runs of the conveyor belt are located in a common 
enclosure, the velocity of forward airflow varies over its length as a result of cross-
flows of air through gaps between the conveyor runs and enclosure walls. Cross-
flows are caused by a differential pressure between the carrying and return run 
enclosures and is dependent on the drag of the gap (20). Cross-flow direction 
depends on the ratio between vp  and up . 

- Given identical size of elevator enclosures, change in absolute values of longitudinal 
velocities is identical and depends on absolute values of cross-flow velocities and 
geometrical dimensions of the gap, as well as enclosure cross-section (23, 24). The 
momentum of longitudinal airflow in this case is determined by variable magnitudes 
of aerodynamic forces of buckets due to changes in their relative motion velocities. 

- The flow rate of air in enclosures may be determined by numerically integrating three 
dimensionless combined differential equations (61) – (63). 

- The work has been carried out with the financial support of the Grant Council of the 
President of the Russian Federation (project MD-95.2017.8) and RFBR (research 
project No. 16-08-00074а). 
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Abstract. The study of particulate suspensions flowing through narrow channels
has received much attention in the last decades, especially with advance in the field of
microfluidics devices. In square channels, it is known that particles in dilute suspen-
sions migrate to equilibrium positions at the channel faces, and also at the channel
corners for a channel Reynolds number above 260. However, most studies focused on
very dilute systems, excluding particle-particle interactions. In this paper, we present
simulations of suspensions with solid fractions up to 3%. In these simulations, we
find two new patterns: at Rech < 260, the equilibrium positions split up and particles
assume a staggered position, and at Rech > 260, the fraction of particles moving to
the corner equilibrium positions increases with solid fraction. We present a charac-
terization of these two effects and speculate about possible mechanisms leading to
the formation of both patterns.

1 INTRODUCTION

The dynamics of particulate suspension flow through narrow channels features a
broad variety of non-trivial phenomena. Over half a century ago, Segré and Silber-
berg [1] discovered that a neutrally buoyant, spherical particle in pipe flow migrates
to an off-center equilibrium position located at ≈ 0.62Rpipe away from the pipe axis.

1
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Figure 1: A sketch of the coordinate conventions used in the simulations. All results are given in
coordinates normalized by D/2. In figs. 3 and 4, all final positions are mapped to the grey triangle.
The dots indicate approximate locations of face (blue) and corner (red) equilibrium positions.

A similar effect exists for rectangular and square channels, where due to reduced
symmetry only eight equilibrium positions are possible: four close to the channel
corners, and four close to the channel faces (see fig. 1). Using simulations, Chun and
Ladd [2] predicted that in a square channel at Rech < 500 particles move to all eight
positions, while at Rech ≥ 500 only the corner positions remain stable. However,
through experiments, Di Carlo et al. [3, 4] found that at Rech < 100 only the face
positions are stable. Miura et al. [5] examined cases with Rech = 100 − 1000, and
found that the corner equilibrium positions only become stable above Rech = 260.
All these experiments were done using very dilute systems, thus not much is known
about denser systems. Matas et al. [6] investigated denser suspensions in pipe flow,
and found trains of particles with an average spacing of 1.5 − 4.5dp depending on
the particle Reynolds number Rep. Humphry et al. [7] and Kahkeshani et al. [8]
also studied particle trains and preferred interparticle spacings, although in rather
confined geometries. In this paper, we present simulations of flow of particulate
suspensions through square channels. We investigate the influence of Rech and solid
fraction fs on pattern formation, and present assumptions about possible underlying
mechanisms.

2
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2 METHODS AND SETUP

2.1 Computational Methods

We used a fully resolved1 coupled approach between the lattice Boltzmann method
(LBM) [9] and the discrete element method (DEM) [10] for our simulations. Using
the method of Noble and Torczinsky [11], we have implemented, validated, and re-
leased this approach in the software LBDEMcoupling [12, 13]. Therefore, we give
only a brief discussion of the numerical methods. For more thorough explanations,
the reader is directed to the book by Krüger et al. [14] for the LBM and coupling
methodology, and to the book by Pöschel and Schwager [15] for the DEM.

In the LBM, the fluid flow is simulated by solving the LBGK equation

fi(�x+ �ci∆t, t+∆t)− fi(�x, t) = − (1− B)
1

τ

(
fi(�x, t)− f

(eq)
i (�u, ρ)

)
︸ ︷︷ ︸

BGK coll.

+B Ωs
i (�us)︸ ︷︷ ︸

solid coll.

(1)

on a regular grid for a set of particle distributions {fi}. The {�ci} are a set of vectors
to adjacent grid cells. In the present simulations, the D3Q19 discretization scheme
was chosen, which consists of six vectors to the nearest neighbours, twelve vectors
to the second-next neighbours, and a zero vector. A timestep consists of two parts:
collision and streaming. In the collision step, the left hand side of eq. (1) is applied
to the {fi}. This represents a tendency towards a local equilibrium distribution

f
(eq)
i (�u, ρ) occurring at a timescale given by the relaxation time τ . In the streaming
part, each population fi(�x) is copied to the location �x + �ci, which now has a set
of off-equilibrium populations, and the simulation continues with the next collision
step. Local density and velocity are given by

ρ =
∑
i

fi ; ρ�u =
∑
i

�cifi (2)

and the pressure equation is solved by allowing for a slight compressibility: pressure
differences are proportional to density differences. In eq. (1), the interaction with
a solid covering a fraction B of the cell and moving at velocity �us has also been
included by blending between the BGK collision and an additional collision operator
Ωs

i [11].

1grid spacing ∆x < particle diameter dp

3
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The DEM [10] originates in molecular dynamics and is able to model the dynamics
of systems consisting of single particles by integrating Newton’s second law

mi
�̈xi =

∑
j �=i

�Fij + �F ext
i (3)

where �Fij is the interaction force between particles i and j, and �F ext
i are external

forces due to gravity, hydrodynamic interactions, or other external influences. In
the case of granular material, spring-dashpot interaction potentials of Hertz type are
commonly used to model the particle-particle interaction. In this study, we used the
model of Tsuji [16] and Antypov and Elliot [17]. Additional models for sliding [10]
and rolling friction [18] were used to accurately depict the dynamics of interparticle
collisions.

2.2 Simulation Setup

To ensure comparability to experiments, we chose a simulation setup that closely
mimics the experiments of Miura et al. [5]. They used a square channel with edge
length D = 6mm and L = 4m. Consequently, we adopted the edge length and used
periodic boundary conditions to create an infinite channel. A pressure gradient was
applied using the periodic pressure boundary condition of Zhang and Kwok [19].
The particle diameter was dp = 650µm, resulting in D

dp
= 9.23. Additional fluid

parameters were kinematic viscosity ν = 1.6 · 10−6m2/s and density ρ = 1053kg/m3.

We used a resolution of 100× 100× 800 grid cells for the simulation, resulting in
a particle diameter of 10.8∆x. A similar resolution was found to produce acceptable
results in our validation tests [13]. We made sure that the Mach number did not
exceed Ma = 0.05 to avoid compressibility errors in the LBM. The channel Reynolds
number was defined as

Rech =
DŪ

ν
(4)

with Ū being the average streamwise flow velocity. Ū was controlled by setting
the pressure difference ∆p between inlet and outlet. The channel was initialized
to a product of two Poiseuille parabolas (in x and y direction) and a streamwise
(z) linear pressure decrease. We investigated solid fractions of fs = 0.017% . . . 3%
(Np = 2− 363 particles) at Rech = 60, 190 and fs = 0.017% . . . 1% (Np = 2− 121) at
Rech = 310, 500. For each combination of Rech and fs, between two and eight sim-
ulations with randomly generated initial configurations were carried out to achieve

4
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Figure 2: Radial distance of equilibrium positions from the channel centerline. Black circles and
squares are corner and face positions found by Miura et al. [5]. Green “x” (face) and red “+”
(corner) are our simulation results. Distance is normalized to D/2.

proper statistics.

3 RESULTS AND DISCUSSION

Just as in the experiments, the particles migrated to the two sets of equilibrium
positions, except for the most dense cases (fs ≥ 1%) where pattern formation broke
down due to the high amount of interaction. Generally, migration happened in two
stages: First, the particles moved out radially. Then, they tangentially migrated
to their final positions. Typically, the second part of migration took longer than
the first part. Our results are presented in more detail below. First, to give some
validation, the most dilute cases are compared to experimental results. Then, we
present two patterns found in denser cases.

3.1 Comparison to previous results

We now compare equilibrium positions found in the most dilute systems simulated
to results by Miura et al. [5]. The experiments in ref. 5 were performed at solid
fractions of 0.016−0.023%, while our most dilute systems had fs = 0.017% (Np = 2).
In agreement with the experiments, we found that at Rech = 60, 190 only the face
equilibrium positions were stable, while at Rech = 310, 500 particles also migrated

5
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Figure 3: Equilibrium positions for Rech = 60 for fs = 0.1%, 0.3%, 0.6% (left to right) folded to
the grey triangle in fig. 1.

to the corner equilibrium positions. Figure 2 shows the average radial positions at
the end of the simulations for the four Rech investigated at fs = 0.017%. Both
corner and face positions follow the same trend as in the experiments, albeit with
a slight overprediction of radial distance in our simulations. Due to the random
initialization procedure, an exact determination of a focusing time was not possible.
However, estimates can be made. We find focusing times of 6500− 15000ts where

ts =
DŪ

ν
(5)

is the Stokes time. This is in agreement with the durations reported by Chun and
Ladd [2]. Assuming that a particle travels with Ū , the required channel lengths for
full focusing range from 2.12m (Rech = 500) to 4.88m (Rech = 60), which is in good
agreement with the channel length used by Miura et al. (4m).

3.2 Multi-Particle Effects

As already mentioned above, two new patterns were found in the simulations: At
Rech = 60, 190, each face equilibrium position splits up in two equilibrium positions.
This is shown in fig. 3. At Rech = 310, 500, a higher fraction of the particles is found
at the corner equilibrium positions with increasing fs, as illustrated in fig. 4.

3.2.1 Split equilibrium positions

At Rech = 60, 190, the equilibrium positions at the face centers split up in two
equilibrium positions with increasing fs. Figure 5 shows histograms of particles’ ra-
dial distance from the channel center for these Rech. At fs = 0.1%, there is only a
single peak, but at fs = 0.3% a secondary peak closer to the axis appears for both

6
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Figure 4: Equilibrium positions for Rech = 310 for fs = 0.1%, 0.3%, 0.6% (left to right) folded to
the grey triangle in fig. 1. Particles below the additional gray line are considered to be at the face
equilibrium positions, while particles above are at the corner equilibrium positions.
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Figure 5: Normalized histograms of radial distance to the channel axis for Rech = 60 (left) and
Rech = 190 (right).

Rech. The particles align in a staggered configuration as shown in fig. 6. This hints
at a possible mechanism for the emergence of split equilibrium positions: Kahke-
shani et al. [8] found that the preferred axial spacing between particles is smaller for
staggered configurations than for particles forming a train (2.5dp compared to 5dp
in their experiments), and Humphry et al. [7] found that with increasing particle
concentration, a single train in a rectangular channel will split up in two parallel
trains. So, with increasing Np, a single train becomes unstable. Due to the nature
of the flow, particles are focused at the four face equilibrium positions. If now the
particle density exceeds a stability limit, the average interparticle spacing goes down.
To accommodate more particles in the train, a staggered configuration that allows
for lower interparticle spacings is formed. We will thoroughly test this assumption

7
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Figure 6: Illustration of the staggered configuration at Rech = 60, fs = 1% at the lower channel
wall. Other particles have been reduced in opacity for clarity.

and publish the results in the future.

3.2.2 Instability of face equilibrium position

At Rech = 310, 500, another novel feature was found: When the number of parti-
cles in the channel was increased, a higher fraction of particles moved to the corner
equilibrium position. Figure 7 (left) shows the fraction of particles at the corner
equilibrium positions over fs. There is a maximum at fs = 0.3% for Rech = 310 and
at fs = 0.6% for Rech = 500. The minimum for Rech = 500, fs = 0.03% most likely
comes from having not enough samples at this solid fraction. This will be investi-
gated in the future. The patterns form in two steps: First, the particles migrate close
to the equilibrium positions where they would be expected. Then, over time, par-
ticles at the face positions get pushed away and migrate to the corners, where they
remain. Figure 7 (right) shows the radial positions of particles over time. Again,
at the moment we can only speculate about the mechanisms leading to this effect.
Nakagawa et al. [20] found that for Rech > 260 a separatrix between corner and face
equilibrium positions exists, that single particles do not cross. Therefore, the initial
position of a particle determines to which equilibrium position it will migrate. In the
case of multiple particles, the particles travel at different velocities and constantly
pass each other. When a particle passes another, there is a lateral repulsive force
between the two. This lateral force could push one of the two particles over the
separatrix, causing migration to another equilibrium position. It is assumed that
this effect does not bring particles back to the face equilibrium positions because the
corner equilibrium positions are more geometrically confined.
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Figure 7: Left: Fraction of particles found at the corner equilibrium positions over fsfor Rech =
310, 500. Right: Radial position of particles at Rech = 310, fs = 0.3%. Time is given in multiples
of Stokes time eq. (5). A radial position of ≈ 0.6 corresponds to the face equilibrium position, and
a radial position of ≈ 1.1 is the corner equilibrium positions. Over time, particles migrate from the
former to the latter, but not in the other direction.

4 SUMMARY AND OUTLOOK

We have looked at lateral migration phenomena in suspension flow through square
channels. After making sure we match experiments for dilute cases, we increased the
solid fraction. There, we found two effects: at lower Rech, a secondary equilibrium
position right “on top” of the primary one appears. At Rech = 310, 500, increasing
solid fraction leads to lower occupation at the face equilibrium positions. To the best
of the authors’ knowledge, these effects have not been reported anywhere. A more
thorough analysis of these patterns will be published soon, and we hope for inde-
pendent testing of these findings, either through experiments or through numerical
studies.
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Abstract.
Learning is mediated by activity-dependent changes in synaptic strength that rely on

Calcium-dependent signalling in the postsynaptic neuron. In the hippocampus, synapses
are located on dendritic spines, small mushroom-like structures that grow from the den-
drite. Dendritic spines form micro-compartments that are - to some extent - chemically
isolated from the rest of the dendrite due to the long and narrow spine neck limiting
diffusion in and out. The shape and the physical structure of a dendritic spine are deter-
mined by the actin filaments that form the cellular cytoskeleton. Long-term potentiation
(LTP) of the synapse leads to remodelling of the polymeric actin cytoskeleton, which in-
creases the size of the dendritic spine. This process is regulated by interactions between
actin and other postsynaptic proteins [1]. Here, addressing the lack of spatiotemporal
models that combine structure with biochemical signalling, we present a set of methods
that allows the modelling of the biochemistry and spatial dynamics of actin filament re-
modelling using the spatial stochastic simulator MCell [2, 3, 4]. These methods allow us
to recapitulate the main events relevant for actin filament remodelling, including poly-
merisation, depolymerisation, branching and severing followed by filament displacement
in space. They rely on the ability of MCell to model multi-state complex molecules [5]
and on a system of virtual tags to label states of actin subunits. The ”complex molecule”
feature of MCell 3.3 was utilised by defining an immobile three-dimensional matrix with
8000 subunits, each belonging to one of the defined states. This provides a frame in
which some of the subunits are occupied by actin monomers representing the cytoskele-
ton, while the rest are vacant. In response to biochemical reactions with freely diffusing
modifier proteins, the state of the subunits can be changed allowing the rearrangement of
the filaments. In addition, with the help of a tagging system for subunits, the monomers
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forming a single filament can change their location inside the immobile matrix in cor-
pore by occupying previously vacant slots. In the future, the model could be extended
by incorporating more elements from signalling pathways and modelling filament bundles
present in non-stimulated synapses. As such, the model can provide insights into how the
actin cytoskeleton interacts with postsynaptic proteins that mediate LTP.

1 INTRODUCTION

Long-term changes in synaptic strength are thought to underlie many forms of learning
and memory (reviewed in [6]). In the hippocampus, synapses terminate on specialised
structures called dendritic spines. These serve as small diffusion-limited compartments
that organise the postsynaptic molecular machinery in space (reviewed in [7]). Disruptions
in the structure and function of dendritic spines have been linked to a wide range of
diseases, from intellectual disabilities [8] and autism-spectrum disorders [9] to psychiatric
conditions [10].

Within the dendritic spine, there is a complex interplay between biochemical signalling
and structural change. Actin filaments provide structural stability and determine the
size and physical shape of a spine. Other postsynaptic proteins interact with the actin
cytoskeleton in an activity-dependent manner. Induction of long-term potentiation (LTP),
for example, leads to actin cytoskeleton remodelling, which allows the dendritic spine head
to change in size and shape [1, 11].

Actin is present both as free monomers termed G-actin (globular) and microfilaments
called F-actin (filamentous). Filaments are formed from actin polymers that bundle to-
gether to give the cell its shape. Filaments are polar, with the end that faces the spine
head (”barbed” end) growing more rapidly than the opposite end (”pointed” end) [12].

Both G-actin and F-actin monomers bind adenine nucleotides. G-actin monomers
marked with ATP are incorporated into growing filaments. ATP is slowly hydrolysed
into ADP which serves as the molecular tag of an ageing filament. Filament regions
rich in F-actin-ADP monomers are subject to severing by cofilin. Severing into shorter
filaments is vital for actin remodelling as it generates more ends for polymerisation and
depolymerisation. Another way of generating barbed ends is branching. This is mediated
by the Arp2/3 complex which nucleates new filaments from the sides of existing filaments,
forming a branched network [12].

So far, most models of the dynamics of actin or other cytoskeletal proteins have taken
one of two directions: Some have focused on the biochemical reaction network important
for cytoskeletal dynamics, without explicitly considering the spatial arrangement of sub-
units (e.g. [13, 14]). Others have provided mechanical models of the cytoskeleton that
predict the changes in cellular shape in response to stimulation. These models, however,
focus on the intracellular force distributions and ignore many of the biochemical con-
stituents of the cytoskeleton (reviewed in [15]). Therefore, there is currently a need for
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spatiotemporal biochemical models of actin dynamics that are able to combine structural
aspects with biochemical signalling.

Here, we present a method for achieving this using the particle-based spatial stochastic
simulator MCell [2, 3, 4]. MCell 3.3 provides a syntax for multi-subunit complexes that
allows users to specify both macromolecular complexes and molecules that can adopt a
large number of biological states (reviewed in [5]). We use this syntax and a system of
subunits and tags to model actin cytoskeleton remodelling, including actin polymerisation
and depolymerisation, branching of actin filaments, and filament severing and shifting.
Our model includes a relatively small number of molecular species and biochemical inter-
actions, but can be extended to include more components of the postsynaptic proteome
in the future.

2 METHODS

We used MCell 3.3 [2, 3, 4]. MCell enables users to track the trajectory and state of
every single molecule in a reaction compartment, making it possible to model molecules
that can exist in many different states [5]. MCell also allows the use of immobile complex
molecules which can consist of any desired number of subunits with defined states and
orientations in space relative to each other. Here, we used this feature to create a 3D
matrix of “subunits” as a frame for the cytoskeleton, and to develop a system with rule
sets which would represent actin remodelling, as explained below.

MCell simulation files were written in GNU Emacs text editor and the definition of
the 3D matrix cube with 8000 (20 × 20 × 20) subunits was written into a separate file
using a C script. MCell simulations were run on standard laptop and desktop computers
and took a few hours to complete for 107 simulations (1 s of model time). Results were
visualised using the CellBlender add-on for Blender 2.78.

The biochemical components of the model are simplified and include the free monomeric
molecules Arp2/3, cofilin, and G-actin (bound to either ADP or ATP). In addition, fil-
amentous (F) actin exists as part of a macromolecular complex that interacts with the
monomeric molecular components as described below. At the beginning of the simula-
tion, 39 molecules of ADP-bound G-actin, and four molecules each of Arp2/3 and cofilin
were released into the simulation volume. In addition, the simulation volume was seeded
with a short, branched F-actin filament consisting of 15 subunits. We use a simplified
representation that disregards the double-helical nature of actin filaments for the purpose
of easier spatial representation.

Where possible, we took reaction parameters from previous models [14, 16]. However,
since the focus of this work was to establish a general method to model filament dynamics
in MCell, we did not work on refining estimates for unknown parameters or on determining
parameter robustness.

The model files are available on github under the following link: https://github.

com/MelanieIStefan/actin_model.
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3 RESULTS

3.1 Model of actin filament structure using virtual subunits

As the MCell complex molecule feature has so far not been used for filament remod-
elling, the main focus was to develop a set of rules to model actin filament dynamics in
MCell.

Whilst MCell allows users to specify multi-subunit complexes, the size and number of
subunits of those complex needs to be specified from the start. We thus pre-defined a
“virtual complex” of potential actin subunits. This was done by specifying a 20× 20× 20
matrix, which represented possible sites for actin filament growth. This spanned the entire
reaction volume. At the start of the simulation, only 15 of those sites were occupied with
actual F-actin subunits (bound to either ATP or ADP). All other sites were occupied by
“virtual subunits” (named “empty” in our simulation) and were hidden in CellBlender
visualisations. Since subunits occupy no actual space in MCell, those virtual subunits
do not impact the diffusional properties of other molecules. They can, however, undergo
reactions to change, for instance, from an “empty” (virtual) subunit into an F-actin
subunit, thus representing extension of the actin filament into a previously empty unit of
space.

The outermost subunits of the “virtual complex” received a special designation as
“border”, in order to prevent errors that might arise from trying to extend filaments
outside the original bounds of the 20× 20× 20 matrix.

3.2 Actin polymerisation and depolymerisation

The actin filament matrix has directionality and the subunits were defined using x, y
and z coordinates. To simplify modelling, the filaments were represented as linear strands
of monomers growing upwards at a 45◦ in four directions: +x (right) and -x (left) on the
xy-plane, and +z (forward) and -z (backward) on the yz-plane.

In our model, actin polymerisation and depolymerisation are taking place indepen-
dently with defined kinetic parameters. Polymerisation occurs when a freely diffusing G-
actin-ATP molecule collides with an ”empty” subunit that is on the tip of a filament. As
a result, a previously ”empty” subunit will become occupied by an F-actin-ATP molecule.
In order to avoid filament collisions, a polymerisation reaction can only occur when no
other molecules occupy subunits in the immediate vicinity of the growing end. In con-
trast, depolymerisation occurs spontaneously from pointed ends that are occupied by an
F-actin-ADP subunit. In this reaction, a previously occupied subunit becomes ”empty”
and one molecule of freely diffusing G-actin-ADP will be released. To simplify the model,
G-actin-ADP molecules will spontaneously be phosphorylated with a defined kinetic pa-
rameter in order to be reused for filament growth. This scheme is illustrated in Figure 1
(left panel).
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Figure 1: Method for modelling actin polymerisation and depolymerisation (left panel), ageing of actin
filaments (middle panel) and branching of actin filaments (right panel).
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3.3 Filament ageing

Filament ageing (middle panel of figure 1) involves the hydrolysis of ATP into ADP.
In our model, this takes place with three different kinetic parameters depending on the
subunit composition of the region. If a monomer is surrounded by F-actin-ADP monomers
on both sides, then hydrolysis is taking place with the fastest parameter. If it is surrounded
by F-actin-ATP and F-actin-ADP, then the kinetic parameter governing that reaction is
half of the previous one. Lastly, if the monomer is surrounded by F-actin-ATP on both
sides, then the speed is half of the intermediate speed. This ensures that hydrolysis is
more likely to happen around subunits that are already hydrolysed, i.e. the parts of
the filament that are older and closer to the pointed end. This is necessary since in
memoryless stochastic models the reaction probability does not increase with time and
hydrolysis would otherwise take place with similar kinetics throughout the filament.

3.4 Filament branching

Branching of actin filaments takes place when a freely diffusing Arp2/3 molecule collides
with an ”empty” subunit that is on the side of a filament that faces the spine head. Arp2/3
nucleation is followed by G-actin-ATP monomer binding to either of the three upward
directions that are not parallel with the mother filament. After nucleation, polymerisation
of the daughter filament continues in a similar manner to the mother filament (see figure
1, right panel). One filament can be branched from different locations and in different
directions, resulting in the formation of a 3D network.

3.5 Filament severing and shifting

Another crucial event in cytoskeletal remodelling is the dislocation of parts of a fil-
ament. In this model, the concept of shifting involves vacating of the original set of
positions in the matrix and instantly occupying neighbouring empty slots further away
while maintaining the original structure. This required the development of a rule set for
monomer tagging that allowed for full filament shift. We first developed a set of rules
governing severing events. Severing divides filaments into two providing more barbed ends
for polymerisation as well as more pointed ends for depolymerisation. Filament severing is
mediated by cofilin and is preferably taking place in the older parts of the filament. Here,
it is modelled as a reaction between freely diffusing cofilin and F-actin-ADP, whereupon
F-actin-ADP instantly receives a tag (tag 1), which marks it for severing (figure 2). The
tag is instantly transmitted to all neighbouring F-actin subunits towards the pointed end,
regardless of their nucleotide phosphorylation status, until the tagging chain reaches Arp
2/3. An Arp2/3 molecule that is in the immediate vicinity of a subunit with tag 1 is
instantly tagged as well. The untagged subunits from another branch next to the tagged
Arp2/3 molecule will then be instantly tagged with tag (2) and now, tagging can take
place in both directions and will also include all the other branches attached to tagged
monomers. This ensures that only the parts below the site of severing will shift, leaving
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Figure 2: Method for modelling actin filament severing and shifting.

the upper part of the filament in its place.
The kinetic parameter for the tagging reaction is a large arbitrary number, chosen to be

faster than any other reaction in the simulation. This is to prevent all the other possible
changes that could take place within the filament during the same short time window.
Once a molecule receives a tag, it cannot be subject to any other reaction events besides
shifting. However, in order to avoid errors, the rule set includes rules that ensure that
no other molecule is occupying the subunits through which shifting will take place. In
current models, molecules are only shifting in the +x direction. Therefore, each subunit
will only shift if the next slot in +x direction is unoccupied.

The kinetic parameter for shifting is also very fast but slightly slower than the tagging
speed to ensure that no movement occurs before the whole filament is tagged. Briefly
after the shifting intermediate is generated and labelled with a shifting tag, the original
subunit disappears by being tagged as ”empty”.

The next step shifts the subunit by one more slot in the +x direction and converts it
back to its original molecular state (e.g. F-actin-ATP). The shifting intermediate is again
converted back to vacant subunits. This ensures that the original filaments and the part
that shifted away from it are two subunits away from each other to allow polymerisation
from the newly generated barbed end.
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Figure 3: Stills from an MCell simulation showing G-actin phosphorylation, filament severing/shifting,
polymerisation and branching.

3.6 Simulation results

In order to test the implementation of our rule set in MCell, we ran 10 simulations
using different random seeds. Simulations were run with a time interval of 10−7 s, for a
total of 1 s each. Within this time frame, we were typically able to observe one or several
instances of filament severing and shifting, branching, and elongation. Filament ageing
and depolymerisation have much slower reaction rates, and are therefore not observed in
this time frame. As an example, still images from one of the simulations (using random
seed 4) are shown in figure 3.

4 DISCUSSION

This work presents a proof of concept that the ”complex molecule” syntax in MCell 3.3
[2, 3, 4] can be used to model actin cytoskeleton dynamics and, more generally, assembly,
disassembly and movement of any type of biopolymer. Thus, the particle-based simulator
MCell can act as a bridge between structure-based models of biopolymer assembly and
models of cellular biochemical pathways.

Our present model is an implementation of the methods we have developed to model
different aspects of actin dynamics in MCell and serves as a prototype. The representa-
tion of actin filament dynamics could be extended, e.g. by allowing shifting of severed
polymers over wider ranges. There is also work to be done in determining and refining
the parameters governing all reactions in order to create a model that closely matches
results from previous experiments.

Finally, the model can be combined with models of biochemical pathways within the
dendritic spine. We have previously worked on Calcium-dependent signalling pathways
in dendritic spines [17, 18, 19]. For instance, Calcium signalling leads to activation of
CaMKII, a key protein for initiating synaptic long-term potentiation [6]. CaMKII inter-
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acts with the actin cytoskeleton and thereby regulates its ability to remodel and to regulate
spine structure. Combining our model of actin dynamics with a model of CaMKII activa-
tion could give a unique insight into how biochemical regulation and structural changes
interact to regulate the synaptic machinery that controls learning and memory.
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P. Wriggers, M. Bischoff, E. Oñate, D.R.J. Owen, & T. Zohdi (Eds)

BRAZILIAN TEST - A MICROSCOPIC POINT OF VIEW
ON TENSILE FRACTURE GENERATION

P. Klejment, W. Debski

Affiliation
Institute of Geophysics PAS, Warsaw, Poland

pklejment@igf.edu.pl
debski@igf.edu.pl

www.private.igf.edu.pl/ debski

Key words: Brazilian test, DEM, ESyS-Particle

Abstract. The tensile strength of solid materials is one of the most important param-
eter describing a behavior of the material under external mechanical loading and thus its
knowledge is of great practical importance. However, the direct measurement of tensile
strength especially for brittle materials is quite difficult and only limited results are avail-
able. To cope with this situation various methods of indirect measurements have been
proposed among others the, so called Brazilian test is the most popular. The method
relies on diametrically loading of disc-like sample of the brittle material until it splits
apart due to a induced tensile stress. In this paper we report our effort of describing the
fracturing process during the Brazilian test from the “microscopic”point of view. For this
purpose we use an advanced implementation of the Discrete Element Method - the ESyS-
Particle software. We represent rock specimen as a set of interacting spherical particles
which mimic grains of real rock material. We have observed that the maximum loading
force which sample can withstand almost linearly scales up with a ratio of maximum-to-
minimum particles diameters.

1 INTRODUCTION

The tensile strength of solid materials is one of the most important parameter describ-
ing a behavior of the material under mechanical load and thus its knowledge is of great
practical importance. However, the direct measurement of tensile strength, especially for
brittle materials is quite difficult and thus only limited results are available. To cope with
this situation [3] have proposed an indirect method of estimation of the tensile strength
know as the Brazilian test. The method relies on diametrically loading of disc-like sample
of the brittle material until it splits apart due to induced tensile stress as sketched in
Fig. 1. Due to its simplicity and low cost of sample preparation it became very popular
and has got a recommendation of the International Society for Rock Mechanics Commis-
sion as the standard method of the tensile strength estimation [9]. The justification of

1

78



P. Klejment, W. Debski

the method comes from theory of elasticity which predicts that for an ideal homogeneous
elastic cylinder of Radius R and length L subjected to a diametrically linear loading P
the stress inside the body reads [11]:

σx = P
πRL

−
2P
πL

(
x2(R−y)

[x2+(R−y)2]2
+ x2(R+y)

[x2+(R+y)2]2

)

σy = −
P

πRL
−

2P
πL

(
(R−y)3

[x2+(R−y)2]2
+ x(R+y)2

[x2+(R+y)2]2

)

τxy =
2P
πL

(
x(R−y)2

[x2+(R−y)2]2
−

x(R+y)2

[x2+(R+y)2]2

)
(1)

where x, y refer to coordinates shown in Fig. 1. As it follows from above, at the loading
plane (x = 0) the σx and σy are normal stresses (τxy = 0) perpendicular and parallel to
the loading plane, the tensile stress σx is constant and reads

σT =
P

πRL
(2)

while the compressional stress σy increases from 3σx at the center of the disc to infinity
at the loading point.

These formulas have been extended to a more realistic laboratory situations taking
into account loading over a finite, bended surface, non-homogeneity and anisotropy of the
material, to name a few extensions. The usefulness and simplicity of the Brazilian test
follows directly from Eq. 2 which predicts that tensile is proportional to the loading. Thus,
assuming that splitting of the samples occurs when tensile stress reaches the material
tensile strength, it can easily be estimated from Eq. 2 by recording the loading force when
sample crushes.

The Brazilian test method has gain a lot of popularity not only because of simplicity
of its application but also due to more fundamental questions concerning mechanisms of
creation and development of the tensile fractures under a simple initial and boundary
conditions. However, it has received also a lot of criticism due to lack of robustness
and proximity. This last issue arises from the fact that the Brazilian test results show a
systematic overestimation of the tensile toughness with respect to values obtained in direct
measurements. Thus, there is a lot of ongoing discussion on reasons of this discrepancies.
There is also still an open question about dynamics of nucleation and development of the
main tensile and secondary cracks resulting in a final breaking apart of the specimen. The
classical theory predicts creation of such crack in a center of the sample where compressing
stress is the smallest. After nucleation the crack is expected to propagate along the loading
plane outwards. However, in many experiments the crack was observed to nucleate not in
center but close to sample surface [12]. Wings-type and secondary cracks have also been
observed [5]. Another open question is which criterion should be used for estimation of
the tensile strength. The most popular approach is based on the stress criterion according
to which the material breaking occurs when tensile stress reaches the critical value and
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Eq. 2 is then directly used. However, this is fully arbitrary choice. Another, physically
justified the strain criterion was proposed by [17]. Both criteria are equivalent (at least
from mathematical point of view) for perfectly elastic media but not if large deformation
effects are taken into account.

Theoretical analysis of the Brazilian test method are based mainly on the classical con-
tinues mechanics [6, 8, 14] and are limited to the simplest cases. Analysis of more realistic
cases can be done only numerically. Authors of such studies use most often different vari-
ants of the Finite and/or Boundary Element Methods [15, 4, 18]. Only recently, a simple
but very interesting analysis based on the Fiber Bundle Method has been presented [13].
In this paper we analyze some of the above mentioned issues from a “molecular” point of
view using an advanced implementation of the Discrete Element Method (DEM) [2]. The
method represents the medium as a set of interacting elements “molecules” and is partic-
ularly convenient for describing process of medium fragmentation. Moreover, it has been
argued [16] that such representation is more natural for describing rock materials than
methods based on the continuous mechanics. The used EsyS-Particle software allows a
full 3D analysis of stress and displacement evolution in the sample under external loading,
takes into account possible large deformations like the classical Finite Element approach
and supports description of the material fragmentation and thus cracks nucleation and
its temporal evolution [1].

V V

X

Y

Figure 1: The sketch of the simulation setup used in numerical simulations. The horizontal loading
plates are assumed to be perfectly rigid. The lower plate is fixed while the upper one moves downwards
with constant velocity V providing the diameter loading of the disc.
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2 DEM SIMULATIONS

2.1 Simulation setup

We have performed a number of numerical simulations of Brazilian test experiment
considering the specimen in a form of disc (cylinder) of diameter 10 mm and thickness 5
mm, diametrically loaded as it is shown in Fig. 1. The sample was build of spherical par-
ticles of varying size within predefined ranges. The maximum radius of used particles was
always kept fixed and equal to Rmax = 0.2 mm. The minimum radii were varying among
simulations in a range from 0.027 mm up to 0.1 mm. The external load was supplied by
two perfectly rigid plates. The lower plate was fixed while the upper one moved downward
with constant velocity V=4mm/sec. Simulations ended when the vertical displacement
of the upper plate reached the predefined level of 0.2 mm, selected as a large enough to
include the sample breaking and a beginning of the post failure stage. In Fig. 2 examples
of the facial views of one of the sample prior and after creating a main tensile crack (but
still before complete breaking of the sample) are shown. During loading we have recorded
at each time step the vertical position of the upper plate and total vertical force acting
on it, so a stress - strain relation was continuously monitored. Besides that, we have
also recorded total kinetic energy of particles and total potential energy of inter-particles
interactions.

Figure 2: An example view of the sample face prior to loading (left) and after creating a tensile crack
(right) in the middle of the sample.

The most nontrivial element of any DEM simulation is defining the particle interac-
tions and breaking conditions. We have used the model of “elastic-brittle interactions”
supported by ESyS-Particle and illustrated in Fig. 3.
In this model the near-neighborhood particles interact with each other with repulsive/cohesive
radial forces and non-radial “shearing” ones. If interacting particles separate by fixed dis-
tance (in terms of percentage of their radii) the interacting bond is broken and interaction
is reset to zero. Breaking of shearing forces is based on the Coulomb-Mohr criterion [2].
Under these assumptions our specimen represents a medium which for small external load-
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Figure 3: A sketch of forces and moments between particles interacting according to used the advanced
interaction model implemented in ESyS-Particle (after [2]).

ing behaves as an ideal elastic body. For larger loads, when some inter-particles bonds
break and particles can significantly move away from their initial location the material
exhibits some plasticity. Finally, in a large stress concentration regions the particles can
separates “en bloc” due to a significant stress redistribution when interaction bonds break
(a similar effect is observed in soft-clamp Fiber Bundle Model [10] which finally leads to
an initiation and development of cracks. This way, with this simple setup we can simulate
behavior of a variety of solid materials.

In the current simulations we have concentrated on a question how size of particles
building the sample influences simulation results. For this reason we have kept particle
interactions fixed and also the loading rate was kept constant. The build disc samples
consisted from about 5 · 104 up to almost 2 · 106 particles and typical 5 · 104 time steps
were required to break the samples apart. The time step we have used for the temporal
integration (evolution) have been chosen as the compromise between numerical stability
and computational time and reads dt = 5·10−6. With this simulation setup computational
time on 10 cores CPU workstation ranged between 6 and 90 hours.

2.2 Simulation results

Let us begin the discussion of obtained results from the analysis of a relation between
applied load and vertical displacements (strain) of the sample. The scaled together (for
presentation purpose) strain-stress relations for five simulations are shown in Fig. 4 and
few particular features are clearly visible in this figure.

Firstly, the maximum attained values of load Pmax, at which samples break apart
strongly depend on the minimum size Rmin of particles building the sample. On the
contrary, the critical strain dc at which fmax is reached feeble depends on Rmin ranging
from about 0.1 mm up to 0.12 mm. In the consequence the slope of the initial part of
the strain-stress curves also significantly varies with Rmin. Secondly, for small strains the
response of the sample to the load is essentially elastic, manifesting itself in an almost
linear strain-stress dependences. The visible undulation of the curve is partially due to
an acoustic wave generated at the beginning of loading when the upper plate “hits” the
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Figure 4: The load against the vertical displacement (strain) for five different samples composed of
particles with different minimum radii Rmin. The maximum radius was fixed for all samples Rmax =
0.2 mm. The weak undulation in first part of curve is mainly due to acoustic waves generated by abrupt
beginning of loading of the samples.

sample with the constant speed and partially due to a numerical noise. Only for very small
strains (less than 0.01mm) this linearity is broken and a “flattening” of the stress-strain
curves is observed. This is a purely numerical effect connected to a non-optimum initial
packing of particles in the samples. Thirdly, a departure from the elastic behavior appears
at larger strains and manifest itself as a flattening of the curves. This plastic regime starts
earlier for samples built of larger particles. In case of samples with Rmin = 0.03 mm it
appears just before reaching the maximum withstand load, while for samples built of
particles with Rmin ∼ 0.1 ∼ 0.06 mm it starts almost in half of the strain value at given
sample breaks. Finally, in the post failure stage the stress drop rate is smaller for samples
built of larger particles. It is interesting to note, that the post failure stress reaches
minimum (complete breakage of the sample) for similar values of strain in all cases. To
summarize, we have observed a significant mechanical strengthening for samples composed
of smaller particles with respect to softer samples build of larger particles. However, the
vertical deformation at which samples break apart only weakly depends on Rmin.

In the next step we have analyzed variation of number of broken inter-particle bonds
with progressing load. The results are shown in Fig. 5 where separately scaled number
of broken bonds for five considered samples are shown together. The behavior of plotted
curves is very similar in a narrow vicinity of critical strain dc when samples start to
break for all but one cases . An abrupt increase of bonds breaking starts just around
reaching critical load Pmax and continue until the sample fully breaks and load reaches
minimum value. Only for the very soft sample (Rmin = 0.1) inter-particle bonds start
to break massively earlier and the process goes smoother through larger range of sample
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Figure 5: Number of broken inter-particle bonds as the function of the sample vertical deformation.

deformations. The particle composition of the samples influences significantly the initial
part of curves corresponding to elastic behavior of samples. For deformations smaller than
0.1 mm we clearly see in Fig. 5 that smaller particles are used to build the sample, sooner
inter-particle bonds starts to break. Simultaneously, smaller Rmin is, larger hardening of
a sample before the final breakage is observed. This effect manifests itself by flattening of
curves when strain approaches 0.1 mm. Since during the simulations interaction bonds
were not allowed to re-heal after breaking, the observed initial increase of bonds breaking
can be interpreted as beginning of a visco-plastic deformation of the samples. Let us note,
that this effect is quite feeble and can hardly be visible in strain-stress curves in Fig. 4.
The degree of this induced viscosity significantly depends on the particles size. From a
physical point of view this observation suggests, that at intermediate values of loading
some dislocations are induced in the samples. Indeed, such dislocations are more probable
for smaller particles and for this reason viscous behavior would start earlier for samples
with smaller Rmin. Moreover, the particle rearrangement by dislocations very soon leads
to denser particle packing and in the consequence to the hardening of samples. Finally,
for the very small deformation we observe no particle bonds breaking. This is a perfectly
elastic regime.

Next, let us consider the change in the potential energy of particle interaction and the
particles kinetic energy (without rotational energy) with progressing vertical deformation.
The results are shown in Fig. 6.

In the first approximation one can assume that an external compressional load induces
harmonic repulsive forces between interacting particles. In consequence, a change of total
potential energy should be proportional to the squared sample deformation. Such a be-
havior is indeed visible in the right panel in Fig. 6 for small and intermediate deformations.
For larger deformations when the rupture process nucleate potential energy starts to be
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Figure 6: The absolute value of the kinetic (left) and potential energy of particles interactions (right)
scaled to the maximum value obtained in all simulations.

released and diminishes. Besides these changes of the potential energy with deformation
is different for samples with different Rmin. It increases most rapidly for samples build of
smaller particles and reaches larger values, as expected. The samples build of smaller par-
ticle can accumulate larger elastic deformation (potential) energy. In consequence, taking
into account that the breaking (critical) strain dc only slightly increases with decreasing
Rmin and deformation at which samples breaks apart is almost the same for all samples
the potential energy released is more abrupt for samples with smaller Rmin. Thus, we can
expect that breaking process will go faster for samples build of smaller particles.

As far as the kinetic energy Ekin is concerned we can see in the left panel of Fig. 6 that
it is quite stable in the first phase of loading. Some increase and variations of Ekin at
the intermediate loading can be attributed to the dislocations processes discussed above.
During the breaking stage it increases significantly due to a release of potential energy.
The changes (mostly decrease) of Ekin in the post-failure stage are more complex due to
a possible secondary cracking of the samples [5]. However, at this stage, the behavior of
Ekin is also strongly influenced by a numerical dumping implemented in the used code
and thus include a non-physical component. For this reason we do not analyze this stage
any more.

Considering energy transformations during the loading and breaking stage of the pro-
cess we have analyzed the difference between work of the external load and sum of the
kinetic and potential energies. The obtained results are shown in Fig. 7

For small, elastic deformations the work of the loading force (∆W ) fully converts
into the elastic (ET = Ekin + Epot) energy. In consequence Γ = ∆W − ET vanish. At
the intermediate loading stage we observe a monotonic increase of Γ with the sample
deformation. This is a signature of non-elastic transfer of external energy. We attache it
to breaking of inter-particle interactions bonds and particle dislocations. In real materials
at this stage the external energy is also efficiently transformed into the heat. However our
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Figure 7: The difference between external load work (∆W ) and sum of kinetic and potential energy.
The obtained values were scaled by the largest value obtained in all simulations.

simulations do not take into account thermal effects yet. It is interesting to observe that
at this stage Γ exhibits a strong dependences on particle size (Rmin). During the braking
stage (0.11 < dl < 0.14) Γ further increases and finally saturates, as expected.

2.3 Scaling

Discussing results shown in Fig. 4 we have noticed that the maximum load the sample
can withstand depends significantly on Rmin. To analyze this issue more in depth we have
plotted in Fig. 8 the maximum loads Pmax, dc, and the potential energy at the dc strain
for all considered samples.

The obtained results show that the dependence of Pmax on inverse of Rmin is almost
perfectly linear. Very similar behavior exhibits potential energy calculated for the strain
when load reaches its maximum value. The critical strain dc also almost linearly but,
much weaker depends on the Rmax/Rmin ratio. At the moment we have no explanation
of this observed Pmax (potential energy) scaling. Actually, a preliminary analysis carried
out for a larger set of samples with different Rmax confirmed that with a quite good
approximation Pmax depends only on the ratio Rmax/Rmin and thus the reported scaling
holds.

3 CONCLUSIONS

With the performed numerical simulations we have reached a few goals. From the
technical point of view we have proved that ESyS-Particle software is working correctly
with this type problems provided the most advanced particle interaction model is used.
The obtained results are in a full agreement with similar results obtained both analytically
as well as by a more traditional FEM methods. We have also demonstrated exceptional
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Figure 8: The maximum critical load, critical strain dc and potential energy at dc strain as the function
of γ = Rmax/rmin.

abilities of the DEM method with solving problems including sample fragmentation. The
method has allowed a detailed monitoring of internal microscopic state of loaded sample
including changes of particles kinetic and potential energies to name a few. From the
physical point of, we have got an insight into creation of the tensile crack under the
simulated laboratory conditions. We were able to monitor a nucleation and temporal
evolution of tensile crack which finally lead to breaking apart of Brazilian test samples.
Following an evolution of the total kinetic and potential energies during lading we were
able to identify a few stages in a response of the samples to constant speed loading.
At the beginning of loading the elastic response of the samples was clearly visible. For
the intermediate loading the samples exhibited a visco-elastic properties due to inducing
particles dislocations. At the end of this stage large dislocation occurring en block resulted
in a visible plastic behavior of the samples and finally lead to crack nucleation and breaking
the sample apart. The most interesting is, however, observing how size of used particles
influenced each of the above stage. Although we used relatively small range of particle
sizes the obtained results clearly shows that the most sensitive to the material composition
is the intermediate loading stage when dislocations start to change the properties of
materials and lead to a crack nucleation. On the other hand, the rather weak dependence
of the critical strain and the strain when the crack fully breaks the sample into two pieces
shows that this failure stage is rather insensitive to the material composition. However,
in our judgement, the most important result of the performed simulations is reporting
of the scaling of the critical load which the sample can withstand with inverse of the
size of the smallest particles building the sample. This unexpected observation is further
investigating and results will soon be published elsewhere. At this time we have no
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physical explanation of the observed scaling.
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ABSTRACT

The combined finite-discrete element method (FEMDEM) implemented in Solidity is employed
to simulate the effects of geometrical features and loading orientation on the pre- and post-
failure behaviour of catalyst supports. In this paper, a comparison with experimental results
and a mesh sensitivity analysis for the numerical simulations of uniaxial compression tests on
cylindrical pellets are presented and discussed. The structural strength of complex-shaped pellets
under simplified loading conditions is investigated with numerical simulations. Some preliminary
results that give an insight into the relation between the shape of catalyst supports and their
mechanical performance are also presented and discussed.

1 Introduction

The catalysts typically employed for fixed-bed reactors in steam reformers contain an active
metal component supported on porous materials with a high surface area, most commonly
alumina (aluminium oxide, Al2O3). To maximise the available surface area and increase heat
transfer, these supports can be shaped as cylindrical pellets, balls or more complex configura-
tions. In conventional reforming processes, reaction temperatures in the 450-950 ◦C range are
required depending on the application [1]. For this reason the bundles of tubes are suspended
in a heated chamber, as shown in Figure 1.

Figure 1: Topsoe reformer with burners placed on side walls [1].
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A better understanding of fracture propagation in packed structures of ceramic bodies is crucial
to the development of new strategies to reduce the accumulation of catalyst fragments and to
extend the lifetime of reactors, and further innovations in fixed-bed reactor technology.

In this work, the effects of the catalyst support shapes on their final strength and fragmentation
behaviour are investigated through controlled experiments and numerical simulations. Uniaxial
compression tests and high-speed video recordings are employed to estimate strengths and pellet
crushing behaviours. The combined finite-discrete element method (FEMDEM) implemented in
Solidity [2] is employed to simulate the effects of geometrical features and loading orientation
on the pre- and post-failure behaviour of catalyst supports. In this paper, a comparison with
experimental results and a mesh sensitivity analysis for the numerical simulations of uniaxial
compression tests on cylindrical pellets are presented and discussed. The structural strength
of complex-shaped pellets under simplified loading conditions is investigated with numerical
simulations and some preliminary results are also presented and discussed.

2 Uniaxial compression

The uniaxial compression test apparatus was mounted an actuators to apply a uniaxial load,
as described in [3]. The loading plates and the tested samples have been modelled with 2D
Solidity FEMDEM simulations. Both tests and simulations have been performed on discs with
and without holes. In this work, two sets of specimens (Set 1 and 2) with different diameters
(D), holes diameters (d), thicknesses (t) and mechanical properties have been considered. The
geometries are summarised in Table 1.

Table 1: Average of the measured dimensions and bulk density of the tested specimens.

Set D d t Bulk density
[mm] [mm] [mm] [g/cm3]

Disc 18.56 ± 0.01 - 19.16 ± 0.01 2.321
4-hole 18.39 ± 0.01 5.14 ± 0.01 12.54 ± 0.01 2.31

Disc 17.69 ± 0.01 - 18.36 ± 0.01 2.692
4-hole 17.56 ± 0.01 4.88 ± 0.01 12.00 ± 0.01 2.64

The mesh and boundary conditions are shown in Figure 2(a) and 4(a), 4(c) respectively. The
experiments were also recorded with a high-speed camera to determine the fracture paths and
pellet crushing behaviours. In the numerical simulations, the bottom plate is fixed and the
top loading plate is constrained with constant velocity. The velocity of the constraint is set
to 0.01 m/s, which is the loading rate that was set in the laboratory experiments. To reduce
the calculation time, when the simulation starts, the top plate is in contact with the specimen
and for this reason an initial velocity equal to the one applied to the constraint is imposed
on the loading plate. The specimen is discretised with an unstructured fine mesh to better
represent both the de-bonding stress during the opening of the cracks and the fracture path
along the element boundaries. The total number of elements employed in the simulations of
discs with and without holes is about 37,000 and 53,000 respectively. The material properties
used to describe the loading plates are Es=210 GPa, νs=0.3 and ρs=7850 kg/m2, where Es is
the Young’s modulus, νs is the Poisson’s ratio and ρs is the density. The material properties
used for the specimens vary depending on the bulk density of the tested sample. Figure 2
shows the simulation results of a disc with no holes from Set 1, with Ec=40.05 GPa, νc=0.17,
ρc=2310 kg/m2, ft=5.07 MPa and GI=0.2 J/m2. Since a value of fracture toughness was not
available for the cylindrical samples, values GI have been optimised for the sets of sample to
obtain the correct failure mechanism for the uniaxial compression of a disc. In other words GI
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has been selected from the simulation showing a fracture initiating from the centre of the disc
and propagating to the two contact points. The same values of energy release rate have been
used for the simulations of uniaxial compression of pellets with four holes with the same bulk
density. Figure 5 compares of the simulation results for discs with four holes from Set 1, with
the corresponding results for samples from Set 2 with Ec=50.08 GPa, νc=0.17, ρc=2690 kg/m2,
ft=10.62 MPa and GI=0.4 J/m2.

3 Results and discussion

Figure 2(b) shows the horizontal stresses reaching the value of tensile stress (red) in the centre
of the disc before failure. After that point, a fracture initiates from the centre and propagates
diametrically to the two points of contacts, as shown in Figure 2(c). While the fracture reaches
the two points of contact, also the applied load drastically decreases and the two halves of the
disc fragment under the action of the two loading plates as shown in Figure 2(d). The simulation
results can be compared with two frames obtained from the high-speed video recordings of the
test of a disc with no holes from Set 1 shown in Figure 2(e) and 2(f). Assuming an elastic
response of the disc to a linearly increasing load, and that the applied load is transmitted by
each loading plate on a flat 200 µm portion of the disc surface (i.e. an angle α = 0.6◦ between
the centre of the loading plate, the centre of the disc and the extreme point of the contact
surface between the disc and the plate), an approximate solution for the relation between the
plate displacement (d) and applied load during the test (P ) can be defined in equation (1) [4].

d = − 2P

π E t
[(1− µ)− log(1 +

4

sin2(α)
)]

α

sin(α)
(1)

In Figure 3 the load-displacement curve calculated in the numerical simulation is compared with
the approximated experimental curve calculated with equation (1). The maximum value for the
contact force is slightly higher in the numerical results than in the theoretical prediction. This
could be because the mesh elements are not all perfectly aligned across the vertical plane where
the stress field develops its maximum tension.

Numerical simulations of the uniaxial compression tests on the disc with four holes have been
carried out loading specimens with different orientations, i.e. with respect to the angles between
the line of the contact points and the symmetry axes of the discs created by the four hole
locations. When the two hole centres lie directly in line with the loading points, this is called
the ’weak orientation’. Whereas, when the two hole centres lie perpendicularly to line with the
loading points, this is called the ’strong orientation’. Loading orientations at intervals of 5◦

have been considered between the weak (0◦) and the strong (45◦) orientation configuration of
the four-hole disc. Figure 4 shows the loading conditions and load-displacement curves obtained
from uniaxial compressive test simulations on the four-hole specimens from Set 1. The load
that makes the first fracture initiating within the pellet (i.e. when the first joint element in
the FEMDEM discretisation breaks [5]) is determined by inspecting the fracture walls in the
numerical results. In Figure 5 the load at failure calculated in the numerical simulation for the
different orientations of pellets with four holes from Set 1 and 2 is compared. The values of
load have been normalised with respect to the strength of an equivalent cylinder of identical
geometry and mechanical properties without holes. This normalisation allows to clearly visualise
and compare the interaction of internal geometrical features and loading orientations on samples
with different sizes and mechanical properties. This would have been otherwise impossible as
the failure loads may differ of orders of magnitude. Figure 5 shows a good agreement between
the two normalised curves, demonstrating a similar trend of the structural strengths for the two
sets of samples. Figure 5 shows also that the structural strength of pellets that are loaded on
their strong orientations is consistently almost five times greater than the structural strength
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(a) (b)

(c) (d)

(e) (f)

Figure 2: Simulation of the uniaxial compressive test on a cylinder without holes from Set 1: (a)
triangular mesh discretisation of the specimen and loading plates. (b) Horizontal tensile stress field
before failure reaching the value of tensile strength in the centre of the disc. (c) Crack propagating from
the centre of the disc to the two sides and (d) splitting of the two sides of the disc and post failure
fragmentation. Two frames from the video recording of the uniaxial compressive test on a cylinder
without holes from Set 1: (e) before and (f) after failure.

for the weak orientations.

A mesh sensitivity analysis has been carried out for the uniaxial compression test simulations.
The disc without holes from Set 1 has been discretised with four different realisations of a 150
µm element size mesh (Figure 8) obtained with three different values for the rigid rotation about
the centre of the disc. With the same process, four different realisations of a 100 µm element
size mesh have also been obtained, as shown in Figure 9. The load-displacement curves for the
four realisations of a 150 µm element size mesh are shown in Figure 6. Figure 7 shows the load-
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Figure 3: Load-displacement curve for the uniaxial compressive test on a cylinder without holes from
Set 1: comparison between the numerical results (red) and the the approximated experimental curve
(black) calculated with equation (1).
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Figure 4: Boundary conditions and load-displacement curves obtained from uniaxial compressive test
simulations on the four-hole specimens from Set 1 for orientation angles: (a,b) 0◦ (red), 5◦ (blue), 10◦

(orange), 15◦ (green), 20◦ (magenta) and (c,d) 25◦ (red), 30◦ (blue), 35◦ (orange), 40◦ (green) and 45◦

(magenta).
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Figure 5: Relation between the loading orientation and the structural strength of four-hole pellets,
normalised with respect to the strength of an equivalent cylinder without holes. Numerical results for
Set 1 (blue) and Set 2 (black).

displacement curves for the four realisations of a 100 µm element size mesh. The initial part of
the plots show the load take up with displacement is sensitive to the initial contact condition of
the specimen with the two loading plates, which varies in due to the rigid rotation of the mesh.
This causes small fluctuations in the load-displacement curves in Figure 7. The peak values
of the load for the 8 realisations of the 150 µm and 100 µm element size are consistent with
the theoretical peak load values also plotted in the figures, suggesting there are no significant
unintended anisotropies in stiffness and strength imposed by the unstructured meshing tool
employed.
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Figure 6: Mesh sensitivity analysis for the uniaxial compression test simulations: comparison of the
load-displacement curve calculated in the numerical simulations for the 150 µm mesh obtained with 0◦

(yellow), 10◦ (green), 20◦ (blue) and 30◦ (red) rotation of the original mesh of the disc. The approximated
experimental curve for Set 1 (black) is also plotted.

4 Conclusions

The numerical results of uniaxial compressive tests on cylinders without holes (Brazilian disc
tests) have been presented. The contact force extrapolated from the numerical simulations has
been compared to corresponding approximated experimental curves, giving further confirma-
tions [3] of a correct simulation of mode I fracture in porous ceramic pellets. A mesh sensitivity
analysis has also been carried out for the uniaxial compression test simulations, suggesting that
there are no significant unintended anisotropies in stiffness and strength imposed by the unstruc-
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Figure 7: Mesh sensitivity analysis for the uniaxial compression test simulations: comparison of the
load-displacement curve calculated in the numerical simulations for the 100 µm mesh obtained with 0◦

(yellow), 10◦ (green), 20◦ (blue) and 30◦ (red) rotation of the original mesh of the disc. The approximated
experimental curve for Set 1 (black) is also plotted.

tured mesh employed in the FEMDEM simulations. The structural strength of complex-shaped
pellets under simplified loading conditions was also investigated with numerical simulations.
Loading orientations at intervals of 5◦ have been considered between the weak and the strong
orientation configuration of the four-hole discs. The load at failure calculated in the numerical
simulations for the different orientations of pellets from two sets of samples have been compared.
The values of normalised load with respect to the strength of an equivalent cylinder of identical
geometry and mechanical properties without holes have been shown to be in good agreement for
two sets of samples with different sizes and mechanical properties. This provides a consistent
relation between simplified loading conditions and the structural strength of four-hole discs, also
giving an insight into the relation between the shape of catalyst supports and their mechanical
performance. First confirmations of the Solidity FEMDEM code capabilities in representing
realistic contact forces between complex-shaped catalyst pellets has been provided in previous
works [6, 7]. Future research will be undertaken to compare the numerically inferred struc-
tural strengths with values obtained from real experiments on cylindrical pellets with four holes
and to investigate other shape related catalyst performance properties, such as fragment size
distributions of crushed pellets.
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Figure 8: Mesh sensitivity analysis for the uniaxial compression test simulations: triangular mesh
discretisation of the test setup for the 150 µm mesh. The mesh is then rotated of 10◦, 20◦ and 30◦ to
preform a comparison of four different mesh realisations with the same element size.
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Figure 9: Mesh sensitivity analysis for the uniaxial compression test simulations: triangular mesh
discretisation of the test setup for the 100 µm mesh. The mesh is then rotated of 10◦, 20◦ and 30◦ to
preform a comparison of four different mesh realisations with the same element size.
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Abstract. Detailed particle models by taking into account the material grain structure 
explicitly consider the material randomness, including a size limiter for damage localization. 
A VGMC3D contact model is presented that considers the polyhedral particle shape in an 
approximate way. The VGCM3D flexible contact model is validated against known 
experimental data on a granite rock, namely triaxial tests and Brazilian tests.  

 
1 INTRODUCTION 

Detailed rigid particle models were introduced in the study of fracture of quasi-brittle 
materials such as concrete, rock and asphalt concrete in the 1990s [1, 2, 3, 4]. More recently, 
3D rigid spherical particle models have been proposed both for rock [5, 6, 7, 11] and for 
concrete, [8, 9, 10].  

Particle models are conceptually simpler than a continuum approach, and the development 
of cracks and rupture surfaces appears naturally as part of the simulation process given its 
discrete nature. Assemblies of discrete particles connected through simple interaction laws are 
able to capture the global behaviour of quasi-brittle macro-material, such as concrete or rock. 
In rock fracture studies the bonded particle model, BPM [6], has received considerable 
attention given its known ability to model rock complex behaviour, namely in uniaxial 
compression. The BPM model, as presented in [6], does not match the ratio of the 
compressive strength to tensile strength that occurs in rock. In addition, the macroscopic 
friction angle obtained with this model in triaxial testing is much lower than the known hard 
rock experimental values.  

Wang et Tonon [12] proposed a 3D spherical particle model that gives a good agreement 
with the triaxial failure envelope obtained in Lac du Bonnet granite rock. It is shown that the 
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inclusion of a frictional term for the contact shear strength has a significant effect in the 
increase of the macroscopic friction angle. However, the ratio of compressive to tensile 
strength of Lac du Bonnet granite was not well reproduced.  A 3D particle contact model that 
allows moment transmission at the contact level and adopts a Delaunay 3D edge criteria for 
particle interaction [7] was presented. This model is shown to be able to predict the failure 
envelopes and the compressive to tensile strength ratio of a hard rock such as Lac du Bonnet 
granite. Scholtès and Donzé [11] introduced an interaction range parameter that controls the 
grain interlock. The particle model proposed by the authors is shown to be able to predict high 
ratios of tensile to compression strength. 

Particle models based on polyhedral particles, either rigid or deformable [13, 14] are 
computationally more demanding than those based on rigid spherical particles, limiting the 
number of particles to be modelled or demanding parallelization techniques.  

In this paper a 3D rigid particle model is proposed which takes into account the effect of 
polyhedral shape particles but still keeps the simplicity of spherical particle models and does 
not require a significant increase in the computational effort. With this purpose, a particle 
generation algorithm is adopted that generates polyhedral shape particles based on the 
Laguerre Voronoi diagrams [15]. The Voronoi structure is the dual structure of the weighted 
Delaunay tetrahedralization of the spherical particle gravity centres. A polyghedral particle 
model is then approximated by spherical particles that interact with each other through a 
multiple local contact scheme [7] being the contact area and the contact location given by the 
common inter-particle Laguerre Voronoi facet. A similar model has been recently proposed 
for 2D particle models [16]. The model is validated against known results of triaxial and 
Brazilian tests of a granite rock, showing a good agreement.  

FORMULATION 

2.1 Fundamentals 
In the DEM, the domain is replaced by an assembly of discrete entities that interact with 

each other through contact points or contact interfaces. The set of forces acting on each 
particle are related to the relative displacements of the particle with respect to its neighbours. 
At each step, given the applied forces, Newton's second law of motion is invoked to obtain the 
new position of the particle. The equations of motion, including local non-viscous damping, 
of a particle may be expressed as: 

𝐹𝐹𝑖𝑖(𝑡𝑡) + 𝐹𝐹𝑖𝑖𝑑𝑑(𝑡𝑡) = 𝑚𝑚�̈�𝑥𝑖𝑖 
(1) 

𝑀𝑀𝑖𝑖(𝑡𝑡) + 𝑀𝑀𝑖𝑖
𝑑𝑑(𝑡𝑡) = 𝐼𝐼�̇�𝜔𝑖𝑖

(2) 

 
where 𝐹𝐹𝑖𝑖(𝑡𝑡) and 𝑀𝑀𝑖𝑖(𝑡𝑡) are, respectively, the total applied force and moment at time 𝑡𝑡 
including the exterior contact contribution, 𝑚𝑚 and 𝐼𝐼 are respectively, the particle mass and 
moment inertia, �̈�𝑥𝑖𝑖 is the particle acceleration. The damping forces using a local damping 
formulation are given by: 

𝐹𝐹𝑖𝑖𝑑𝑑(𝑡𝑡) = −𝛼𝛼|𝐹𝐹𝑖𝑖(𝑡𝑡)|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(�̇�𝑥𝑖𝑖)
(3) 

𝑀𝑀𝑖𝑖
𝑑𝑑(𝑡𝑡) = −𝛼𝛼|𝑀𝑀𝑖𝑖(𝑡𝑡)|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝑖𝑖)

(4) 
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being �̇�𝑥𝑖𝑖 the particle velocity, 𝜔𝜔𝑖𝑖 the angular velocity and 𝛼𝛼 the local non-viscous damping 
parameter and the function 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥) given by: 

 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥) = {
+1, 𝑥𝑥 > 0
−1, 𝑥𝑥 < 0
0, 𝑥𝑥 = 0

(5) 

2.2 Voronoi-generalized contact model (VGCM-3D) 

The 3D Voronoi-generalized contact model (VGCM-3D) is based on the GCM-3D contact 
model that considers on a given circular surface a discrete number of local contact points that 
are able to transfer normal and shear forces [7]. Figures 1 a) and b) show the GCM-3D local 
contact point position for a 4 local contact point scheme. In the VGCM-3D contact model the 
contact surface and the contact point location are defined by the Voronoi tessellation. The 
common Voronoi facet is considered to be the contact surface and the vertexes of the Voronoi 
facet including the gravity centre of the Voronoi facet are considered to be the local contact 
point location, Figure 1 c) and d). In the GCM-3D contact models, the contact unit normal is 
defined given the particles centre of gravity and the inter-particle distance: 

𝑠𝑠𝑖𝑖 =  𝑥𝑥𝑖𝑖
[𝐵𝐵] − 𝑥𝑥𝑖𝑖

[𝐴𝐴]

𝑑𝑑

(6) 

 
The contact overlap for the reference contact point and its location, are given by: 
 

𝑈𝑈𝑛𝑛 = 𝑅𝑅[𝐴𝐴] + 𝑅𝑅[𝐵𝐵] − 𝑑𝑑 (7) 

 
The VGCM-3D contact model reference contact point, 𝑥𝑥𝑖𝑖

[0], is defined at the associated 
Voronoi cell facet using: 

𝑥𝑥𝑖𝑖
[0] = 𝑥𝑥𝑖𝑖

[𝐴𝐴] + (𝑅𝑅[𝐴𝐴] − 1
2 𝑈𝑈𝑛𝑛 − 𝑑𝑑𝑣𝑣) 𝑠𝑠𝑖𝑖

(8) 

 
where 𝑑𝑑𝑣𝑣 is the distance along the contact normal between the PCM geometric contact plane, 
Figure 1 a), of the two spherical particles in contact and the adopted contact plane as defined 
by the corresponding Voronoi cell facet, Figure 1 c).  

The local contact point position (𝑥𝑥𝑖𝑖
[𝐽𝐽]) in global coordinates is defined relative to the 

reference local contact point. A local (𝑡𝑡, 𝑠𝑠) axis centred at the reference local contact point is 
adopted and the relative position of the local points in the local axes, Figures 1 b) and d), are 
defined at the beginning of the calculation. The contact point position of each local point is 
then defined in global coordinates using: 

 

𝑥𝑥𝑖𝑖
[𝐽𝐽] = 𝑥𝑥𝑖𝑖

[0] + 𝑠𝑠[𝐽𝐽]𝑥𝑥𝑖𝑖
[𝑠𝑠] + 𝑡𝑡[𝐽𝐽]𝑥𝑥𝑖𝑖

[𝑡𝑡] (9) 

  

where: 𝑥𝑥𝑖𝑖
[𝑠𝑠] and 𝑥𝑥𝑖𝑖

[𝑡𝑡] are the local 𝑠𝑠 axes and local 𝑡𝑡 axes, respectively, expressed in global 
coordinates, assuming that 𝑠𝑠 × 𝑡𝑡 = �⃗⃗�𝑠. The contact forces that are acting at each local contact 
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point can be decomposed into its normal and shear component with respect to the contact 
plane: 

 

 

 

a) (t, n) plane b) (t, s) plane 

 

 

c) (t, n) plane d) (t, s) plane 
 
 Figure 1: GCM-3D contact model with 4 local points considering an approximated circular contact surface a) and b) 

and VGCM-3D contact model with variable number of local points given by the Voronoi facet vertexes and gravity centre c) and 
d) 
 

𝐹𝐹𝑖𝑖
[𝐽𝐽] = 𝐹𝐹𝑖𝑖

[𝑛𝑛,𝐽𝐽] + 𝐹𝐹𝑖𝑖
[𝑠𝑠,𝐽𝐽] (10) 

 
The contact velocity of a given local contact point, which is the velocity of particle B 

relative to particle A, at the contact location is given by: 
 

�̇�𝑥𝑖𝑖
[𝐽𝐽] = (�̇�𝑥𝑖𝑖

[𝐽𝐽])
𝐵𝐵
− (�̇�𝑥𝑖𝑖

[𝐽𝐽])
𝐴𝐴

 

= (�̇�𝑥𝑖𝑖
[𝐵𝐵] + 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖

[𝐵𝐵](𝑥𝑥𝑖𝑖
[𝐽𝐽] − 𝑥𝑥𝑖𝑖

[𝐵𝐵])) − (�̇�𝑥𝑖𝑖
[𝐴𝐴] + 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖

[𝐴𝐴](𝑥𝑥𝑖𝑖
[𝐽𝐽] − 𝑥𝑥𝑖𝑖

[𝐴𝐴]))

(11) 

 
where, 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 is the permutation tensor. The contact displacement normal increment (∆𝑥𝑥[𝐽𝐽,𝑁𝑁]) 

stored as a scalar and shear increment (∆𝑥𝑥𝑖𝑖
[𝐽𝐽,𝑆𝑆]) stored as a vector, are given by: 
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∆𝑥𝑥[𝐽𝐽,𝑁𝑁] = (�̇�𝑥𝑖𝑖
[𝐽𝐽]∆𝑡𝑡)𝑛𝑛𝑖𝑖

(12) 

 

∆𝑥𝑥𝑖𝑖
[𝐽𝐽,𝑆𝑆] = (�̇�𝑥𝑖𝑖

[𝐽𝐽]∆𝑡𝑡)−∆𝑥𝑥[𝐽𝐽,𝑁𝑁]𝑛𝑛𝑖𝑖
(13) 

 
The local contact overlap is defined incrementally for the local points based on the current 

contact velocity time step (∆𝑡𝑡): 

𝑈𝑈𝐽𝐽,𝑛𝑛 = 𝑈𝑈𝐽𝐽,𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜 + (�̇�𝑥𝑖𝑖
[𝐽𝐽]𝑛𝑛𝑖𝑖)∆𝑡𝑡

(14) 

 
Given the normal and shear stiffness of the local contact point, the normal and shear forces 

increments are obtained following an incremental linear law: 
 

∆𝐹𝐹[𝐽𝐽,𝑁𝑁] = −𝑘𝑘𝑛𝑛
[𝐽𝐽]∆𝑥𝑥[𝐽𝐽,𝑁𝑁] (15) 

 

∆𝐹𝐹𝑖𝑖
[𝐽𝐽,𝑆𝑆] = −𝑘𝑘𝑠𝑠

[𝐽𝐽]∆𝑥𝑥𝑖𝑖
[𝐽𝐽,𝑆𝑆] (16) 

 
The predicted normal and shear contact forces acting at the local contact point are then 

updated by applying the following equations: 
 

𝐹𝐹[𝐽𝐽,𝑁𝑁 𝑛𝑛𝑛𝑛𝑛𝑛] = 𝐹𝐹[𝐽𝐽,𝑁𝑁 𝑜𝑜𝑜𝑜𝑜𝑜] + ∆𝐹𝐹[𝐽𝐽,𝑁𝑁] (17) 

𝐹𝐹𝑖𝑖
[𝐽𝐽,𝑁𝑁 𝑛𝑛𝑛𝑛𝑛𝑛] = 𝐹𝐹𝑖𝑖

[𝐽𝐽,𝑆𝑆 𝑜𝑜𝑜𝑜𝑜𝑜2] + ∆𝐹𝐹𝑖𝑖
[𝐽𝐽,𝑆𝑆] (18) 

 
Given the predicted normal and shear contact forces the adopted constitutive model is 

applied, if the predicted forces do not satisfy the constitutive model it is necessary to carry out 
adjustments. The resultant contact force at the local contact point is then given by: 

 

𝐹𝐹𝑖𝑖
[𝐽𝐽] = 𝐹𝐹[𝐽𝐽,𝑁𝑁]𝑛𝑛𝑖𝑖 + 𝐹𝐹𝑖𝑖

[𝐽𝐽,𝑆𝑆] (19) 

 
At the reference contact point the resultant contact force and contact moment are defined 

given the contribution from all contact points: 

𝐹𝐹𝑖𝑖
[𝐶𝐶] = ∑ 𝐹𝐹𝑖𝑖

[𝐽𝐽]

𝐽𝐽

(20) 

𝑀𝑀𝑖𝑖
[𝐶𝐶] = − ∑ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑖𝑖

𝐽𝐽 − 𝑥𝑥𝑖𝑖
0)𝐹𝐹𝑖𝑖

𝐽𝐽

𝐽𝐽

(21) 

The contact force and moment are then transferred to the centre of gravity of each particle 
in contact through: 
 

𝐹𝐹𝑖𝑖
[𝐴𝐴] = 𝐹𝐹𝑖𝑖

[𝐴𝐴] − 𝐹𝐹𝑖𝑖
[𝐶𝐶] (22) 

𝐹𝐹𝑖𝑖
[𝐵𝐵] = 𝐹𝐹𝑖𝑖

[𝐵𝐵] + 𝐹𝐹𝑖𝑖
[𝐶𝐶] (23) 
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𝑀𝑀𝑖𝑖
[𝐴𝐴] = 𝑀𝑀𝑖𝑖

[𝐴𝐴] − 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑖𝑖
[0] − 𝑥𝑥𝑖𝑖

[𝐴𝐴])𝐹𝐹𝑖𝑖
[𝐶𝐶] − 𝑀𝑀𝑖𝑖

[𝐶𝐶] (24) 

𝑀𝑀𝑖𝑖
[𝐵𝐵] = 𝑀𝑀𝑖𝑖

[𝐵𝐵] + 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑖𝑖
[0] − 𝑥𝑥𝑖𝑖

[𝐵𝐵])𝐹𝐹𝑖𝑖
[𝐶𝐶] + 𝑀𝑀𝑖𝑖

[𝐶𝐶] (25) 

 

2.3 Numerical stability   

When only a steady state solution is sought, a mass scaling algorithm is adopted in order to 
reduce the number of timesteps necessary to reach the desired solution. The particle mass and 
inertia are scaled so that the adopted centred-difference algorithm has a higher rate of 
convergence for a given loading step. The particle scaled mass and inertia used in the 
calculations are set assuming a unit time increment (𝛥𝛥𝛥𝛥 = 1) given the particle stiffness at a 
given time through: 

𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 0.25𝐾𝐾𝑡𝑡
(26) 

𝐼𝐼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 0.25𝐾𝐾𝜃𝜃
(27) 

 
An upper bound expression for the total particle translation stiffness 𝐾𝐾𝑡𝑡 and of the total 
rotational stiffness 𝐾𝐾𝜃𝜃 can be found in [7]. 

2.4 Local contact stiffness and local contact strength  

The VGCM-3D model requires the user definition of the contact deformability parameters, 
namely the Young’s modulus of the equivalent continuum material (�̅�𝐸) and the constant that 
relates the normal and the shear stiffness spring value (𝜂𝜂). In this work the local contact 
normal and shear stiffness are given by: 

 

𝑘𝑘𝑛𝑛[𝐽𝐽] =
�̅�𝐸
𝑑𝑑 𝐴𝐴𝑠𝑠

[𝐽𝐽]
(28) 

𝑘𝑘𝑠𝑠[𝐽𝐽] = 𝜂𝜂𝑘𝑘𝑛𝑛[𝐽𝐽]
(29) 

 
where, Ac

[J] is the contact area associated with the local point 𝐽𝐽 and 𝑑𝑑 is the distance between 
the particles centre of gravity. In this work the contact geometry is equal to the 3D Voronoi 
facet [15]. In the VGCM-3D contact model the Voronoi facet is triangulated as indicated in 
Figure 1 d) and the contact area associated with the local contact point is defined by the sum 
of one third of the area of the associated triangles.  

For the local inter-particle contacts the VGCM-3D model also requires the definition of the 
contact strength properties, the maximum contact tensile stress (𝜎𝜎𝑛𝑛.𝑡𝑡), the maximum contact 
cohesion stress (𝜏𝜏) and the contact frictional term (𝜇𝜇𝑠𝑠). The maximum contact local tensile 
strength (𝐹𝐹𝑛𝑛.𝑚𝑚𝑠𝑠𝑚𝑚

[𝐽𝐽] ) and the maximum local contact shear strength (𝐹𝐹𝑠𝑠.𝑚𝑚𝑠𝑠𝑚𝑚
[𝐽𝐽] ) are defined given the 

user-specified contact strength properties and the current local contact normal force (𝐹𝐹𝑛𝑛
[𝐽𝐽]) as 

follows: 
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𝐹𝐹𝑛𝑛.𝑚𝑚𝑚𝑚𝑚𝑚
[𝐽𝐽] =  𝜎𝜎𝑛𝑛.𝑡𝑡 𝐴𝐴𝑐𝑐

[𝐽𝐽] (32) 

𝐹𝐹𝑠𝑠.𝑚𝑚𝑚𝑚𝑚𝑚
[𝐽𝐽] =  𝜏𝜏 𝐴𝐴𝑐𝑐

[𝐽𝐽] + 𝐹𝐹𝑛𝑛
[𝐽𝐽] 𝜇𝜇𝑐𝑐 =  𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚

[𝐽𝐽] + 𝐹𝐹𝑛𝑛
[𝐽𝐽] 𝜇𝜇𝑐𝑐 (33) 

where 𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚
[𝐽𝐽]  is the adopted maximum local contact cohesion strength. Figure 2 shows the 

adopted bilinear softening contact model under tension and shear, more details can be found 
in [7] regarding the model implementation.  
 

 

 

a) Normal direction 
 

b) Shear direction 
 

 Figure 2: Constitutive model with bilinear softening under tension and shear 

2.5 Particle scheme generation 
A particle generation scheme has been implemented which generates polyhedral shaped 

particles based on the Laguerre-Voronoi diagrams [15] using a weighted Delaunay 
tetrahedralization of the spherical particle gravity centres. A Laguerre tesselation is preferred 
to a traditional tessellation because it generates Voronoi diagrams with facets closer to the 
geometric PCM contact planes when considering two particles in contact. The initial particle 
assembly grain structure is constructed by first introducing spherical particles with half of 
their radius to ensure that the particles do not overlap with each other, Figure 3 a). Then the 
real particle radius is adopted, and a DEM cohesionless type solution is obtained, leading to a 
redistribution of the particle overlap throughout the assembly, Figure 3 b).  

 

  

 

a) Half radius insertion b) Final assembly c) VGCM-3D (Voronoi facet) 
 Figure 3: VGCM-3D particle assembly and VGCM-3D inter-particle contact 
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3 TRIAXIAL AND BRAZILIAN TESTS IN A GRANITE ROCK 

3.1 Numerical setup 
The proposed VGCM-3D model is validated against known uniaxial, triaxial and Brazilian 

tests in a granite rock [17]. The numerical uniaxial tests, without lateral confinement pressure, 
and the triaxial tests with lateral confinement pressure are performed in cylindrical specimens 
with a diameter of 80 mm and a height of 160 mm. The Brazilian tests are performed in 
cylindrical specimens with a diameter of 80 mm and a thickness of 40 mm. For both 
geometries, a uniform diameter distribution ranging from 4 to 6 mm was adopted. The 
uniaxial and triaxial tests assemblies have on average 7988 particles, and the Brazilian tests 
have on average 1997 particles, Figure 4. 

 

  
 

a) Uniaxial test (tensile and 
compression) b) Triaxial test c) Brazilian test 

 Figure 4: Discrete element model GCM-3D boundary conditions  

3.2 Deformability parameters 
The influence of the contact deformability parameters, the Young’s modulus of the 

equivalent continuum material (�̅�𝐸) and the constant that relates the shear and normal stiffness 
spring value (𝜂𝜂), on the elastic macroscopic properties, Young’s modulus (E) and Poisson’s 
coefficient (𝜈𝜈), are assessed. Two sets of tests were carried out. In the first set of tests the 
macro-properties were obtained by fixing constant values of �̅�𝐸 (0.5�̅�𝐸, 1.0�̅�𝐸 and 2.0�̅�𝐸) and 
varying the ratio of normal to shear stiffness. In the second set of tests the macro-properties 
were obtained by fixing constant values of 𝜂𝜂 (0.0, 0.25, 0.50, 0.75 and 1.0) and varying the 
elastic contact constant �̅�𝐸. Assuming a �̅�𝐸 value equal to 48.8 GPa. 

Figure 5 a) and c) shows that the material Young’s modulus is related to both elastic 
contact model parameters, being more influenced by the ratio of normal to shear stiffness (𝜂𝜂) 
for higher elastic contact values (E̅). Figure 5 b) and d) shows that the material Poisson’s 
coefficient is mainly influenced by the ratio of normal to shear stiffness. Similar results were 
found in [7, 12]. 
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a) Macroscopic Young’s modulus for varying η b) Macroscopic Poisson’s coefficient for varying 𝜂𝜂 

  
c)  Macroscopic Young’s modulus for varying �̅�𝐸 d) Macroscopic Poisson’s coefficient for varying �̅�𝐸 
 Figure 5: VGCM3D influence of the contact deformability parameters (�̅�𝐸 and 𝜂𝜂) on the elastic macroscopic 

properties (𝜈𝜈) 

3.3 Calibrated brittle and bilinear softening models 

The VGCM-3D with a brittle contact force displacement model (VGCM-3D 𝐺𝐺𝑒𝑒𝑒𝑒) and the 
VGCM-3D with a contact force model following a bilinear softening model (VGCM-3D 
9.5𝐺𝐺𝑒𝑒𝑒𝑒) were calibrated in order to achieve the set of deformability and strength parameters 
that predicts numerical results closer to Augig granite experimental data.  For the VGCM-3D 
9.5𝐺𝐺𝑒𝑒𝑒𝑒, a contact fracture energy equal to 9.5 times the energy of the fracture branch was 
adopted in tension and shear. In the VGCM-3D 𝐺𝐺𝑒𝑒𝑒𝑒 brittle model the contact energy adopted 
in tension and shear directions corresponds to the fracture energy associated with the elastic 
branch.  

Table 1 summarizes the micro-properties adopted for each contact model and Table 2 
presents the known macroproperties of the Augig Granite and the macroscopic numeric 
response. Figure 6 shows the strength envelope obtained with the VGCM-3D Gel and with the 
VGCM-3D 9.5Gel contact models. For both models, the vertical maximum stress-strain 
values with 0, 3, 6, 9 and 12 MPa confinement pressures are presented. In the presented 
strength envelope, the plotted tensile strength values correspond to the indirect tensile strength 
values. 

As shown in Table 2 and in Figure 6, the VGCM-3D particle model here proposed is 
capable of representing the failure envelope and the compressive to tensile strength ratio of a 
hard rock such as Augig granite. Further, it is shown that by including a bilinear softening law 
at the contact level (VGCM-3D 9.5Gel), the particle model here presented is capable of 
predicting a direct tensile to indirect tensile ratio closer to that expected in rock (the indirect 
tensile strength is usually higher than the direct tensile strength value).  
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Table 1 – Calibrated Micro-properties adopted in VGCM-3D particle models 

 �̅�𝐸  
[𝐺𝐺𝐺𝐺𝐺𝐺] 𝜂𝜂 𝜇𝜇𝑐𝑐 𝜎𝜎𝑛𝑛.𝑡𝑡  

[𝑀𝑀𝐺𝐺𝐺𝐺] 𝜏𝜏 [𝑀𝑀𝐺𝐺𝐺𝐺] 𝐺𝐺𝑓𝑓.𝑛𝑛  
[𝑁𝑁 𝑚𝑚⁄ ] 

𝐺𝐺𝑓𝑓.𝑠𝑠  
[𝑁𝑁 𝑚𝑚⁄ ] 

VGCM-3D 𝐺𝐺𝑒𝑒𝑒𝑒 48.8 0.125 0.05 35.5 106.5 6.8 3275.2 
VGCM-3D 9.5𝐺𝐺𝑒𝑒𝑒𝑒 11.4 88.5 64.6 3114.4 

 
 

Table 2 - Augig granite macro-properties and numerical macro-properties 

 𝐸𝐸  
[𝐺𝐺𝐺𝐺𝐺𝐺] 𝜈𝜈 𝑞𝑞𝑢𝑢  

[𝑀𝑀𝐺𝐺𝐺𝐺] 
𝜎𝜎𝑡𝑡.𝑑𝑑𝑑𝑑𝑑𝑑  
[𝑀𝑀𝐺𝐺𝐺𝐺] 

𝜎𝜎𝑡𝑡.𝑑𝑑𝑛𝑛𝑑𝑑
 

 [𝑀𝑀𝐺𝐺𝐺𝐺] 
𝑐𝑐  

[𝑀𝑀𝐺𝐺𝐺𝐺] 
𝜑𝜑 

 [°] 
Augig granite [17] 25.8 0.23 122.1 - 8.8 21.0 53.0 

VGCM-3D 𝐺𝐺𝑒𝑒𝑒𝑒 
calibrated 25.8 0.23 

125.2 16.4 8.9 27.1 43.2 

VGCM-3D 9.5𝐺𝐺𝑒𝑒𝑒𝑒 
calibrated  124.5 7.4 9.1 24.8 46.6 

 

 

 

 
 Figure 6: Strength Envelope: VGCM-3D Gel and VGCM-3D 9.5Gel contact models  

  
a) VGCM-3D Gel calibrated  b) VGCM-3D 9.5Gel calibrated 
 Figure 7: Vertical stress-strain curves for the different confinement pressures 

 
Figure 7 shows the axial stress–strain response for the uniaxial and the triaxials tests 

obtained with the VGCM-3D calibrated models for a lateral confinement of 3, 6, 9 and 12 
MPa. As shown in Figure 7 the consideration of a bilinear softening law in tension and shear 
does not lead to an unrealistic ductile macroscopic response. It is verified that the GCM-3D 
Gel calibrated has an extremely brittle response, presenting an inflection point in the stress-
strain curves. This inflection point reveals an unexpected loss in the material strength for 
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stress values lower than the ultimate vertical stress values. This behaviour is more pronounced 
for lower lateral confinement pressures (0 and 3 MPa). The increase in the lateral confinement 
pressures increases the ductility of the stress-strain curves. Comparing both models, the 
stress-strain curves obtained with the GCM-3D 9.5Gel calibrated model have a less brittle 
response when compared to the stress-strain curves obtained with the GCM-3D Gel calibrated 
model.  

Figure 8 shows the crack patterns obtained in uniaxial compression, direct tensile, triaxial 
with confinement stress of 9 MPa and in an indirect tensile test (Brazilian) for the VGCM-3D 
9.5Gel calibrated model. As can be seen, the crack patterns obtained for the different tests are 
accordingly to the expected. In the uniaxial compression test without friction between the 
horizontal walls and the particle assembly the development of vertical cracks, Figure 8 a). The 
increase of confinement stress leads to a development of shear surfaces with a given 
inclination, as observed in Figure 8 c). In the direct tensile test the rupture surface is 
perpendicular to the load direction, and in the indirect tensile test the rupture surface is 
parallel to the load direction.  

 

   

 

a) Uniaxial compression 
test 

b) Direct tensile test c) σl = 9 MPa d) Brazilian test 

 Figure 8: VGCM-3D 9.5Gel calibrated final fracture patterns 

4 CONCLUSIONS 
A generalized 3D contact model, VGCM-3D, which enables moment transmission and 

contact discretizations with multiple local contact points is presented. The contact geometry 
and location are given by the Laguerre–Voronoi diagram facets, and the neighbouring 
particles are considered to interact if a common Voronoi facet is shared. By incorporating the 
VGCM-3D as described, the rigid particle model takes into account the polyhedral  shaped 
particles in an approximate way, but still keeps the simplicity of spherical particle models and 
does not require a significant increase in the computational effort. 

The results presented highlight the need to incorporate a bilinear softening constitutive 
model at the contact level to obtain a better agreement between the direct tensile strength and 
the indirect tensile strength. The latter ratio cannot be correctly predicted with a simple brittle 
model. It is also shown that particle assemblies with bilinear softening contact laws still 
predict a brittle macroscopic response under tensile, compression and biaxial state of stress. 
The bilinear contact model, for the level of contact fracture energy adopted, does not change 
significantly the fracture processes, it mainly slows down the rupture evolution and slightly 
induces a higher localization of the final crack patterns. 

Finally the model shows a good agreement with known results of triaxial and Brazilian 
tests of a granite rock.  
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Abstract. This work deals with the numerical simulation of the instabilities occurring
in a sand layer subjected to an upward water flow. A coupled Discrete Elements - Lattice
Boltzmann hydromechanical model is used for this end. After a brief presentation of
the numerical model, simulations of an upward fluid flow through granular deposits are
performed for two cases namely under controlled hydraulic gradients and under controlled
volumetric flow rates. In the first case i.e. under controlled hydraulic gradient, the
simulations show that the quicksand condition is actually reached for a hydraulic gradient
very close to the critical hydraulic gradient calculated from the global analysis of classical
soil mechanics. The simulations point out moreover that the quicksand phenomenon
could be produced locally under slightly lower gradients. In the second case i.e. under
controlled volumetric flow rates, the simulations show that there are three levels of flow ;
low flow rates that allow infiltration without any destabilization, medium flow rates that
cause expansion of the deposit to increase its permeability and high flow rates which may
cause the formation continuous tunnel between the upstream and the downstream sides
as well as sand boils. It is shown also that under the controlled flow rate condition the
hydraulic gradient remains in all cases less than the average critical hydraulic gradient.

1

111



Mouloud Mansouri, Moulay S. El Youssoufi and François Nicot

1 INTRODUCTION

Quicksand condition can occur for a layer of sand subjected to an upward flow under
a hydraulic gradient close to the critical hydraulic gradient. The latter corresponds to
the state where the seepage force equals the submerged weight of the sand layer. Even if
the classical soil mechanics allows to obtain the critical hydraulic gradient which defines
the state of the beginning of soil uplift, it is not able to show the evolution of a soil layer
subjected to upward flow before and after the quicksand condition is reached. Further-
more, it does not allow to define the size of the zone affected by the phenomenon, i.e. a
restricted zone or a generalized uplift.

This work presents an analysis of the evolution of a sand layer subjected to an upward
flow under two different conditions ; first under a gradually increased hydraulic gradient
and second under a gradually increased volumetric flow rate. The analysis is carried out
using a numerical model based on the coupling of a discrete method to model the sand
grains with the Lattice Boltzmann method to model the water flow [1]. For the sake of
simplicity, the analysis is carried using 2D simulations.

2 DISCRETE ELEMENT METHOD

The Discrete Element approach models the grains of a granular material by independent
elements, each element interacts with its neighbors at the contact points. The overall
deformation of the medium is mainly due to the relative movements of the grains assumed
as rigid bodies. Therefore, the behavior of the medium can be described through the
integration of the dynamic equations applied to each element. Such equations are written
through Newton’s second law by taking all external forces into account, such as the contact
forces, the gravitational forces and the hydrodynamic forces. Since these forces can change
abruptly with time, the integration should be performed in an incremental manner using
small time steps.

The mollecular dynamics method originally proposed by Cundall and Strack [2] is
implemented in this work. This method allows a slight overlap of the grains which is
used to calculate the contact forces through explicit lows. We deal in this work with
a 2D modeling where the grains are assumed circular, hence to detect the contacts at
each time step the normal distance between any two grains i and j is examined. This
distance is computed as : Dn = ‖�xj − �xi‖ − rj − ri, where �xi, �xj are the i and j grains
positions and ri, rj their radii respectively. The two grains are in contact if they overlap
(Dn ≤ 0). A contact force applied by a grain j on a grain i is decomposed into normal and
tangential components. The normal force is calculated here using the viscoelastic linear
model (Fig.1a), hence �Fn = (−knDn − νnVn).�n, where Vn is the normal velocity of the
grain j relative to the grain i, kn and νn are the elastic and the viscous damping constants
respectively and �n is the unit vector pointing from i to j, i.e. : �n = (�xj − �xi)/‖�xj − �xi‖.

The tangential force is computed using the viscoelastic - frictional model (Fig.1b) as
�Fs = min (ksDs + νsVs, µFn)�s, where �s is the tangential unit vector obtained by rota-
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Figure 1: Modeling of the contact interaction forces ; (a) the normal force model, (b) the tagential force
model.

tion of the normal vector �n by an angle π/2 in the counterclockwise direction, Vs is the
tangential velocity of the grain j relative to the grain i, Ds is the cumulative tangential
displacement of the grain j relative to the grain i from the moment of contact initiation,
µ is the Coulomb’s coefficient of friction, ks and νs are the tangential elastic and viscous
damping constants respectively.

It should be noted that the choice of the elastic and the viscous damping constants
(kn and νn) is not arbitrary, in fact kn must be high enough to avoid substantial overlap
that affects the overall behavior, whereas νn that controls the damping in the material is
selected such that the restitution coefficient εn defined as the ratio of the normal velocities
at the start and the end of the contact is between 0 and 1.

Once the contact forces and the other external forces acting on a grain are obtained
at a discrete time t, accelerations are calculated through the dynamic equations,then
integrated to obtain the kinematic variables of the grain at time (t + ∆t). Considering
that accelerations are not constant during a time increment ∆t, special algorithms are
used to predict accurately the kinematic variables, such as the Velocity-Verlet algorithm.

Finally, it is important to note that in order to correctly describe the evolution of
the contact force, the time step ∆t should be sufficiently small compared to the contact
duration tc. It is usually taken as ∆t ≈ tc/10. For the viscoelastic model the contact
duration can be approximated by tc = π

√
meff/kn, where meff = mimj/(mi +mj), mi

and mj are the masses of the grains in contact. Therefore the maximum time step is
computed as :

∆tmax ≈ 0.1π
√
m/kn (1)

where m is the smallest effective mass in the system.

3 LATTICE BOLTZMANN METHOD

In the Lattice Boltzmann Method, one solves the kinetic equation for the particle
distribution function f(�x, �ξ, t), which depends on the spatial position �x, the velocity of

particules �ξ, at the time t. The macroscopic quantities of interest such as mass density ρ
and momentum density ρ�u are weighted averages of the distribution function :

ρ =

∫
fd�ξ (a) ρ�u =

∫
�ξfd�ξ (b) (2)

3
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A popular kinetic model adopted for the method is the so-called BGK (Bhatnagar, Gross
and Krook) model. In this model the collisions term in the Boltzmann equation is sim-
plified using the simple relaxation time approximation :

∂f

∂t
+ �ξ.�∇f = −1

λ
(f − f (0)) (3)

where f (0) is the equilibrium distribution function (Maxwell-Boltzmann equilibrium func-
tion) and λ is the relaxation time. To solve for f numerically, Eq.(3) is discretized twice :
a first discretization with respect to the time involving a time increment ∆t and a second
discretization based on the velocity space by chosing a finite set of velocity vectors that
particles can have. The continuous particle distribution function f(�x, �ξ, t) becomes there-
fore, a set of discrete distributions fi(�x, t) associated with the chosen velocity vectors �ei.
As an illustration, here is presented the D2Q9 model (2 Dimensions, 9 Velocity vectors)
which is widely used for 2D simulations. Figure 2a, sketches the discrete velocity vectors
in the D2Q9 model.

The discretizations lead to the LBGK (Lattice BGK) equation, that describes the
incremental evolution of the discrete particle distributions fi :

fi(�x+ �ei∆t, t+∆t)− fi(�x, t) = −1

τ

(
fi(�x, t)− f

(eq)
i (�x, t)

)
(4)

where f
(eq)
i is the discrete equilibrium distribution given as :

f
(eq)
i = ρwi

[
1 +

3

c2
�ei�.u+

9

2c4
(�ei�.u)

2 − 3

2c2
�u�.u

]
(5)

where c is a characteristic speed of the model, wi being the weighting factors; w0 = 4/9,
w2,4,6,8 = 1/9, w1,3,5,7 = 1/36, τ is the dimensionless relaxation time such as 1

τ
= ∆t

λ
.

Equation (4) describes the incremental evolution of the discrete particle distributions
fi at the nodes of a regular lattice having a space step ∆x = c∆t (Fig. 2b). Hence if the
space discretization’s step is selected, the characteristic speed of the model is defined by
c = ∆x

∆t
.

The fluid pressure p can be computed from the mass density through the equation of
state p = c2sρ, where cs is the sound speed of the model related to the lattice model’s
speed c as cs = c/

√
3.

It is shown through the Chapman-Enskog analysis [3] that LB models recover the in-
compressible Navier-Stokes equations when the density fluctuation of the fluid is assumed
to be negligible and the equivalent kinematic viscosity is given by :

ν =
1

3
c∆x

(
τ − 1

2

)
(6)

Therefore, in order to correctly simulate an incompressible fluid flow, one must ensure
that the density fluctuation is sufficiently small. This can be achieved using a model with

4
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Figure 2: (a) D2Q9 model, (b) Flow domain discretization using the D2Q9 model

the sound speed cs is larger enough than the maximum velocity of the simulated flow
umax, i.e. with a ’computational’ Mach number defined as Ma = umax

cs
sufficiently small.

In practice, Ma should be maintained, smaller than 0.1.
The discretization parameters are ∆x, ∆t and τ , if the viscosity of the fluid is given,

only two of these parameters can be chosen independently since they are related through
Eq. 6. In practice, it is often convenient to choose τ and ∆x as two independent param-
eters and compute ∆t from Eq. 6. This is due to the fact that τ is largely responsible for
the numerical stability of LB simulations and ∆x is often dictated by the space description
precision. In practice τ is typically chosen in the range ]0.5 , 3].

4 COUPLED DISCRETE ELEMENT - LATTICE BOLTZMANN MODEL

4.1 Solid moving boundary treatment and hydrodynamic forces computation

The treatment of a solid moving boundary is decisive in granular materials hydrome-
chanics. To model the fluid-solid no slip condition, we use in this work the interpolated
bounce back scheme proposed by Bouzidi et al. [4]. For a linear interpolation, the post-
collision distributions to be assigned to the solid boundary nodes before the streaming
step are

{
f out
î

(�xs, t) = 2qf out
i (�xf , t) + (1− 2q)f out

i (�xf ′ , t) + 6wiρw
�eî.�uw

c2
, q � 1

2

f out
î

(�xs, t) =
1
2q
f out
i (�xf , t) +

2q−1
2q

f out
î

(�xf ′ , t) + 3
q
wiρw

�eî.�uw

c2
, q � 1

2

(7)

where �eî refers to the opposite direction of the direction �ei (�eî = −�ei), �uw is the velocity
of the boundary, ρw is the fluid mass density at the boundary and q defines the fraction
of the boundary intersected link located in the fluid domain and calculated by referring

to Figure 3 as q =
‖�xf−�xw‖
‖�xf−�xs‖ .

When a solid boundary moves, there are grid nodes that move from the solid region
into the fluid region to become fluid nodes (indicated by � in Fig. 3). Therefore one must
specify the distribution functions applying to these nodes. In this work, unknown distri-
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Initially solid node integrating the fluid domain in time step
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Fluid node , Boundary fluid node, Boundary solid node,

Figure 3: Representation of a moving grain on the lattice grid

butions are approximated as the equilibrium distributions computed using the averaged
fluid’s density in the whole system and the velocity of the solid particle at the specified
node’s position just before it leaves the solid region.

The hydrodynamic forces are computed in this work through the momentum exchange
method [3].

4.2 Coupling procedure

As mentioned in the previous section, the time step in LBM (noted in the following
∆tLB) depends on the other discretization parameters and calculated from Eq. 6. ∆tLB is
often larger than the maximum value DEM time step noted here ∆tDEmax and calculated
from Eq. 1. Therfore, one should perform a number nd of DEM computation steps then
perform one LB computation step. This can be carried out by selecting the DEM time
step ∆tDE � ∆tDEmax, such that nd∆tDE = ∆tLB, with the integer number nd may be

computed as nd = Int
(

∆tLB

∆tDEmax

)
+ 1, then the DEM time step is set :

∆tDE =
∆tLB
nd

(8)

Note finally that the static buoyancy force is taken into account by multiplying the
gravitationnal acceleration by the coefficient (1− ρw/ρs), where ρw and ρs are the fluid
and solid densities respectively.
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5 2D SIMULATIONS OF AN UPWARD WATER FLOW THROUGH A
SAND LAYER

It is worth noting that 2D discrete element modeling of a granular deposit produces a
porous model with non interconnected pores. This completely changes the hydraulic prop-
erties of a saturated granular material. Therefore, the grains are maintained spaced, so
that intergranular pores remain interconnected. The radii of grains are slightly increased
in the discrete element modeling while kept equal to the actual radii in the Lattice-
Boltzmann discretization. Thus the contact forces between the grains develop before the
contact actually occurs. In this study, the distance added to the actual radius in the
discrete elements modeling is set equal to one spatial step in the Lattice-Boltzmann dis-
cretization (∆x), consequently, the space between each two grains contains at least one
node of the Lattice-Boltzmann grid.

The simulated deposit is composed of 300 polydisperse grains, with maximum and
minimum diameters of 0.4 and 0.8mm respectively. Periodic conditions are used in the
horizontal direction with a period length of 14.4mm. The resulting average deposit height
is about 8.8mm. The unit weight and kinematic viscosity of water are taken as γw =
10kN/m3 and ν = 10−6m2 respectively while the unit weight of solid grains γs is set to
26kN/m3. The grains are first deposited under gravity then placed into a water column of
the same section and of larger height and subjected to an upward water flow. The Lattice-
Boltzmann discretization in the horizontal direction is 400∆x, so that the smallest grain
diameter is discretized into about 11∆x.

Starting from its classical expression, the hydraulic gradient could be written as i =
γ′

γw

∆pS
W ′ . where γ

′ is the submerged unit weight of the soil, ∆p is the pressure drop between
the lower and upper horizontal surfaces of the deposit, S and W ′ are the horizontal
section and the submerged weight of the deposit respectively. The product ∆pS is the
resultant of external pressures applied to the deposit. With increasing ∆p, the quicksand
phenomenon triggers when the resultant of external pressures equals the submerged weight
of the deposit i.e. ∆pS = W ′, therefore the critical hydraulic gradient is ic =

γ′

γw
and the

applied hydraulic gradient could be written in terms of the critical hydraulic gradient as
i = ic

∆pS
W ′ . As S and W ′ are fixed (characteristics of the deposit), it results that in order

to impose a fraction of the critical hydraulic gradient, the only parameter to select is the
pressure drop ∆p.

5.1 Flow under constant hydraulic gradients

The deposit is subjected to an upward flow by imposing a hydraulic gradient. The
hydraulic gradient is varied gradually from very low values up to values close to the
critical gradient. It is found that for low values of the gradient (i � 0, 97ic) no uplift
of the deposit is observed. For (i � 0, 97ic) the uplift is observed but in different ways
depending on the applied hydraulic gradient. Figure 4 shows the deposit evolution over
time for three applied hydraulic gradients i = 0, 97ic, i = ic and i = 1, 1ic.
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These snapshots show that quicksand occurs in a similar manner for gradients i � ic,
in fact the deposit is fully raised initially, but for a low gradient (i = ic) it loosens quickly
while for a high gradient it may be raised like a shutter. This can be attributed to the high
pressure applied at the bottom of the deposit which prevents loosening. Furthermore, it
can be observed that the lifting is more quicker for the high gradient, since the grains
reach the end of the column of water in a shorter time; 0.18s for i = 1.1ic against 0.18s for
i = ic. For the case i = 0.97ic, the snapshots show that quicksand develops step by step ;
first there is a grain rearrangement in some areas at the bottom of the deposit that allows
the creation of large channels where there is no pressure drop (surrounded areas on the
second snapshot). Accordingly, the hydraulic gradient in the area overlying the channel
becomes larger. This increase in gradient initiates an uprising of this zone which leads to
the loosening of the lower zone. This loosening grows progressively until the quicksand
onset. It should be noted that in this case (i = 0.97ic) the quicksand process is much
slower than in the case with i � ic (in this case the total process time is 0.9s), and the
initial stage i.e. the grain rearrangement is the most time consuming stage.

5.2 Flow under constant volumetric flow rates

The deposit is subjected to an upward flow by imposing a controlled flow rate. The flow
rate is incremented from zero to relatively high values gradually. i.e. it is increased only
after a sufficient number of time steps. For small flow rates where the deposit remains
stable the incrementation is then done after the establishment of the steady state under
the previous flow rate. Figure 5 shows snapshots of the deposit for different flow rates.
It may be noted that, depending on the behavior of the deposit, the flow rates could
be classified as low, medium and high. For low flow rates, the deposit remains stable
(Q ≤ 1.26× 10−5m3/s in our case). The medium flows induce a deposit dilation behavior
(1.26 × 10−5m3/s ≤ Q ≤ 12.0 × 10−5m3/s in our case). For the first flow rates causing
a dilation, only a widening of some intergranular channels is observed as surrounded in
the snapshot Q = 1.32 × 10−5m3/s. Then, from a certain level of flow rate, the deposit
becomes unstable, it is observed a development of unstable water pockets within the
deposit which rise irregularly towards the surface. These pockets are larger for large flow
rates. The high flow rates corresponds to the formation and the evolution of a continuous
tunnel between the upstream and the downstream sides as well as sand boils, as shown
in the snapshots Q = 18× 10−5m3/s and Q = 24× 10−5m3/s.

For each value of the flow rate we measured the porosity as well as the resulting
hydraulic gradient. For small flow rates where the deposit remains at rest, the porosity
and the hydraulic gradient are measured after the steady state is established. However for
high flow rates the deposit becomes unstable, the porosity and the hydraulic gradient are
then taken as averages over a sufficient number of time steps. Figures 6 and 7 show the
evolution of the average porosity and the average hydraulic gradient with the imposed
flow rate respectively. In Fig. 7, the hydraulic gradient is normalized with respect to
critical hydraulic gradient. Figure 6 shows that the porosity remains constant for the
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low flow rates, it slightly decreases before increasing almost proportionally to the flow
imposed. This indicates that the deposit can contract for the first flow rates that cause
destabilization and after the destabilization the dilation is almost proportional to the flow
imposed.

Figure 7 shows that for low flow rates the resulting hydraulic gradient is proportional
the the imposed flow rate which is in good agreement with Darcy’s law. This plot shows
also that the hydraulic gradient remains in all cases less than the critical hydraulic gra-
dient indicating that the engagement of instability prevents the increase of the hydraulic
gradient. The curve indicates also that once the flow rate reaches the destabilization value
(Q = 1.32× 10−5m3/s) the gradient evolution ceases to increase abruptly.

6 Concluding remarks

We investigated the quicksand instability using a coupled Lattice-Boltzmann-Discrete
element hydromechanical model. Simulations of an upward fluid flow through granular
deposits are performed for two cases namely under a gradually increased hydraulic gra-
dient and under a gradually increased volumetric flow rate. In the first case i.e. under
controlled hydraulic gradient, the simulations show that the quicksand condition is actu-
ally reached for a hydraulic gradient very close to the critical hydraulic gradient calculated
from the global analysis of classical soil mechanics. The simulations point out moreover
that the quicksand phenomenon could be produced locally under slightly lower gradients.
In the second case i.e. under gradually increased volumetric flow rate, the simulations
show that there are three levels of flow ; low flow rates that allow seepage without any
destabilization, medium flow rates that cause expansion of the deposit to increase its
permeability, such expansion is almost proportional to the flow imposed. And high flow
rates which may cause the formation of continuous tunnel between the upstream and the
downstream sides as well as sand boils. It is shown also that under the controlled flow
rate condition the hydraulic gradient remains in all cases less than the critical hydraulic
gradient.
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Figure 4: Snapshots in a chronological order, during the 2D simulation of the quicksand of a 300 grain
deposit for imposed hydraulic gradients i = 0.97ic, i = ic and i = 1.1ic.
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Snapshots of the deposit subjected to low flow rates 

Examples of snapshots of the deposit subjected to medium flow rates 

Examples of snapshots of the deposit subjected to high flow rates 

Figure 5: Snapshots of the deposit subjected to an upward flow with different flow rates.
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Figure 6: Evolution of the average porosity with the imposed flow rate
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Figure 7: Evolution of the average hydraulic gradient with the imposed flow rate.
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Abstract. MercuryDPM is a particle-simulation software developed open-source by a global           
network of researchers. It was designed ab initio to simulate realistic geometries and             
materials, thus it contains several unique features not found in any other particle simulation              
software. These features have been discussed in a companion paper published in the DEM7              
conference proceedings; here we present several challenging setups implemented in          
MercuryDPM. Via these setups, we demonstrate the unique capability of the code to simulate              
and analyse highly complex geotechnical and industrial applications. The setups implemented           
include complex geometries such as (i) a screw conveyor, (ii) steady-state inflow conditions             
for chute flows, (iii) a confined conveyor belt to simulate a steady-state breaking wave, and               
(iii) a quasi-2D cylindrical slice to efficiently study shear flows. MercuryDPM is also parallel,              
which we showcase via a multi-million particle simulations of a rotating drum. We further              
demonstrate how to simulate complex particle interactions, including: (i) deformable, charged           
clay particles; and (ii) liquid bridges and liquid migration in wet particulates, (iii)             
non-spherical particles implemented via superquadrics. Finally, we show how to analyse and            
complex systems using the unique micro-macro mapping (coarse-graining) tool MercuryCG. 
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1 INTRODUCTION 

MercuryDPM [1-3] is an open-source particle-simulation software written entirely in          
C++. Initially developed at the University of Twente, its developer/user community has            
grown rapidly, including researchers from the universities at Cambridge, Stanford, EPFL,           
Birmingham, Strathclyde, Sydney and Manchester. It was designed with the aim of allowing             
the simulation of realistic geometries and materials, found in industrial and geotechnical            
applications, and thus contains several unique features not found in any other particle             
simulation software: (i) a neighbourhood detection algorithm that can efficiently simulate           
highly polydisperse packings, which are common in industry [4]; (ii) an easy-to-use interface             
to define complex walls, making it easy to exactly model real industrial geometries [3]; and               
(iii) MercuryCG [5-8], a state-of-the-art analysis tool that extracts 3D continuum fields,            
providing accurate analytical/rheological information often not available from experiments or          
pilot plants. It further contains a large range of contact models to simulate complex              
interactions such as elasto-plastic deformation, sintering, breaking, wet and dry cohesion and            
liquid migration, all of which have important industrial applications. These features have been             
discussed in a companion paper published in the DEM7 conference proceedings [3]; here we              
present several challenging setups, implemented in MercuryDPM, that demonstrate those          
unique capabilities of the code. 

2 COMPLEX GEOMETRIES 

The following five applications demonstrate innovative geometries and boundary         
conditions that have recently been added to MercuryDPM.  
2.1 Screw conveyor 

Screw conveyors are mechanical devices ubiquitously used in the industry to transport            
material, generally in granular form. Despite its mechanical simplicity, the dynamics of the             
conveyed material inside of a screw feeder is complex, and strongly affected by the shape of                
the screw blade. 

In most DEM solvers, the screw is implemented as a triangulated mesh: a collection of               
points on the screw surface is chosen and subdivided in triads, each of which will form a                 
triangular tile covering the whole mapped surface. This way of implementing the surface of              
the screw, besides introducing artificial inaccuracies depending on the fineness of the mesh,             
can be problematic in the neighbourhood of sharp edges. In MercuryDPM both the helicoidal              
surface of a screw and a collision-detection algorithm between the screw and spherical             
particles is implemented analytically, which makes this approach more accurate and efficient. 

The flow of a bi-disperse particle mixture inside a screw feeder is shown in Figure 2.1.                
The relative filling height (i.e. the height of the particle layer inside of the screw normalised                
by the screw diameter) is set to 0.35, while the screw rotates with an angular velocity of 2𝜋𝜋                  
rad/s. Figures a) and b) show that such devices trigger particle size segregation, due to both                
the shear between particles and screw components and the avalanching motion of the former.              
The rotation of the blade simultaneously lifts and pushes forward the particles, which are in a                
state of continuous avalanching, while the ones in contact with the external casing are greatly               
slowed by friction (see Figure 2.1c). 
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A better understanding of these complex dynamics might be useful for process            
optimization and design improvement, both of great importance in industrial processes.           
Applications of the model can range from pure DEM study of particle flow [22] to more                
complicated devices, such as roll compactors [23]. 

 

Figure 2.1 a) Snapshot of partially-filled screw feeder section transporting a bi-disperse particle mixture. 
Particles avalanche through the section, the screw surface being slightly shaded out for the sake of 
clarity. Particles coloured according to size. b) normalised coarse-grained density of big (green) and 

small particles (purple). The clear vertical separation shows particle size segregation. c) coarse-grained 
axial particle velocity normalized by screw axial velocity. The yellow particles in contact with the external 

casing are rotating with the screw, while particles in red are avalanching, triggering segregation.  

2.2 Pressure-controlled periodic walls. 
To model granular materials on a macroscopic scale, rheological relations are needed that             

describe the response of the material (i.e. the changes in density and stress) to externally               
applied shear and compression. For each material, these relations can be measured            
experimentally, e.g. a direct shear box for soils or shear cells for powders. However, to study                
the effect of specific material properties on the rheological response, it is more insightful to               
use simulations rather than experiments, as parameters can be changed easily – and             
individually – allowing for reliable parameter studies. In addition, simulations allow us to set              
up ideal homogeneous conditions, which is not possible in experimental studies where one is              
constrained by the external boundaries of the experimental device.  

Here, we present a simulation setup for measuring the material’s response under            
controlled, homogeneous strain and pressure conditions, shown in Figure 2: A user-defined            
shear is enforced by applying Lees-Edwards boundary conditions, and a horizontal driving            
force is applied to the particles to enforce homogeneous shearing. To control the confining              
pressure, the boundaries as well as the particle bulk are compacting/dilating each time step              
according to a servo control. This setup allows user to explore two variables (shear rate and                
pressure) at the same time, with a low computational cost for each simulation. Figure 2 shows                
a polydispersed granular system (mean diameter d) containing 4096 soft particles. The initial             
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length of each side is L=16d . At the center point in xy -plane (marked as O), one always has                  
zero mean field shear velocity during the whole simulation. The pressure σyy is kept constant               
along the y-direction, mimicking the confining pressure applied in experimental conditions.           
The servo-control is applied to dilate/compact the sample        
along the y-direction, which smoothly reaches its steady        
state. In order to investigate the sheared granular flow         
behavior with different inertia and particle stiffness, we        
systematically vary the both the confined normal stress σyy         
and shear strain-rate γ̇ such that the dimensionless        
stress/softness σyy(d/kn) ranges between 10-3 and 10-1 and the         
dimensionless shear strain-rate γ̇(𝜌𝜌 pd3/kn)1/2 is between 10-5       
and 1. 

Figure 2.2 Representative volume element (RVE)  
with 4096 polydispersed particles subjected  

to a constant shear rate and confining stress. 

2.3 Head formation in bidispersed avalanche flows 
In the simple setup of an inclined plane with particles glued to the surface, it is a known                  

result that flow-particles of different sizes segregate; the larger particles move towards the             
free surface, while the smaller particles sink to the bottom. Because the flow-speed is higher               
near the free surface than at the bottom, the large particles are transported towards the front.                
This leads to a flow front consisting of large particles, with a higher basal friction than the rest                  
of the flow. This causes the front to be slower than the flow coming from behind, resulting in                  
a bulbous head [14]. This bulbous head is much longer than it is high, so one needs many                  
particles in order to be able to observe it in discrete particle simulations [15].  

To implement this setup efficiently, we designed a Maser inflow boundary that produces             
a steady flow of particles, shown in Figure 2.3. The Maser boundary splits the domain into                
two parts: a small periodic chute with a steady flow, and the actual, much longer chute.                
Initially, the periodic chute runs until it reaches a steady state in both the flow- and                
segregation profile. Then, the Maser boundary is allowed to produce particles in the outflow              
domain: every particle in the periodic domain that crosses the downslope periodic boundary is              
both transported to the upslope boundary and copied into the outflow domain. One of the               
main advantages of this mechanism is that particles are only generated when needed: there is               
only a small number of ‘extra’ particles that need to be simulated at any given time, and one                  
does not need to estimate the total number of particles in advance. The second advantage is                
that the Maser boundary generates a flow that is uniform and steady at the inflow; this reduces                 
the distance in the flow has to travel before a steady bulbous head develops. Often a                
significant proportion of the simulation time goes into the inflow hopper or chute; the Maser               
removes the need to accurately simulate the inflow apparatus leading to a significant             
improvement in performance. In the future, we wish to use the Maser inflow boundary to               
generate data sets for full-scale chute flows, to investigate the use of flows over small periodic                
chutes and moving-bed channels as models for the full-scale chute flows. 
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Figure 2.3: (a) Maser inflow boundary: the steady flow in the periodic domain generates particles for 
the full-scale chute flow in the outflow domain. Every time that a particle crosses the periodic boundary 
on the righthand side, it is simultaneously moved to the periodic boundary on the lefthand side and also 
copied in the outflow domain. (b) Bulbous head in shallow bidisperse chute flow. The colour-bar refers to 

the small-particle concentration: red is mostly small particles, blue is mostly large particles. 

2.4 Breaking size-segregation waves in a moving-bed channel 
As discussed in the previous section, size-segregation in a gravity-driven free-surface           

flow typically gives rise to the formation of a large-particle rich front and a small-particle rich                
tail. Separating these two regions is a recirculating structure where large particles, which have              
been deposited on the bed and overrun by the advancing flow front, are re-segregated to the                
free surface. At the same time small particles segregate to the bed in this region. This                
recirculating structure is referred to as a breaking size-segregation (BSS) wave [9, 10]. 

Simulating a BSS wave is challenging because of its time-dependent nature. BSS waves             
develop slowly, and after one has formed it travels close to the front of the flow. However, the                  
BSS wave often travels slower than the front: as more large particles are carried to the front                 
than are deposited on the bed, the large-particle front grows, thereby pushing the BSS wave               
back [11]. Thus, in order to study BSS waves in simulations, a very long chute is required to                  
allow a steady BSS wave to emerge, and even then the BSS wave will be difficult to track. An                   
alternate option is the use of a moving-bed channel [12,13]. In a moving-bed channel the bed                
is not rigid but consists of a moving conveyor belt that drags bottom layers of the flow                 
upslope. At the same time the upper layers of the flow will still avalanche downslope. This                
creates a steady flow that remains stationary in the reference lab frame. A large-particle front               
and small-particle tail can develop in this flow configuration and thus also a BSS wave. Due                
to the compact setup of the moving-bed channel, the BSS wave reaches a steady-state position               
in a relatively short computational time. The particle positions, forces and velocities can then              
be time-averaged and coarse-grained for analysis. 

Figure 2.4(a) shows a snapshot of a simulation of a bidisperse mixture of grains in a                
moving-bed channel. Large particles have accumulated at the downslope end of the channel             
(high x) while small particles have accumulated at the upslope end of the channel (low x ). In                 
between the tail and front exists a mixed region which is the BSS wave. Figure 2.4(b) shows a                  
time- and width-averaged coarse grained field of the local small particle volume fraction φ s.              
Here the structure of the BSS wave is more clearly visible. Note that φs is defined such that                  
the small and large particle volume fraction sum to unity: φs+φ l=1. 
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Figure 2.4: (a) Bidisperse granular mixture (dl/ds=2.4) in moving-bed channel geometry. The channel is 
inclined such that the mixture flows in x-direction. At the same time, the channel bed (yellow) moves in 
negative x-direction, dragging bottom layers of the flow upslope. This creates a steady granular flow. 

Size-segregation causes a large-particle rich front and a small-particle rich tail, separated by a breaking 
size-segregation wave. (b) Time- and width-averaged coarse-grained small-particle volume fraction. 

2.5 Fingering instability in bidispersed avalanche flows 
Under suitable circumstances, an avalanche of a bidisperse granular mixture is unstable to             

the fingering instability [16]. The avalanche is initially homogeneous in the cross-slope            
direction, but its front breaks into fingers, and the resulting flow has a longer runout distance                
than that of monodisperse avalanches of each separate species.  

This instability is driven by granular segregation. For example, suppose the two species             
have different sizes but the same density. Segregation drives the larger species to the top of                
the avalanche. Being at the top, this species travels faster and ends up at the front of the                  
avalanche. If the larger species is also more frictional, then this part of the front moves more                 
slowly than the region of the avalanche behind it; consequently, the avalanche pushes through              
the front. For the instability to occur, the segregation should act quickly, and the larger               
species should be much more frictional than the smaller one, so that the front may become                
very slow.  

We successfully realised examples of the fingering instability using MercuryDPM. We           
found that sliding friction does not sufficiently slow the motion of the larger species, even if                
the friction coefficient is increased to unphysically high levels. Laboratory experiments           
suggest that the friction of the larger species comes from the particles’ angularity instead of               
an intrinsic friction of their material. This       
angularity can be captured in a simulation of        
spherical particles by introducing a rolling      
resistance.  

Future work will involve systematic     
comparisons of these simulations against     
laboratory experiments and continuum models. In      
particular, as the ‘coefficient of rolling friction’ in        
the Iwashita–Oda model [17] does not correspond       
to a physical quantity, it must be calibrated by         
looking at its effects on bulk friction angles.  
Figure 2.5 Example of granular fingering in MercuryDPM . The blue particles are approximately twice the                             
diameter of the red particles, and have higher coefficients of sliding and rolling friction. 
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3 FULLY PARALLELISED LARGE-SCALE SIMULATIONS 

To enable large scale simulations, MercuryDPM is MPI-parallelised, which we showcase           
via a multi-million particle simulation of a long rotating drum. 

3.1 Long rotating drums 
Rotating drums or tumblers are widely used in a range of industrial sectors to process               

granular and particulate media. One of the most common applications of the rotating drum              
geometry is the mixing of two or more physically dissimilar ‘species’ of particulate. In              
granular systems as a whole, dissimilar particle species are prone to segregate when exposed              
to external excitation. In the rotating drum geometry, this can manifest itself as either radial               
segregation (whereby one species will segregate towards the radial centre of the system) or              
axial segregation (whereby the system will segregate along its axial length into distinct             
‘bands’ of differing species).  

While radial segregation can be observed in systems of almost any aspect ratio, axial              
segregation is typically observed to manifest itself only in systems with relatively great axial              
lengths. Simulating long drums is challenging, as a longer system will contain a greater              
number of particles and thus be significantly more computationally expensive to simulate. 

The fully-parallelised nature of MercuryDPM means that, with access to an adequately            
large number of processors, it is possible to efficiently simulate systems of arbitrary length,              
and thus to gain valuable insight into the axial banding phenomenon, and indeed other              
behaviours which may only become significant in drums possessing large aspect ratios. 

In Figure 3.1 we demonstrate the extent to which MercuryDPM ’s parallel processing            
capability can expedite large simulations. By increasing the number of processors used by the              
code in proportion to the length of the drum (and hence the number of particles within the                 
system), it is possible to maintain a near-constant simulation time, as opposed to the linearly               
increasing time required for a     
non-parallelised code. In other words,     
we can simulate systems containing of      
the order of 1,000 particles within a       
similar timeframe to a system     
containing many hundreds of    
thousands of particles. 

Figure 3.1. Computational run time required 
for 2.4 million timesteps of the rotating 
drum simulation. The number of particles 
per core is kept constant while increasing 
the number of cores. The computational 
cost is nearly constant, showing good 
parallel scalability.  
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4 COMPLEX PARTICLE AND CONTACT PROPERTIES 

4.1 Modelling clay 
Simulating clayey geomaterials using DPM is a great challenge, with many issues            

remaining to be solved. Firstly, physico-chemical microscopic interactions between particles          
have to be taken into account, as well as conventional mechanical interactions. Such             
interactions, mainly attributed to Coulomb repulsion/attraction and van der Waals forces,           
affect particles arrangement and are known to control the macroscopic behaviour of clays. On              
the other hand, the plate-like (3D) or rod-like (2D) shape of clay particles plays a key role in                  
the interpretation of soil macroscopic behaviour and cannot be ignored during the analysis. 

A modified contact model for simulating clayey geomaterials was implemented using           
MercuryDPM [20]. The first interaction is the conventional relationship between the overlap            
of particles in contact, � ij , and the repulsive contact force in the normal direction, f ij ,               
developing when overlapping occurs ( � ij >0). The second interaction has to be defined as the              
relationship between the particles distance ( � ij <0) and the attractive/repulsive force          
developing before the overlap occurs. These ‘long range’ forces are able to mimic the effect               
of Coulomb interactions, either repulsive or      
attractive, and van der Waals interaction,      
generally assumed to be attractive for clay       
particles. The total force acting on the particles        
is obtained by adding these three contributions       
together. A qualitative example of the      
implemented contact model is shown in Figure       
4.1a. 

Both rod-like and plate-like particles have      
been implemented, shown in Figure 4.1a/b. In       
addition to the previously mentioned contact      
law, an additional attractive interaction has      
been added that glues together particles      
belonging to the same rod or platelet.  
Figure 4.1 a) rod-like and b) plate-like particle 
shapes. c) Qualitative example of implemented 
contact model 

4.2 Non-spherical particles 
Besides utilising the multi-sphere approach shown in Sec. 4.1, MercuryDPM supports           

convex-shaped, superquadric particles, whose shape is described by the following equation: 
(x, , )  .  f y z =   (|
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Note that , , a , b , c) are the parameters defining the superquadric. For example, we  n( 1 n2              
get a cuboid with rounded-edges when and Other shapes can be      ,n1 ≫ 2 n2 ≫ 2   = = .a / b / c     
defined similarly by changing the values of the exponents (blockiness parameters) and the             
axis-scales (half-lengths). As a result, it is now possible to have ellipsoids and rounded cubes               
in the same simulation. Hence, enabling simulations of complex realistic granular phenomena. 
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Figure 4.2: Example of free cooling of elliptical particles in a box. 
Ellipsoids are given an initial position and velocity and interact 

with each other and the side-walls. 

4.3 Wet particles in a cylindrical shear cell 
This simulation combines complex boundary     

conditions (a pie-shaped periodic boundary and moving       
walls) with a complex contact law (adhesive liquid bridge         
forces and liquid migration). Cylindrical shear cells are        
often used as rheometers as they allow the application of          
continuous shear. However, simulating a whole cell is        
expensive because of the large amount of particles        
involved. We therefore use the symmetry in angular        
direction and simulate only a slice, shown in Figure 4.3. For this, a special angular periodic                
boundary has been developed [18,19]. We use a phenomenological contact model combining            
a elastic repulsive force and a hysteretic liquid bridge capillary force based on the particle               
specifications, contact properties and liquid properties/ saturation in the system [19].  

In our initial simulations, a simplistic situation is assumed where all contacts have liquid              
bridges of equal volume. In this case, the liquid in the system is not treated as a separate                  
entity, rather the contact model takes accounts for the mean effect of liquid capillary bridges.  

We then extended this model to account for liquid migration. The methodology is quite              
straight forward: liquid is transferred locally whenever contacts are formed or broken. Thus,             
the particles and the liquid are considered as two different entities in the system. Liquid is                
either associated with the particles as a thin liquid film, or with the contacts as liquid bridges.                 
Film volumes are free to form new liquid bridges, whenever contacts are formed. Unlike film               
volumes, bridge volumes are bound to contacts till they are ruptured. When a liquid bridge is                
ruptured, bridge volumes are distributed neighbouring contacts and particles, as demonstrated           
in Figure 4.3. Total liquid conservation is ensured. The microscopic simulations of liquid             
migration allow the validation of a continuum scale model that describes the migration of              
liquid as shear-rate dependent diffusion. 

 

Figure 4.3 (a) Split bottom shear cell set-up (b) Bridge rupture according to liquid migration scheme [21] 
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5 COARSE-GRAINING ANALYSIS 

In this final section, we demonstrate the capabilities of MercuryCG, our state-of-the-art            
analysis tool that extracts 3D continuum fields from particle simulations and experiments. 

5.1 Silo Flow 

The coarse-graining method implemented in MercuryCG [5-8] allows the calculation of           
continuum quantities (density, velocity, stress, and many more), even in regions with large             
spatial or temporal gradients. These measurements can then be used to characterise the             
macroscopic material properties (i.e. their rheology) and develop continuum models the           
describe the bulk behaviour. In [8], a silo flow model with a complex internal flow pattern                
was studied as a test case, where all three dense flow regimes are present, i.e.: (i) a stagnant                  
zone, (ii) a highly localised shear band and (iii) a core zone with fast flow. The                
coarse-graining method was not only able to       
determine those zones (see Figure 8), but was        
further used to show the differences in       
rheological properties of the materials in each       
zone. This innovative use of continuum fields in        
the analysis of particle data may extend the        
range of validity of current rheological models,       
increasing their predictive capability. 

Figure 5.1: Silo flow in a quasi-2D geometry (left). 
The coarse-grained shear rate (right) can be used to 
distinguish three flow regimes: (i) a stagnant outer 
zone, (ii) a highly localised shear zone, and (iii) a 

fast-flowing core zone. 

5.2 Experimental coarse-graining 
Another key technology in the quest for characterisation of particles flow and dynamics is              

the particle tracking techniques. A particle tracking tool is being developed to convert data              
from experiments into data which can be read and post-processed by the coarse-graining             
method implemented in MercuryCG . This allows researchers and engineers to obtain           
quantitative and qualitative visualisation of the velocity gradient and distribution of particles.            
It can also be used to export multiple parameters of the particles flow. The tool is currently                 
capable of tracking and processing optical data and Positron Emission Particle Tracking data             
(PEPT). In our development of this Tracking-MercuryCG tool, we aspire to extend its             
capability to track RIMS and NMRI data.  

In Figure 5.2, we show a snapshot of a rotating drum filled with glass beads that rotates at                  
25 rpm. The flow of particles in this apparatus is an example of experimental data that can be                  
processed using the Tracking-MercuryCG tool. In this case, slow motion video of a rotating              
drum is recorded using a MotionBLITZ EoSens high speed camera working at a speed of 460                
frame/s (Figure 5.2 left). The video is then post-processed using the tracking tool where the               
dark glass beads in the drum are detected and tracked. Velocity gradient are afterward              
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generated using MercuryCG . In Figure 5.2 right, a coarse-grained velocity gradient of this             
experimental data is shown for dry and wet glass beads. In the upper part of the bed, the hot                   
colours indicate areas where the local velocity of the particles is high, while cooler colours in                
the core of the bed indicate regions where the velocity of the glass beads is lower.  

 

Figure 5.2 Left: Rotating drum apparatus: example for post-processing experimental data, using the 
particles tracking tool and coarse-graining. Right: Coarse-grained velocity gradient of the rotating drum 

at 25 rpm. a) Dry glass beads, b) Wet glass beads. 

6 CONCLUSIONS 

MercuryDPM is an open-source software based on a flexible, object-oriented framework,           
making it easy for users to customise the geometry and material properties to an extent not                
available in traditional particle simulation software. This has led to several innovative features             
such as complex in- and outflow conditions, curved walls, and pressure-controlled periodic            
walls. As the code is developed as an open-source project, users can merge their newly               
developed features into the publicly-available software, making it available to all           
MercuryDPM users. The codes presented here are available, or will be made available shortly,              
in the public MercuryDPM release, available at MercuryDPM.org; previews of the unreleased            
code are available in the current MercuryDPM-Alpha, which is available on request. A             
description of the files needed to run a specific application can be found at              
http://MercuryDPM.org/Documentation/Applications. We welcome you to use these features,        
give us feedback, and even become a developer should you choose to give back features to                
the MercuryDPM  community. Just contact us via info@mercurydpm.org. 
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Abstract. In 2011, Tohoku-Kanto earthquake tsunami caused serious damage to the port and 
coastal structures such as breakwaters and seawalls. The damage mechanism of these structures 
has been studied in the past, and it is found that there are some causes. In this study, a new 
simulation tool taking account of the soil scouring and seepage flow phenomena is developed 
to represent and predict the collapse of the breakwater with SPH-DEM coupled method. 
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1 INTRODUCTION 
In 2011, the huge tsunami induced by the Tohoku-Kanto earthquake caused very serious 

damages to the port structures, especially the coastal breakwaters. Damage mechanism of the 
breakwater has been studied in the past, and there are three main causes; (I) horizontal force 
due to the water level difference between the front and rear part of breakwater, (II) soil scouring 
behind the breakwater during overflow and (III) piping destruction associated with the decline 
of the soil durability by seepage flow. Fluid-Structure-Soil coupling simulation is desired for a 
systematic comprehension of the breakwater collapse mechanism as it may help to develop the 
next disaster prevention guidelines. 
In our previous study, the analysis of free surface and seepage flow related to the third cause, 

(III) piping destruction, is conducted with the stabilized ISPH method proposed by M. Asai et 
al. [1]. However, this analysis is limited to the prediction of the breakwater destruction because 
the mound soil was not modelled. The modelling of the soil motion is needed to analyze the 
break water destruction and also the second cause, (II) soil scouring. In the scouring domain, 
water and soil are moving each other, thus the flow comes to be a multiphase flow. 
 

 
Figure 1: Main factors of the breakwater collapse 

 
In this study, in addition to ISPH method for fluid analysis, Discrete Element Method (DEM) 

is selected to analyze the mound soil motion. In addition, this coupled method considering soil 
scouring and seepage flow is applied to the simple breakwater destruction analysis. 

 

2 SPH-DEM COUPLING MODEL 
A coupling model of ISPH method and DEM is the core in the multiphase flow analysis, and 

there are two models to couple ISPH method and DEM. One is the “Direct pressure model” we 
call. In general, a solid in fluid moves by receiving a pressure from fluid. In this method, a solid 
also moves in same way. However, if this method is adopted, the diameter of fluid particles 
need to be much smaller than the solid to calculate a force acting on the solid surface accurately. 
Therefore, the analysis cost is high to analyze a large scale model such as a breakwater collapse 
with this method. The other method is “Interaction force model”. In this method, a fluid particle 
can overlap with solid particles, and a fluid pressure don’t acts on a solid particle. Instead of a 
pressure, an interaction force acts on each particles, a resistance force on fluid and a drag force 
on solid. Furthermore, the diameter of fluid particle can be almost the same size with a solid 
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particle. This method can reduce the analysis cost compared than “Direct pressure model”, 
therefore “Interaction force model” is adopted to analyze. 
 

3 ANALYSIS MEHOD 

3.1 The unified governing equation 
In the breakwater collapse analysis, a fluid flow will be regarded as a free surface flow in a 

fluid domain and a seepage flow in a mound. According to Akbari, H. [2], an unified governing 
equation for modelling both surface and seepage flows can be written as: 

𝐶𝐶𝑟𝑟(𝜀𝜀)
𝜀𝜀

𝐷𝐷�̅�𝒗𝑓𝑓
𝐷𝐷𝐷𝐷 = − 1

𝜌𝜌𝑓𝑓
𝛻𝛻𝛻𝛻 + 𝒈𝒈 + 𝜈𝜈𝐸𝐸(𝜀𝜀)𝛻𝛻2�̅�𝒗𝑓𝑓 − 𝑎𝑎(𝜀𝜀)�̅�𝒗𝑓𝑓 − 𝑏𝑏(𝜀𝜀)�̅�𝒗𝑓𝑓|�̅�𝒗𝑓𝑓|,                 (1) 

  𝐷𝐷�̅�𝜌𝑓𝑓
𝐷𝐷𝐷𝐷 + �̅�𝜌𝑓𝑓𝛻𝛻 ∙ (�̅�𝒗𝑓𝑓

𝜀𝜀 ) = 0,                                                      (2) 

where 𝜌𝜌𝑓𝑓, 𝒈𝒈, 𝛻𝛻 and 𝜀𝜀 represent the original fluid density, the gravitational acceleration, the 
fluid pressure and the porosity. �̅�𝒗𝑓𝑓 is the Darcy velocity which is understood as a spatially 
averaged velocity given by �̅�𝒗𝑓𝑓 = 𝜀𝜀𝒗𝒗𝑓𝑓, 𝒗𝒗𝑓𝑓 is the intrinsic fluid velocity. Here, �̅�𝜌𝑓𝑓 denotes the 
apparent density, which is given by �̅�𝜌𝑓𝑓 = 𝜀𝜀𝜌𝜌𝑓𝑓. This relation regarding the apparent density is 
necessary to be employed in order to satisfy the volume conservation of fluid inside the 
porous medium. Some of the coefficient are defined as: 

𝐶𝐶𝑟𝑟(𝜀𝜀) = 1 + 0.34 1−𝜀𝜀
𝜀𝜀 ,                   (3)                𝜈𝜈𝐸𝐸(𝜀𝜀) = 𝜈𝜈𝑤𝑤+𝜈𝜈𝑇𝑇

𝜀𝜀 ,                           (4) 

𝑎𝑎(𝜀𝜀) = 𝛼𝛼𝑐𝑐
𝜈𝜈𝑤𝑤(1−𝜀𝜀)2

𝜀𝜀3𝑑𝑑𝑠𝑠2 ,                   (5)               𝑏𝑏(𝜀𝜀) = 𝛽𝛽𝑐𝑐
(1−𝜀𝜀)
𝜀𝜀3𝑑𝑑𝑠𝑠

,                           (6) 

where 𝐶𝐶𝑟𝑟(𝜀𝜀) is the inertial coefficient to evaluate the additional resistance force caused by the 
virtual mass, while 𝜈𝜈𝐸𝐸(𝜀𝜀) is the effective viscosity including the kinematic viscosity of the fluid 
𝜈𝜈𝑤𝑤  and the turbulent viscosity 𝜈𝜈𝑇𝑇 . The Smagorinsky model is adopted to define the eddy 
viscosity. 𝑎𝑎(𝜀𝜀) and 𝑏𝑏(𝜀𝜀) are the linear and non-linear coefficients, 𝛼𝛼𝑐𝑐 and 𝛽𝛽𝑐𝑐 in these equation 
are defined as the constant in our analysis. Moreover, 𝑑𝑑𝑠𝑠 is the diameter of a solid particle. Here, 
the fourth and fifth terms in right side of Eq. (1) means the resistance force from the porous 
medium. This unified governing equation is proposed by Akbari to represent the seepage flow 
in a fixed porous medium with a low porosity. However, in the scouring domain, the soil as a 
porosity medium also moves and the porosity comes to be high. Therefore, the resistance force 
terms in Eq. (1) are modified referring to Wen and Yu [3], and the unified governing equation 
is rewritten as: 

𝐶𝐶𝑟𝑟(𝜀𝜀)
𝜀𝜀

𝐷𝐷�̅�𝒗𝑓𝑓
𝐷𝐷𝐷𝐷 = − 1

𝜌𝜌𝑓𝑓
𝛻𝛻𝛻𝛻 + 𝒈𝒈 + 𝜈𝜈𝐸𝐸(𝜀𝜀)𝛻𝛻2�̅�𝒗𝑓𝑓 {

−𝑎𝑎(𝜀𝜀)𝜀𝜀𝒗𝒗𝑟𝑟 − 𝑏𝑏(𝜀𝜀)𝜀𝜀2𝒗𝒗𝑟𝑟|𝒗𝒗𝑟𝑟|     (𝜀𝜀 < 0.8)
− 3

4 𝐶𝐶𝑑𝑑
(1−𝜀𝜀)𝜌𝜌𝑓𝑓𝒗𝒗𝑟𝑟|𝒗𝒗𝑟𝑟|

𝑑𝑑𝑠𝑠
𝜀𝜀−2.7           (𝜀𝜀 ≥ 0.8).       (7) 

Here, in considering the movement of the porous medium, the velocity in resistance force terms 
is changed to relative velocity 𝒗𝒗𝑟𝑟 between fluid and solid which is given by 𝒗𝒗𝑟𝑟 = 𝒗𝒗𝑓𝑓 − 𝒗𝒗𝑠𝑠. In 
taking a relative velocity, the fluid velocity must not be a spatially averaged velocity �̅�𝒗𝑓𝑓 but an 
original velocity 𝒗𝒗𝑓𝑓. Thus, the porosity 𝜀𝜀 is multiplied by the linear and non-linear coefficients. 
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In addition, the resistance force proposed by Wen and Yu for the high porosity domain (𝜀𝜀 ≥
0.8) is considered. 𝐶𝐶𝑑𝑑 is drag coefficient and defined with Reynolds number 𝑅𝑅𝑒𝑒 as follows: 

𝐶𝐶𝑑𝑑 =
24{1+0.15∗𝑅𝑅𝑒𝑒0.687}

𝑅𝑅𝑒𝑒
     (𝑅𝑅𝑒𝑒 < 1000),                           (8) 

    𝐶𝐶𝑑𝑑 = 0.43                            (𝑅𝑅𝑒𝑒 > 1000),                           (9) 

𝑅𝑅𝑒𝑒 =
𝜀𝜀𝜌𝜌𝑓𝑓𝑑𝑑𝑠𝑠|𝒗𝒗𝑓𝑓−𝒗𝒗𝑠𝑠|

𝜈𝜈𝑤𝑤
.                                                                  (10) 

According to Eq. (7), the fluid flow outside the porous medium can be given by the Navier-
Stokes equation with the porosity 𝜀𝜀 = 1. On the other hand, the fluid flow inside the porous 
medium can be described by including the resistance force. Eq. (2) represents the unified 
continuity equation for a compressible fluid. 
The resistance force in Eq. (1) acts on fluid as a resistance force, and it needs to act on the 

porous medium as a drag force in the opposite sign as well to satisfy the action-reaction law. 
Thus, this resistance force can be considered as the interaction force between fluid and solid. 
The drag force as the interaction force for solid is described later.  

3.2 The SPH method 
In this study, the incompressible smoothed particle hydrodynamics (ISPH) method is adopted 

to solve the unified governing equation. The basic concept in SPH method is that for any 
function 𝜙𝜙  attached to particle “ 𝑖𝑖 ” located at 𝒙𝒙𝑖𝑖  is represented by the following volume 
summation: 

𝜙𝜙(𝒙𝒙𝑖𝑖) ≈ 〈𝜙𝜙𝑖𝑖〉 ∶= ∑ 𝑚𝑚𝑗𝑗
𝜌𝜌𝑗𝑗𝑗𝑗 𝜙𝜙𝑗𝑗𝑊𝑊(𝑟𝑟𝑖𝑖𝑗𝑗, ℎ),                                     (11)  

 

 
Figure 2: Particle placement and influence radius in the SPH method 

 
where 𝑚𝑚 and 𝑊𝑊 are the representative volume of particle and a weight function known as the 
smoothing kernel function. 𝑗𝑗 is a particle in the smoothing length ℎ and 𝑟𝑟𝑖𝑖𝑗𝑗 is the length of the 
relative coordinate vector 𝒓𝒓𝑖𝑖𝑗𝑗(= 𝒙𝒙𝑗𝑗 − 𝒙𝒙𝑖𝑖). In this study, the smoothing length set to 2.4 times 
the initial diameter of the particle. The divergence ∇ ∙ 𝜙𝜙, the gradient ∇𝜙𝜙 and the Laplacian ∇2𝜙𝜙 
can be written as: 

i

W

j

h
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∇ ∙ 𝜙𝜙(𝒙𝒙𝑖𝑖) ≈ 〈∇ ∙ 𝜙𝜙𝑖𝑖〉 = 1
𝜌𝜌𝑖𝑖

∑ 𝑚𝑚𝑗𝑗(𝜙𝜙𝑗𝑗 − 𝜙𝜙𝑖𝑖) ∙ ∇𝑊𝑊(𝑟𝑟𝑖𝑖𝑗𝑗, ℎ)𝑗𝑗 ,                      (12) 

= 𝜌𝜌𝑖𝑖 ∑ 𝑚𝑚𝑗𝑗 ( 𝜙𝜙𝑗𝑗
𝜌𝜌𝑗𝑗2 + 𝜙𝜙𝑖𝑖

𝜌𝜌𝑖𝑖2) ∙ ∇𝑊𝑊(𝑟𝑟𝑖𝑖𝑗𝑗, ℎ)𝑗𝑗 ,                    (13) 

∇𝜙𝜙(𝒙𝒙𝑖𝑖) ≈ 〈∇𝜙𝜙𝑖𝑖〉 = 1
𝜌𝜌𝑖𝑖

∑ 𝑚𝑚𝑗𝑗(𝜙𝜙𝑗𝑗 − 𝜙𝜙𝑖𝑖)∇𝑊𝑊(𝑟𝑟𝑖𝑖𝑗𝑗, ℎ)𝑗𝑗 ,                         (14) 

= 𝜌𝜌𝑖𝑖 ∑ 𝑚𝑚𝑗𝑗 ( 𝜙𝜙𝑗𝑗
𝜌𝜌𝑗𝑗2 + 𝜙𝜙𝑖𝑖

𝜌𝜌𝑖𝑖2) ∇𝑊𝑊(𝑟𝑟𝑖𝑖𝑗𝑗, ℎ)𝑗𝑗 ,                      (15) 

∇2𝜙𝜙(𝒙𝒙𝑖𝑖) ≈ 〈∇2𝜙𝜙𝑖𝑖〉 = ∑ 𝑚𝑚𝑗𝑗 (𝜌𝜌𝑖𝑖+𝜌𝜌𝑗𝑗
𝜌𝜌𝑖𝑖𝜌𝜌𝑗𝑗

𝒓𝒓𝑖𝑖𝑗𝑗∙∇𝑊𝑊(𝑟𝑟𝑖𝑖𝑗𝑗,ℎ)
𝒓𝒓𝑖𝑖𝑗𝑗2+𝜂𝜂2 ) (𝜙𝜙𝑖𝑖 − 𝜙𝜙𝑗𝑗)𝑗𝑗 .               (16) 

Note that the triangle bracket 〈∙〉 indicates the SPH approximation of a particular function. 𝜂𝜂 
is the parameter to avoid division by zero and defined by the following expression 𝜂𝜂2 =
0.0001(ℎ 2⁄ )2. 

3.3 Formulation of the unified governing equation in the stabilized ISPH method 
In ISPH method, the governing equation is discretized in time by the projection method based 

on the predictor and corrector scheme. In this method, the pressure is calculated implicitly and 
the velocity fields are updated explicitly. The unified governing equations, Eq. (2) and Eq. (7), 
are discretized as same way. 
 To begin with the discretization, �̅�𝒗𝑓𝑓 at 𝑛𝑛 + 1 step is written as: 

�̅�𝒗𝑓𝑓
𝑛𝑛+1 = �̅�𝒗𝑓𝑓

∗ + ∆�̅�𝒗𝑓𝑓
∗ ,                                                      (17) 

where �̅�𝒗𝑓𝑓
∗  and ∆�̅�𝒗𝑓𝑓

∗  are the predictor term and the corrector them respectively. Based on the 
projection method. Eq. (7) can be separated as: 

�̅�𝒗𝑓𝑓
∗ = �̅�𝒗𝑓𝑓

𝑛𝑛 + 𝜀𝜀∆𝑡𝑡
𝐶𝐶𝑟𝑟(𝜀𝜀) (𝒈𝒈 + 𝜈𝜈𝐸𝐸(𝜀𝜀)∇2�̅�𝒗𝑓𝑓

𝑛𝑛 − 𝜸𝜸𝑛𝑛),                                    (18) 

∆�̅�𝒗𝑓𝑓
∗ = 𝜀𝜀∆𝑡𝑡

𝐶𝐶𝑟𝑟(𝜀𝜀) (− 1
𝜌𝜌𝑓𝑓

∇𝑃𝑃𝑛𝑛+1),                                           (19) 

where 𝜸𝜸 summatizes the resistance terms in Eq. (7) as follows: 

𝜸𝜸𝑛𝑛 = {
−𝑎𝑎(𝜀𝜀)𝜀𝜀𝒗𝒗𝑟𝑟

𝑛𝑛 − 𝑏𝑏(𝜀𝜀)𝜀𝜀2𝒗𝒗𝑟𝑟
𝑛𝑛|𝒗𝒗𝑟𝑟

𝑛𝑛|     (𝜀𝜀 < 0.8)
− 3

4 𝐶𝐶𝑑𝑑
(1−𝜀𝜀)𝜌𝜌𝑓𝑓𝒗𝒗𝑟𝑟𝑛𝑛|𝒗𝒗𝑟𝑟𝑛𝑛|

𝑑𝑑𝑠𝑠
𝜀𝜀−2.7          (𝜀𝜀 ≥ 0.8) .                              (20) 

 The pressure 𝑃𝑃𝑛𝑛+1  in Eq. (19) is determined by the Pressure Poisson Equation as 
follows: 

∇2𝑃𝑃𝑛𝑛+1 = 𝐶𝐶𝑟𝑟(𝜀𝜀)𝜌𝜌𝑓𝑓
𝜀𝜀∆𝑡𝑡 ∇ ∙ �̅�𝒗𝑓𝑓

∗ .                                              (21) 

These equation are calculated with the concept of ISPH method. The position of a particle is 
updated at the end of each time step. 
However, the particle density may change slightly from the initial value because the numerical 

particle density is calculated from the distribution of particles in the particle method. To avoid 
this change, the relaxation term is added to the original Pressure Poisson Equation in the 
stabilized ISPH method proposed by M. Asai et al.. With this concept, the Pressure Poisson 
Equation (Eq. (21)) is modified as follows: 
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〈∇2𝑃𝑃𝑛𝑛+1〉 ≈ 𝐶𝐶𝑟𝑟(𝜀𝜀)
𝜀𝜀 (𝜌𝜌𝑓𝑓

∆𝑡𝑡 〈∇ ∙ �̅�𝒗𝑓𝑓
∗〉 + 𝛼𝛼 �̅�𝜌𝑓𝑓

𝑛𝑛−〈�̅�𝜌𝑓𝑓
𝑛𝑛〉

∆𝑡𝑡2 ),                                 (22) 

where 𝛼𝛼 is called as the relaxation coefficient and is generally set to be much less than 1. In 
this study, 𝛼𝛼  is set to 0.01. The analysis with the stabilized ISPH method can get good 
conservation of volume. 

3.4 The equation of motion of soil in fluid 
In this study, the soil motion is analyzed by a spherical Discrete Element Method (DEM). In 

general, the contact detection is done every time step and a DEM particle moves by receiving 
the contact forces in DEM. In addition to that, the fluid force also acts on the DEM particles in 
the fluid domain. There some kinds of the fluid forces, however the all of them don’t influence 
the particle’s motion. In this study, the buoyancy force and drag force are adopted to the fluid 
forces, the equation of motion of soil in fluid is written as follows with the contact force: 

𝑚𝑚𝑠𝑠
𝑑𝑑𝒗𝒗𝑠𝑠
𝑑𝑑𝑡𝑡 = 𝑚𝑚𝑠𝑠𝒈𝒈 − ∇𝑃𝑃𝑉𝑉𝑠𝑠 + 𝑭𝑭𝑑𝑑 + ∑ 𝑭𝑭𝑐𝑐,                                       (23) 

where 𝑚𝑚𝑠𝑠, 𝒗𝒗𝑠𝑠 and 𝑉𝑉𝑠𝑠 are the mass, the velocity and the volume of a soil particle respectively. 
The second and third terms in right side are the fluid forces, the second is the buoyancy force 
and the third 𝑭𝑭𝑑𝑑  is the drag force. 𝑭𝑭𝑐𝑐  means the contact force between DEM particles. The 
equation of angular motion for the spherical DEM is given by: 

𝐼𝐼 𝑑𝑑𝝎𝝎
𝑑𝑑𝑡𝑡 = ∑ 𝑻𝑻,                                                          (24) 

where 𝝎𝝎 and 𝑻𝑻 are the angular velocity and torque of contact forces. 𝐼𝐼 is the moment of inertia 
and given as a constant value for a sphere. 

The contact force between the particles or particle-wall is calculated by the intrusion of a 
particle with a spring-dashpot model in DEM. The contact force 𝑭𝑭𝑐𝑐  is divided into two 
components, a repulsive force in the normal direction 𝑭𝑭𝑐𝑐

𝑛𝑛 and a friction force in the tangential 
direction 𝑭𝑭𝑐𝑐

𝑡𝑡 , and described as: 

𝑭𝑭𝑐𝑐 = 𝑭𝑭𝑐𝑐
𝑛𝑛 + 𝑭𝑭𝑐𝑐

𝑡𝑡  ,                                                        (25) 

where the superscript 𝑛𝑛 and 𝑡𝑡 represent normal and tangential direction. The each force 𝑭𝑭𝑐𝑐
𝑛𝑛 and 

𝑭𝑭𝑐𝑐
𝑡𝑡  is written as: 

𝑭𝑭𝑐𝑐
𝑛𝑛 = (−𝑘𝑘𝛿𝛿𝑛𝑛 − 𝜂𝜂|𝒗𝒗𝑟𝑟

𝑛𝑛|)𝒏𝒏 ,                                                 (26) 

𝑭𝑭𝑐𝑐
𝑡𝑡 = {(−𝑘𝑘𝛿𝛿𝑛𝑛 − 𝜂𝜂|𝒗𝒗𝑟𝑟

𝑡𝑡 |)𝒕𝒕   |𝑭𝑭𝑐𝑐
𝑡𝑡 | < 𝜇𝜇|𝑭𝑭𝑐𝑐

𝑛𝑛|
−𝜇𝜇|𝑭𝑭𝑐𝑐

𝑛𝑛|𝒕𝒕                   |𝑭𝑭𝑐𝑐
𝑡𝑡 | ≥ 𝜇𝜇|𝑭𝑭𝑐𝑐

𝑛𝑛|,                                       (27) 

where 𝑘𝑘, 𝛿𝛿, 𝜂𝜂, 𝒏𝒏 and 𝒕𝒕 are the stiffness, the displacement, the damping coefficient, normal and 
tangential unit vector. The damping coefficient 𝜂𝜂 is given by 

𝜂𝜂 = −2ln (𝑒𝑒)√ 𝑘𝑘
ln2(𝑒𝑒)+𝜋𝜋2

2𝑚𝑚𝑖𝑖𝑚𝑚𝑗𝑗
𝑚𝑚𝑖𝑖+𝑚𝑚𝑗𝑗

 ,                                             (28) 

where 𝑒𝑒 is the coefficient of restitution. The torque is calculated from the tangential contact 
force. 

∑ 𝑻𝑻 = ∑ 𝒍𝒍 × 𝑭𝑭𝑐𝑐
𝑡𝑡  ,                                                         (29) 
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where 𝒍𝒍 indicates the vector from the center of a particle to a contact point. 
The drag force 𝑭𝑭𝑑𝑑 has the same meaning as the interaction force. Therefore, the resistance 

force for fluid is adopted to the drag force for soil. The drag force acting on one particle is given 
by: 

𝑭𝑭𝑑𝑑 = {
𝑎𝑎(𝜀𝜀)𝜀𝜀𝒗𝒗𝑟𝑟 + 𝑏𝑏(𝜀𝜀)𝜀𝜀2𝒗𝒗𝑟𝑟|𝒗𝒗𝑟𝑟| 𝑉𝑉𝑠𝑠

1−𝜀𝜀     (𝜀𝜀 < 0.8)
3
4 𝐶𝐶𝑑𝑑

(1−𝜀𝜀)𝜌𝜌𝑓𝑓𝒗𝒗𝑟𝑟|𝒗𝒗𝑟𝑟|
𝑑𝑑𝑠𝑠

𝜀𝜀−2.7 𝑉𝑉𝑠𝑠
1−𝜀𝜀            (𝜀𝜀 ≥ 0.8)

,                             (30) 

where 𝑑𝑑𝑠𝑠 means the diameter of a soil particle. 
 

4 ANALYSIS 

4.1 Validation test 
As a validation test, water and glass beads dam break flow analysis is implemented. This is 

already experimented by Xiaosong Sun et al. [4], and the analysis is validated by comparing with the 
experimental result. In this experiment, the glass beads are sphere. The dimension of the tank is 
shown in Fig 3, and the water and glass beads are steady in the tank initially.  At time t = 0, 
the gate is pulled up in a vertical direction with 0.68m/s and the water and glass beads start to 
move. The computational parameters are shown in Table. 1. Time increment in this analysis is 
0.0001s. 
 

          
Figure 3: Analysis model of the dam break test 

 
Table 1: Computational parameters 

Fluid phase 
Particle number Initial particle distance (cm) Density (g/cm3) 

13943 0.3 1.0 
Solid phase 
Particle number Particle diameter (cm) Density (g/cm3) Restitution coefficient 

7920 0.3 2.5 0.9 
Stiffness (N/m) Friction coefficient 

1000 0.2 
 
As a qualitative comparison, the snapshots of analytical and experimental result are shown in 

Fig 4 for the instants of 𝑡𝑡 = 0.05, 0.1, 0.15 and 0.2 sec. The analytical results show good 
agreement with the experiment. 
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 Figure 4: Comparison between experimental and analytical results 

Blue and red lines highlights the water and glass beads domain respectively 
 
As a quantitative comparison, the front position data of water and glass beads of the 

experiment measured by Xiaosong Sun et al. are compared with the analysis. The dimensionless 
number 𝑧𝑧∗ and 𝑡𝑡∗ are defined as by the tank size 𝑎𝑎 = 5𝑐𝑐𝑐𝑐: 

𝑡𝑡∗ = t√2𝑔𝑔
𝑎𝑎 ,                                                               (31) 

𝑧𝑧∗ = 𝑧𝑧
𝑎𝑎,                                                                     (32) 

where  𝑧𝑧 is the front positions of water and glass beads. The normalized positon of water and 
glass beads are plotted in Fig 5, the match between experiment and analysis for water and glass 
beads can be seen from it. 
 

 
Figure 5: Comparison by the front position of water and glass beads 

 

5 SCOURING AND PIPING ANALYSIS 
The proposed SPH-DEM coupled method are validated by the dam break flow test. In this 

section, this method is applied to the scouring and seepage-induced piping analysis. In this 
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analysis, only the destruction of the mound is considered. 

5.1 Validation test 
In general, the breakwater mound is composed of soils, which moves individually. After the 

mound scouring is judged by our simulation result with the SPH method in the fluid domain, 
each soil’s motion can be modeled by the DEM. However, the direct representation of the soil 
motion by the DEM induces high computational cost simulation in general. In this study, a 
macroscopic scouring and piping criterion are utilized to reduce the cost. The scouring and 
seepage-induced piping occur on the surface of the mound. Therefore, all the DEM particle is 
fixed in the original position, and only the surface soil DEM particle will be judged by the 
macroscopic empirical criterion. After the judgement of scouring and/or piping, the DEM soil 
particle will be moved by DEM manner. In this method, the number of analyzed DEM is much 
small and the cost is also lower. In addition, it is possible to distinguish whether the soil moves 
by the scouring of piping. 
The criterion of the scouring is composed of active force 𝐹𝐹𝑎𝑎 which moves the surface soil and 

resistance force 𝐹𝐹𝑟𝑟 which is derived from friction force, if the active force is greater than the 
resistance force, the soil is judged as scoured. 

𝐹𝐹𝑎𝑎 = {𝑭𝑭𝑑𝑑 + (𝜌𝜌𝑠𝑠𝑉𝑉𝑠𝑠𝒈𝒈) + 𝑭𝑭𝑏𝑏} ∙ 𝒕𝒕,                                      (33) 
𝐹𝐹𝑟𝑟 = 𝜇𝜇{𝑭𝑭𝑑𝑑 + (𝜌𝜌𝑠𝑠𝑉𝑉𝑠𝑠𝒈𝒈) + 𝑭𝑭𝑏𝑏} ∙ 𝒏𝒏,                                   (34) 

|𝐹𝐹𝑎𝑎| > |𝐹𝐹𝑟𝑟|.                                                          (35) 
The seepage-induced piping occurs when the hydraulic gradient defined as the gradient of the 

piezo water head excesses the critical hydraulic gradient. The hydraulic gradient 𝑰𝑰 and the 
critical hydraulic gradient 𝐼𝐼𝑐𝑐 can be calculated as follows: 

𝑰𝑰 = 𝛁𝛁𝑃𝑃
𝜌𝜌𝑓𝑓𝒈𝒈

+ ∇𝑧𝑧,                                                         (36) 

𝐼𝐼𝑐𝑐 =
𝐺𝐺𝑠𝑠−1
1+𝑒𝑒 ,                                                                (37) 

where 𝑧𝑧  is the height from the arbitrary datum. 𝐺𝐺𝑠𝑠  and 𝑒𝑒  defined as 𝐺𝐺𝑠𝑠 = 𝜌𝜌𝑠𝑠 𝜌𝜌𝑓𝑓⁄  and 𝑒𝑒 =
𝜀𝜀 1 − 𝜀𝜀⁄  respectively. However, the dimension of the hydraulic gradient and the critical 
hydraulic gradient are different. Therefore, the norm of the hydraulic gradient is utilized to 
compare these gradient. The criterion of the seepage-induced piping is given by: 

|𝑰𝑰| > 𝐼𝐼𝑐𝑐.                                                              (38) 
However, this criterion can be applied to only a horizontal mound. The mound of the breakwater 
has the horizontal place but also the sloping place. Thus, the criterion of the piping is modified 
as: 

|𝑰𝑰| > 𝐼𝐼𝑐𝑐𝑛𝑛𝑦𝑦,                                                         (39) 

where 𝑛𝑛𝑦𝑦 is the unit vector perpendicular to the slope. 

5.2 Scouring and piping test 
The analysis of the soil scouring and piping of the breakwater is done as a basic study. Here, 

the scouring and piping is analyzed individually. 
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(a) Initial state                            (b) Piping occured 

Figure 7: Snapshots of the piping experiment 
 
At first, the piping analysis is shown in Fig 6. In this analysis, the seepage flow in the mound 

of breakwater occurs because of the water-level difference between the inside and outside of 
the port. From the soils’ motion observed, this phenomena is similar to the experiment shown 
as Fig 7. 

Next, the scouring analysis is shown in Fig 8 In this analysis, the soils are scoured along the 
flow. 
  

 
(a) Analysis result of water 

 

 
(b) Analysis result of soil 

Judged particles are coloered red 
 

Figure 6: The piping analysis result 

(Pa)
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 (a) Initial state                            (b) Piping occured 

Figure 8: Analysis result of scouring 
 

6 CONCLUSIONS 
In this study, a SPH-DEM coupled method for the fluid-soil multiphase flow is developed 

to simulate the scouring and seepage-induced piping of breakwater. The interaction force 
between fluid and solid is considered to couple the SPH method for the fluid analysis and DEM 
for solid analysis, the unified governing equation including the interaction force based on 
Akbari and Wen and Yu is adopted for the fluid. For solid analysis, the interaction force is 
considered as the drag force. The water and glass beads dam break flow is analyzed to validate 
this method, and it shows a good agreement with experimental data. For scouring and seepage-
induced piping, the criterion to estimate them is proposed. A good tendency is given from 
simple scouring and piping analysis. As the future works, a validation test will be conducted 
with experiment, finally this method would be expanded to simulate the collapse of a 
breakwater by Tsunami. 
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Abstract 

This work presents an accelerated simulation of heat and mass transfer by coupling Discrete Element 
Methodologies (DEMs) and Computational Fluid Dynamics (CFD), utilising Graphics Processing Unit 
(GPU) technology. The presented model is a continuation of previous work[1] and focuses on 
demonstrating the capabilities and effectiveness of implementing the GPU combined with the Central 
Processing Unit (CPUs) technologies to run a complex industrial simulation. A model of an aggregate 
drum dryer was used to produce hot mix asphalt and different configurations have been implemented 
to investigate the effect of GPU-CPU technology in such a complex simulation. Commercial codes 
from ANSYS and DEM-Solutions were coupled to simulate heat transfer from the hot gases to the 
aggregate particles. Fluid flow and particle-fluid interactions are solved by the CFD solver which 
exchanges information at regular intervals. The results showed that the coupled model captures 
accurately the convective heat transfer from the fluid to the solid phase and demonstrated significant 
improvement in terms of simulation time. The proposed model will have a significant impact in 
industrial applications as it describes a methodology to simulate large-scale applications rapidly and 
accurately. 

Keywords: coupled DEM and CFD; GPU; aggregate dryer; heat and mass transfer 

 

Introduction 

Particle simulations have been well established as a means to model complex physical systems in a 
number of fields and are becoming increasingly more important in others. Much research has been done 
in a variety of areas such as molecular dynamics, plasma physics, fluid dynamics and rock mechanics 
[2-4], where particle simulations were coupled with Computational Fluid Dynamics (CFD)[5]. The Oil 
and Gas industries have been using CFD software for many years to model fluid behaviour in reservoirs, 
saturation of residual oil, well performance, fluidisation, sedimentation and others [6-11]. Lately the 
ability to simulate larger number of particles, especially for applications where particle-particle 
interaction and particles of different shape must be considered, has given a boost to the demand for 
more coupled DEM-CFD simulations.  

Recently this type of modelling shows an increasing interest in the process manufacturing industry too. 
Hot mix asphalt (HMA) is the most common pavement surface in the U.S., which comprises around 
94% of all roads. It is also increasingly popular in airport runways in the U.S. due to its efficiency on 
takeoffs and landings, its low maintenance and fast construction time. It has been approved by the 
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Environmental Protection Agency (EPA) and is thus considered a practical solution for water storage, 
flood control, erosion and hazardous-waste landfills worldwide [12-14]. HMA is a composite material 
that consists of mineral aggregates (sand and various sizes of crushed rock) mixed together with liquid 
asphalt cement binder (a product of crude oil), laid in layers and compacted. For an efficient mixing 
process, the asphalt binder must be heated at temperatures above 180oC, to decrease its viscosity, and 
the aggregate must be dried prior to mixing [13]. Most aggregate is stored in stockpiles where the 
minimum moisture content will be that of the ambient air. A typical value for aggregate moisture content 
is 5% by mass meaning that for a nominal production rate of 320,000 kg/h of mix, 15,875 kg/h of H2O 
must be removed. Typically, half of the total heat input is required to dry the aggregate making drying 
efficiency of critical importance [1]. 

The aggregate drying process is accomplished in a counter flow drum that is positioned on a 4.7o 
inclination and contains internal metal slats (flights). The drum is heated by a direct fire burner and the 
flights lift and veil the aggregate material through the hot gases to heat and dry the aggregate particles. 
Wet aggregate is fed into the uphill end and is moved along the drum towards the burner (Figure 1). 

 
Figure 1 Schematic of the Counter-flow aggregate dryer drum. Hobbs (2009). 

 

A key challenge associated with this process is the fact that veiling performance is tied to many different 
variables including flight shape, number of flights, drum rotational speed, and fill level. At the same 
time, direct observation of this phenomenon is impossible due to the harsh internal environment of the 
drum. Part of the aim of this work is to propose a methodology that enables not only the monitoring of 
the material’s behaviour but the optimization of the flight design for increased drying efficiency. 
Furthermore, this paper presents an innovative way of accelerating such demanding simulations by 
performing DEM calculations in GPU mode while solving for the fluid in CPU mode. 
 

Numerical methods 
CFD is a very popular method amongst researchers that simulates fluid phenomena and provides 
qualitative prediction of fluid flows. A first appearance of CFD methods dates back to 1947 from the 
work of Kopal (1947) of supersonic flows on sharp cones and the first generation of CFD solutions the 
period between the 1950s and early 1960s [16-19]. Since then, the role of CFD in engineering 
predictions has been so strong that nowadays is considered a standard aspect in fluid dynamics, beyond 
the experimental and theoretical elements. A wide range of industrial applications employ CFD methods 
to study critical fluid phenomena and enhance their operations [1, 20-23]. There are commercial 
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software that have been used for modelling multiphase, combustion and heat transfer for particle flows 
including densely packed systems such as fluidized bed reactors. However, in some applications it is 
critical to account for the shape and the particle-particle interactions of the granular material, to provide 
a meaningful insight. 

DEM is a method that describes the overall (macroscopic) mechanical behaviour of assemblies of 
particle systems as the result of the interaction of their constitutive individual elements. It allows 
displacements, rotations and complete separation of the discrete elements, and recognizes any new 
contacts that are developed during the simulation [24, 25]. Initially models, which were based on the 
particle-scale, were developed in order to simulate the micromechanical behaviour of soils and sands 
(non-cohesive materials) [26], but since then it has been widely utilised in a number of studies. DEM 
has been applied in several engineering fields, such as slope stability and mining to powder technology, 
minerals and process manufacturing [3, 4, 27-32], and is considered a very efficient engineering tool.  

In nature particles rarely operate within systems that are fluid free, hence there is a need for a simulation 
methodology that can capture both the solid and the fluid mechanisms as well as the interaction between 
the two. Researchers have worked towards combining CFD techniques with the Newtonian particle 
methods used in DEM. Approaches that incorporate CFD with the DEM have been presented by Tsuji 
(1993), Tsuji (2008) and Xu and Yu (1997), where the interaction between the solid and gas phases 
have been modelled by solving Newton’s second law of motion, with respect to the motion of the 
particles, and the Navier-Stokes equation with respect to the motion of the gas. However, the majority 
of the CFD-DEM approaches involve in-house codes making them inaccessible and expensive to 
industry. This paper presents an improved version of an existing commercial product that couples the 
CFD solver (ANSYS Fluent) with the DEM solver (EDEM) from DEM Solutions. The EDEM-CFD 
coupling is employed to simulate heat transfer from a reacting natural gas flame to the particle phase in 
an aggregate dryer. 

Moreover, complex industrial applications that involve hundreds of thousands of particles are so 
computationally expensive that not even the most efficient couplings are able to support. This paper 
presents an innovative way of accelerating computationally intensive workloads by performing DEM 
calculations in GPU mode while solving for the fluid in CPU mode. The presented solver provides 
greatly reduced computational times compared to simulations on multi-core CPUs. This process has 
been performed with the use of the EDEM GPU solver engine, which has been created by DEM 
Solutions. 
 

DEM – CFD Coupling Methodology 
CFD  
In previous work [1] particle positions and interactions were solved by the DEM solver, whereas the 
volume fraction, drag, and heat transfer were calculated by the coupling interface between the solvers. 
This required significant computation outside of the solvers making this approach less efficient for 
simulations that required large number of particles. Advantage has now been taken of developments in 
Fluent since the previous coupling and the latest Fluent solver presents a more sophisticated approach. 
Specifically, in the new Dense Discrete Phase Model (DDPM) coupling the EDEM particle data are 
converted into a Discrete Phase Model (DPM) injection and the volume fraction, drag, and heat transfer 
are calculated directly by Fluent, making for a more efficient calculation. 

The volume fraction (the space occupied by each phase), in any given fluid cell, is calculated through 
an algorithm that utilises an octree method and detects those cells containing particles during the 
simulation. The flow of the fluid, around the particles, is then determined by the continuous phase flow 
while taken into account the blockage from the solid phase. Here, the volume fraction represents the 
space occupied by each phase, thus the laws of conservation of mass and momentum are satisfied by 
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each phase individually. The mass and momentum conservation equations for the particle phase 𝑝𝑝 are 
given by: 

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝛼𝛼𝑝𝑝𝜌𝜌𝑝𝑝) + ∇ · (𝛼𝛼𝑝𝑝𝜌𝜌𝑝𝑝�⃗�𝑉 𝑝𝑝) = ∑ (�̇�𝑚𝑓𝑓𝑝𝑝 − �̇�𝑚𝑝𝑝𝑓𝑓)

𝑛𝑛𝑝𝑝ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝑞𝑞=1
 

 
(1) 

where subscripts 𝑝𝑝 and 𝑓𝑓 refer to the solid and fluid phase, respecively  𝛼𝛼𝑝𝑝 is the volume fraction, 𝜌𝜌𝑝𝑝 is 
the density of the individual phase, �⃗�𝑉 𝑝𝑝 is the velocity of the 𝑝𝑝 phase and �̇�𝑚𝑝𝑝𝑓𝑓 is the mass transfer from 
the 𝑝𝑝𝑡𝑡ℎ to 𝑓𝑓𝑡𝑡ℎ phase, respectively. Similarly, the momentum conservation equation for the solid phase 
is given by:  

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝛼𝛼𝑝𝑝𝜌𝜌𝑝𝑝�⃗�𝑉 𝑝𝑝) + ∇ · (𝛼𝛼𝑝𝑝𝜌𝜌𝑝𝑝�⃗�𝑉 𝑝𝑝�⃗�𝑉 𝑝𝑝)

= −𝛼𝛼𝑝𝑝∇𝑝𝑝 + ∇ · [𝛼𝛼𝑝𝑝𝜇𝜇𝑝𝑝 (∇�⃗⃗�𝑉 𝑝𝑝 + ∇�⃗⃗�𝑉 𝑝𝑝𝑇𝑇)] + 𝛼𝛼𝑝𝑝𝜌𝜌𝑝𝑝𝑔𝑔 + 𝐹𝐹𝑣𝑣𝑣𝑣,𝑙𝑙𝑙𝑙𝑓𝑓𝑡𝑡,𝑢𝑢𝑎𝑎𝑎𝑎𝑢𝑢

+ ∑ (�⃗⃗�𝐾 𝑝𝑝𝑓𝑓(�⃗�𝑉 𝑝𝑝−�⃗�𝑉 𝑓𝑓) + �̇�𝑚𝑓𝑓𝑝𝑝 �⃗�𝑉 𝑓𝑓𝑝𝑝− �̇�𝑚𝑝𝑝𝑓𝑓 �⃗�𝑉 𝑝𝑝𝑓𝑓)
𝑛𝑛𝑝𝑝ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝑞𝑞=1
+ �⃗⃗�𝐾 𝐷𝐷𝐷𝐷𝐷𝐷(�⃗�𝑉 𝐷𝐷𝐷𝐷𝐷𝐷−�⃗�𝑉 𝑝𝑝) + 𝑆𝑆𝐷𝐷𝐷𝐷𝐷𝐷,𝑎𝑎𝑒𝑒𝑝𝑝𝑙𝑙𝑙𝑙𝑒𝑒𝑙𝑙𝑡𝑡 

  
(2) 

 

where 𝜇𝜇𝑝𝑝 is the shear viscosity of the particle phase 𝑝𝑝, �⃗⃗�𝐾 𝑓𝑓𝑝𝑝 is the interphase momentum exchange 
coefficient between the fluid and particle phases, 𝐹𝐹𝑣𝑣𝑣𝑣,𝑙𝑙𝑙𝑙𝑓𝑓𝑡𝑡,𝑢𝑢𝑎𝑎𝑎𝑎𝑢𝑢 is a lift force (due to velocity gradients 
in the primary phase flow field), �⃗�𝑉 𝑝𝑝 and �⃗�𝑉 𝑓𝑓 are the particle and fluid velocities, respectively. �⃗�𝑉 𝑓𝑓𝑝𝑝 is the 
interphase velocity and is dependent upon the mass transfer  �̇�𝑚𝑓𝑓𝑝𝑝.  𝑆𝑆𝐷𝐷𝐷𝐷𝐷𝐷,𝑎𝑎𝑒𝑒𝑝𝑝𝑙𝑙𝑙𝑙𝑒𝑒𝑙𝑙𝑡𝑡 is the explicit 
component of the particle sink term, and �⃗�𝑉 𝐷𝐷𝐷𝐷𝐷𝐷 and �⃗⃗�𝐾 𝐷𝐷𝐷𝐷𝐷𝐷 are the implicit terms of the particle averaged 
velocity of the considered discrete phase and interphase momentum exchange coefficient, respectively. 
Note that the equivalent mass/momentum conservation equations for the fluid phase follow the same 
logic. 

The fluid-solid drag function follows the Gidaspow model [36]  and  is a combination of the Wen and 
Yu model [37] and the Ergun relation [38]. When the volume fraction, 𝛼𝛼𝑝𝑝 is greater than 0.8 then the 
Wen-Yu equation is used, whereas when the volume fraction is less than 0.8 the Ergun relation is used 
[39]. Relevant modifications have been made by ANSYS for the Ergun relation (Eq.4). The fluid-solid 
exchange coefficient is given by: 

𝛼𝛼𝑝𝑝>0.8 𝐾𝐾𝑎𝑎𝑙𝑙 = 3
4 𝐶𝐶𝐷𝐷

𝛼𝛼𝑆𝑆𝛼𝛼𝑓𝑓𝜌𝜌𝑓𝑓|𝑣𝑣 𝑓𝑓 − 𝑣𝑣 𝑝𝑝|
𝑑𝑑𝑝𝑝

𝛼𝛼𝑙𝑙
−2.65 (3) 

 

𝛼𝛼𝑝𝑝<0.8 𝐾𝐾𝑎𝑎𝑙𝑙 = 150
(1 − 𝛼𝛼𝑓𝑓)2𝜇𝜇𝑓𝑓

𝛼𝛼𝑝𝑝𝑑𝑑𝑝𝑝2
+ 1.75(1 − 𝛼𝛼𝑓𝑓)

𝜌𝜌𝑓𝑓
𝑑𝑑𝑝𝑝

|𝑣𝑣 𝑓𝑓 − 𝑣𝑣 𝑝𝑝| (4) 

 

where 𝐶𝐶𝐷𝐷 is the drag coefficient,  𝑑𝑑𝑝𝑝 is the diameter of the particles in the solid phase, 𝛼𝛼𝑝𝑝 and 𝛼𝛼𝑓𝑓 are 
the volume fractions of the solid and fluid phases, respectively, and 𝑅𝑅𝑅𝑅𝑎𝑎 is the Reynold’s number at the 
terminal settling condition for a single particle and is expressed as: 

𝑅𝑅𝑅𝑅𝑎𝑎 =
𝜌𝜌𝑓𝑓𝑑𝑑𝑝𝑝|𝑣𝑣 𝑝𝑝 − 𝑣𝑣 𝑓𝑓|

𝜇𝜇𝑓𝑓
 (6) 

where 𝜌𝜌𝑓𝑓and 𝜇𝜇𝑓𝑓 are the fluid density and the dynamic viscosity, respectively.  
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The drag coefficient 𝐶𝐶𝐷𝐷 is directly dependent on the Reynolds number and it uses the following criteria: 

𝐶𝐶𝐷𝐷 = {
24/𝑅𝑅𝑅𝑅𝑠𝑠

24(1.0 + 0.15𝑅𝑅𝑅𝑅𝑠𝑠0.687)/𝑅𝑅𝑅𝑅𝑠𝑠
0.44

  
𝑅𝑅𝑒𝑒 < 0.55

0.55 < 𝑅𝑅𝑒𝑒 ≤ 1000
𝑅𝑅𝑒𝑒 > 1000

 
 
(7) 

 

For the transfer of the DEM particle phase into a DPM injection, Fluent first checks the coordinates of 
each DEM particle with the fluid cells positions and applies the effects of the particle to the cell that is 
found to contain it. However, since the particle may overlap more than one fluid cell, a Node Based 
Averaging (NBA) algorithm is used to smooth the loading, distributing the particle’s effects to 
neighbouring mesh nodes. This reduces grid dependency and computational instability by spreading the 
particle’s effects smoother across the neighbouring cells.  

Furthermore, as particles move through the fluid, thermal energy is also exchanged. The temperature 
change of each particle over time is calculated based on Equation (8). The summation of the convective 
and conductive heat fluxes [40] is given by: 

𝑚𝑚𝑃𝑃𝐶𝐶𝑃𝑃
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = ∑𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒 

 
(8) 

 

where 𝑚𝑚𝑃𝑃, 𝐶𝐶𝑃𝑃 , and 𝑑𝑑 are the mass, specific heat and temperature of the particle material, respectively. 

∑𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒 =𝑄𝑄𝑃𝑃𝑃𝑃 + 𝑄𝑄𝑃𝑃1𝑃𝑃2  
(9) 

𝑄𝑄𝑃𝑃𝑃𝑃 = ℎ𝑃𝑃𝑃𝑃𝐴𝐴𝑝𝑝𝛥𝛥𝑑𝑑𝑃𝑃𝑃𝑃  
(10) 

𝑄𝑄𝑃𝑃1𝑃𝑃2 = ℎ𝑐𝑐𝛥𝛥𝑑𝑑𝑃𝑃1𝑃𝑃2 (11) 

ℎ𝑐𝑐 = 4𝑘𝑘𝑃𝑃1𝑘𝑘𝑃𝑃2
𝑘𝑘𝑃𝑃1 + 𝑘𝑘𝑃𝑃2

(3𝐹𝐹𝑁𝑁𝑟𝑟∗
4𝐸𝐸∗ )

1/3
 (12) 

ℎ𝑃𝑃𝑃𝑃 = 𝑘𝑘𝑃𝑃𝑁𝑁𝑢𝑢
𝑑𝑑𝑝𝑝

  
(13) 

where, ℎ𝑃𝑃𝑃𝑃 is the convective fluid-particle heat transfer coefficient, 𝐴𝐴𝑝𝑝 is the particle surface area, 𝛥𝛥𝑑𝑑𝑃𝑃𝑃𝑃 
is the temperature difference between the fluid and the particles and 𝑄𝑄𝑃𝑃1𝑃𝑃2 is the inter-particle heat flux, 
respectively. ℎ𝑐𝑐 is the conductive heat transfer coefficient between two particles and 𝛥𝛥𝑑𝑑𝑃𝑃1𝑃𝑃2 is their 
temperature difference,  𝑘𝑘𝑃𝑃 is the thermal conductivity of the particles, 𝐹𝐹𝑁𝑁 is their normal force, 𝑟𝑟∗ is 
the geometric mean of the particles radii and 𝐸𝐸∗ is the effective Young’s modulus. The bracketed term 
of the equation models the contact area between two particles. Finally, 𝐾𝐾𝑃𝑃 is the gas thermal 
conductivity of the fluid, 𝑁𝑁𝑢𝑢 is the Nusselt number, and 𝑑𝑑𝑝𝑝 is the particle diameter. The presented model 
does not consider conductive heat transfer from the particles to the geometry. 

The Nusselt number has been computed based on the results from Ranz and Marshall (1952) for 
𝑅𝑅𝑒𝑒<200. Detailed information  regarding the process can be found in Hobbs (2009). The Nusselt number 
is given by: 

𝑁𝑁𝑢𝑢 = 2 + 0.6𝑅𝑅𝑒𝑒1/2𝑃𝑃𝑟𝑟1/3 𝑅𝑅𝑒𝑒 < 200 (14) 
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𝑃𝑃𝑃𝑃 = 𝐶𝐶𝐶𝐶
𝑘𝑘   (15) 

where 𝑅𝑅𝑒𝑒 is the Reynold’s number based on the diameter of the individual phase and the relative 
velocity |�⃗�𝑢 𝑝𝑝 − �⃗�𝑢 𝑓𝑓| and the  𝑃𝑃𝑃𝑃 is the Prandtl number for the subsequent phase.  

 

DEM 
In DEM simulations, the main computational challenge is the detection of contacts. To address this 
EDEM uses an algorithm that utilises a Cartesian grid to search for particle contacts. In particular, the 
domain is divided into grid cells of specified size, then the algorithm checks every cell but only analyses 
those that contain two or more elements (active cells). The idealized length of a grid cell is 2-6Rmin 
where Rmin is the minimum particle radius in the simulation. This reduces the simulation time 
significantly, while the results remain unaffected by the number of grid cells. Furthermore, the EDEM 
solver utilises the Hertz–Mindlin contact model [42-44] to solve the contact forces (normal and 
tangential) between particles, including damping coefficients.  For each identified contact the resultant 
force is calculated taking into consideration the body forces. Particle velocities and new positions, as a 
result of the forces acting on them, are updated using an explicit time marching scheme. The DEM 
detection algorithm and calculation cycle are shown in Figure 2(a) and (b), respectively.  

  

 

 

Figure 2  Schematic of the detection algorithm steps applied on a representative 2D cell grid and the 
calculation cycle used in the DEM. 

Choosing the right time-step is critical when reducing the simulation time. In EDEM a time-step is 
chosen as a percentage of the Rayleigh time-step value, which refers to the time taken for a shear wave 
to propagate through a solid particle, and it is calculated based on the smallest particle of the simulation. 
The normal range is between 10-40% of the Raleigh time-step and is given by the following equation: 

𝑇𝑇𝑅𝑅 =
𝜋𝜋𝑅𝑅 (𝜌𝜌𝐺𝐺)

1/2

(0.1631𝑣𝑣 + 0.8766) 
 
(16) 

(a) (b) 
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where 𝑅𝑅 is the particle radius, 𝜌𝜌 the particle density, 𝐺𝐺 the shear modulus and 𝑣𝑣 is the Poisson’s ratio.  

Figure 3(a) and (b) describe the full coupling methodology and sequence of actions between the two 
software. EDEM provides a Coupling Interface that includes all the relevant functions that exchange 
information with Fluent, while Fluent EdemUDF is a user defined function that is loaded into Fluent 
and handles all drag and heat transfer calculations. Specifically, after setting up the DEM model, EDEM 
calculates the particles positions and velocities and the DEM-CFD coupling initiates in which the Fluent 
UDF updates the particle properties taken from EDEM and converts them such that they are passed into 
Fluent. The latter calculates the volume fraction, drag forces and heat transfer, which are then passed 
back into EDEM through the UDF and the coupling interface. In general, the DEM time-step tends to 
be smaller than in CFD and can have a difference between 10 to 1000 times. Therefore, EDEM performs 
the necessary iterations in order to catch up with the next Fluent time-step and UDF repeats its 
calculations while passing the data back to Fluent. 

  

 

 

 

 

 

 

 

 

 

Figure 3 Schematic of the EDEM-Fluent coupling logic. 

 

GPU Technology 
This project presents an innovative way of accelerating large scale industrial simulations by performing 
DEM calculations in GPU mode while calculating fluid flow in CPU mode. The EDEM GPU solver 
provides higher clock speeds compared to simulations on multi-core CPUs. 
The presented work has been performed with the use of the EDEM GPU solver engine, created and 
distributed by DEM Solutions LTD. The EDEM GPU simulation engine uses the Open Computing 
Language (OpenCL) [45] in combination with the AMD Radeon R9 Fury X graphics card for increased 
accuracy. OpenCL is an open industry language for general purpose parallel programming across CPUs, 
GPUs and other processors, that gives complete freedom to users. For example, using OpenCL allows 
a programmer to write general purpose programs that execute on GPUs without the need to map their 
algorithms onto a specific vendor’s 3D graphics API. Finally, OpenCL creates an efficient 
programming interface, consisting of an API for coordinating parallel computation across 
heterogeneous processors, and a cross-platform intermediate language with a well specified 
computation environment. 

Different parallel programming tools exist but the major advantage of using OpenCL is the fact that it 
fully supports all graphic cards, without tying the DEM user to a single GPU vendor. For example 
NVIDIA [46] is restricted in using CUDA [47], while OpenCL encapsulates NVIDIA, AMD, Intel 
Xeon Phi as well as CPUs under a common programming environment. The execution speed and 
accuracy of arithmetic operations in a computing unit is directly related to the precisión used. Most 

(a) (b) 
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computers use the floating-point format, which is an internal representation of numeric values stored in 
computer memory. This format can be categorized into the single and double precision, where the 
former requires 4 bytes (32 bits) and the latter 8 bytes (64bits). Even though increasing the number of 
bits results in increased accuracy, double precision models have much higher memory requirements. 
Thus, it is critical to select a fitting precision type for a specific application, so that a practical balance 
between accuracy and simulation time/memory is maintained. The presented results for both graphic 
cards used single precision. 

The presented work uses both the EDEM GPU and CPU solver engines and has been repeated multiple 
times under different configurations but only selected combinations will be presented herein. The set of 
simulations, shown in Table 1, used 4CPU cores for the Fluent and 30, 40 CPU cores for EDEM, 
respectively. Moreover, the same simulation was repeated twice by using the EDEM GPU solver engine 
with single precision and two different graphics cards; the AMD Radeon R9 Fury X and the NVIDIA 
Quadro GP100. 
Table 1 Configuration combinations for the coupled simulation with the use of the AMD Radeon R9 Fury X 

and the NVIDIA Quadro GP100 graphic cards. 

CPU mode 
GPU mode 

AMD Radeon R9 Fury X NVIDIA Quadro GP100 
4 Fluent/30 EDEM 

4 Fluent/4 EDEM 4 Fluent/4 EDEM 
4 Fluent/40 EDEM 

 

Simulation setup  
For this simulation the same geometry and similar setup has been used as presented in Hobbs (2009). 
Figure 4 demonstrates the 3D model of the aggregate dryer with its internal features (conveying screw 
flights, veiling flights, combustion flights). A CFD tetrahedral mesh was created by removing all the 
internal features and preserving mesh density in the burner and combustions zones, whereas a less dense 
mesh was used in the rest of the geometry. 

 

Figure 4 CAD geometry of the aggregate dryer used for the coupled DEM-CFD simulation [1]. 
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The full set of the CFD input simulation parameters are shown in Table 2. 

Table 2 CFD Input parameters 

CFD Input parameters 
Type of fluid Air 
Fluid density (kg/m3) 1.225 
Fluid viscosity (Pa·s) 1.789E-05 
Turbulence model Standard k-ε 
CFD cell type Hybrid tetrahedral hexahedral 
Cell number 7.2E+05 
CFD time-step (sec) 0.02 

 

The complete 3D drum dryer model was also imported into EDEM. A factory was defined that 
generated 539.942 discrete elements, comprised of bi-sphered particles of the same size, with a normal 
distribution and an initial temperature of 300K. The simulated results refer to 1 second of real physical 
time, after it had reached a quasi-static condition (100sec of run time). A number of trials were 
performed to determine the optimum time-step and simulating parameters, such as the cell size of the 
simulator grid. The full set of EDEM inputs are shown in Table 3. 

Table 3 EDEM Input parameters 

EDEM Input parameters 
Physics Hertz-Mindlin contact model 
Particle density (kg/m3) 2900 
Particle diameter (mm) 18 
Particle Shear modulus (Pa) 1.38E+07 
Particle Poisson’s ratio 0.25 
Geometry density (kg/m3) 7800 
Geometry Shear modulus (Pa) 7.50e+07 
Geometry Poisson’s ratio 0.30 
Particle-Particle coefficient of restitution 0.45 
Particle-Particle static friction coefficient 0.55 
Particle-Particle rolling friction coefficient 0.05 
Particle-Geometry coefficient of restitution 0.50 
Particle-Geometry static friction coefficient 0.45 
Particle-Geometry rolling coefficient 0.05 
Particle generation rate (kg/sec) 80.64 
EDEM time-step (sec) 1E-04 
Cell size (mm) 31.49 

 

Results and discussion 
To post-process the CFD-DEM results, Ensight from CEI and EDEM Analyst were used. Figure 5 
shows a side view of the aggregate dryer that demonstrates the swirling flow and the fluid-particle 
temperature distributions ranking 300-3000K and 300-1000K, respectively. The figure also includes 
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cross sections of the drum at specified points (A,B,C) showing the convective heat transfer. It can be 
observed that the neighbouring to the burner particles have higher temperatures and the fluid 
temperature is almost a 3-step decrease of flow. This indicates that as the particles are showered through 
the hot gases, thermal energy is exchanged and the heat is transferred from the fluid to the particles thus 
the fluid temperature drops. This particle-fluid behaviour is in very good agreement with the actual 
observations, validating the model. 

 
 

 

 

 

 

 

 

 

 

 

 

Figure 5 Coupled CFD-DEM simulation of an aggregate dryer demonstrating the fluid - particle temperature 
distribution. 

Figure 6 demonstrates an inside view of the heat transfer from the fluid phase to the particle phase. It 
can be observed that the convective heat flux reaches a max value of around 190W and the simulated 
model accurately captures the dynamic state of the heat transfer along the length of the drum.   
 
The following figures illustrate the net computational time, under different configurations, for both the 
EDEM/Fluent coupling and the EDEM part of the simulation. Some representative configurations have 
been selected for discussion. Figure 7 demonstrates the total computational time of the coupled 
simulation with and without the GPU solver. Specifically, the selected simulation results in CPU mode 
(grey columns) used 8, 12 and 32CPU cores for the Fluent part of the simulation and 30 or 40CPU cores 
for the corresponding EDEM part, respectively.  It can be observed that in the first case the simulation 
took around 1.5 hours, while the simulation times dropped to 1.43 and 1.33 hours, respectively. This 
shows that even though a large number of cores have been selected, the overall simulation time is only 
slightly reduced. In contrast, the same simulation run in GPU mode with the use of the AMD Radeon 
R9 Fury X or the NIVIDIA Quadro GP100 graphic cards leads to reduced simulation times of 1.07 
hours and 57minutes, respectively. This means that the NVIDIA Quadro GP100 simulation was 1.5 
times faster on average, resulting in an average reduction time of 32%. 

 

Fluid temperature distribution 

A 
B

 

C
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Figure 6 Particle temperature distribution. Cross sections at the regions close to the burner (A), in the middle 

of the drum (B), and towards the inlet of the chute (C). 

Figure 8 follows the same logic as Figure 7 demonstrating the net computational time of the 
aforementioned configurations including only the EDEM part of the simulation. The grey columns show 
that it took between 39 and 39.25min to simulate the discrete phase for the 30 CPU (for EDEM) 
configuration and 38.88min for the 40 CPU (for EDEM) configuration. The selected configurations 
show a minor difference in terms of simulation time, whereas the same simulation took just over 6mins 
when run in GPU mode (orange column). This corresponds to an average 6.0 speed up demonstrating 
an average time reduction of 83% for the discrete calculations. 

 

Figure 7 Net computational time of the coupled simulation under different configurations in CPU mode (grey 
columns) using the AMD Radeon R9 Fury X graphic card (green), and using the NVIDIA Quadro GP100 

(orange). 
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Figure 8 EDEM computational time of the coupled simulation under different configurations in CPU mode 

(grey columns) using the AMD Radeon R9 Fury X graphic card (green), and using the NVIDIA Quadro GP100 
(orange). 

 

Conclusions 
Many industrial applications involve discrete particle flows.  Due to their transient nature, they often 
require extensive computational times and recalculation of the relevant particle physics, which makes 
such analyses impractical. Until recently the only option to run such simulations was the use of CPU 
technologies which put a barrier between efficiency and fast results. The current work demonstrates the 
capabilities and effectiveness of implementing an innovative GPU solver combined with multiple CPU 
cores to run a complex industrial simulation that models heat transfer within an aggregate drum dryer. 
The ANSYS Fluent CFD solver has being coupled with EDEM and run with and without the EDEM 
GPU solver engine. 

The results show that the coupled model not only accurately captures the particle-fluid behaviour and 
the convective heat transfer between the two, but also features very fast simulation run times. With the 
use of one of the latest GPU graphic cards (NVIDIA Quadro GP100), the net computational time of the 
coupled DEM-CFD simulation was reduced by 32% corresponding to a 1.5 speed up. Furthermore, the 
DEM part of the simulation experienced the greatest reduction in computational time with a net 
computational time reduction of 83%, making the particle calculations 6.0 times faster. More 
simulations were run with less CPU cores, for both Fluent and EDEM, and the results showed even 
larger speed ups and time reductions. This indicates that the GPU technology could be very beneficial 
in cases where less powerful workstations are used for such simulations.   

This work highlights the significance of using GPU technology for challenging coupled CFD-DEM 
calculations. This kind of analysis was previously difficult or even impossible to perform and thus has 
a major impact in large-scale industrial applications that require simulations of millions of particles. 
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Abstract. The tsunami run-up simulation by the particle method at city level needs to
huge number of particle at least 1 billion particles. The conventional particle simulation
method is not easy to solve these huge problem even on the premise of using supercom-
puter. Then, a new particle method ’fully explicit Incompressible SPH’ is developed that
takes into consideration both calculation efficiency and accuracy. Finally, we demonstrate
the future plan how to use our simulation resultes for a practical ’Soft’ disaster mitigation
method through the evacuation education with the Virtual Reality(VR) system.

1 Introduction

On March 11, 2011, the huge tsunami caused by the great east Japan earthquake
devastated many infrastructures in pacific coast of north eastern Japan. Particularly, the
damage of outflow of bridge girders caused a traffic disorder and these collapse behaviours
led to delay of recovery after the disaster. After 2011 tsunami, disaster prevention and
mitigation techniques are actively developing in coastal infrastructures and establishing
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prediction method for tsunami disaster is one of the severe issues toward the next mil-
lennium tsunami. After Tohoku earthquake 2011 Japan, our research group has been
developed a three-dimensional tsunami run-up analysis tool using the stabilized ISPH[1]
which is one of the semi-implicit Lagrangian particle method. The target site of simulation
is Kochi city where huge tsunami disaster is anticipated with the next big Nankai Trough
Earthquake. Tsunami run-up simulation in the urban area requires high resolution at
least 2m in order to resolve the complicated tsunami flow through buildings and the other
structures. It leads to the large scale problem, and the tsunami run-up simulation at
Kochi city needs to at least 1 billion particles. It is difficult to simulate the conventional
ISPH method even on the premise of using supercomputer. In this research, a new parti-
cle method ’fully explicit Incompressible SPH’ is developed that takes into consideration
both calculation efficiency and accuracy. Finally, we demonstrate the future plan how to
use our simulation resultes for a practical ’Soft’ disaster mitigation method through the
evacuation education with the Virtual Reality(VR) system.

2 Analysis method

In the past, we adopted the stabilized ISPH method, but this method is a kind of
implicit method and it is not suitable for large scale parallel calculation. Therefore, we
have established a method corresponding to ultra large scale parallel computation by
explicitizing the stabilized ISPH method.

2.1 Governing Equations of Fluid Analysis

To solve incompressible fluid problems , independent variables, flow velocity u and
pressure p, should be obtained while satisfying the conservation law of mass and momen-
tum. The governing equations in the Lagrange description are given by

Dρ

Dt
+ ρ∇ · u = 0 (1)

Du

Dt
= −1

ρ
∇p+ v∇2u+ g (2)

where v is the coefficient of kinetic viscosity and g is the acceleration of gravity.
Based on the assumption that the density of water is constant, the mass conservation

law eq.(1) is rewritten as
∇ · u = 0 (3)

Applying Eqs. (2) and (3) to particle i, we obtain

Dui

Dt
≈ − 1

ρi
⟨∇pi⟩+ v⟨∇2ui⟩+ gi (4)

⟨∇ · u⟩ ≈ 0 (5)

The symbol of ⟨·⟩ is the approximate value referring to the values of neighbor particles in
the vicinity on the basis of the concept of the SPH method.
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2.2 ISPH Method

In the particle method, density is calculated through the distribution of particles,
therefor it leads to the problem of the conservation of volume. To solve this problem, the
ISPH method, in which the velocity and pressure fields of the equations of motion are
separated using the projection method to evaluate the pressure field implicitly and the
velocity field explicitly, was proposed [2, 3]. Using the projection method, the velocity
and pressure fields can be separated by defining a tentative state without considering
the pressure gradient term in the Navier-Stokes equations of motion. In this section, the
procedure for updating variables from time step n to n + 1 is explained with the aim of
applying the projection method to the SPH method. First, the time-derivative term in
eq. (2) is subjected to forward difference approximation and the intermediate velocity u∗

is defined in an intermediate state to separate the velocity as

Du

Dt
=

un+1 − un

∆t
=

un+1 − u∗

∆t
+

u∗ − un

∆t
(6)

Among the components of acceleration after separation, the intermediate velocity u∗ is
evaluated as follows assuming that the first and second terms on the right side of eq. (6)
correspond to the pressure gradient term and other terms of eq. (2), respectively.

u∗
i − un

i

Dt
= v⟨∇2un

i ⟩+ gi

→ (predictor) u∗
i = un

i +∆t
(
v⟨∇2un

i ⟩+ gi

)
(7)

The velocity from the intermediate state to the next time step is updated as follows
assuming that the pressure is evaluated based on an appropriate method.

un+1
i − u∗

i

∆t
= −1

ρ
⟨∇pn+1

i ⟩

→ (corrector) un+1 = u∗ +∆u∗ (8)

∆u∗ = −∆t

(
1

ρ
⟨∇pn+1

i ⟩
)

(9)

As shown above, two-separated processes are implemented to update the state of velocity
in ISPH method. The pressure is evaluated by solving the pressure Poisson equation given
by

⟨∇2pn+1
i ⟩ = − ρ0

∆t
⟨∇ ·∆u∗

i ⟩

=
ρ0

∆t
⟨∇ · u∗

i ⟩ (10)
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2.3 A Modified Source Term to Relax the Incompressible Conditions

The original ISPH and our proposed stabilized ISPH are applied the same projection
method in order to split velocity and pressure updates. In the projection method, an
intermediate state is defined by excluding pressure gradient term in Navier-Stokes eqn.
in (11). The difference between the original ISPH and the stabilized ISPH is the source
term in the pressure Poisson equation (see [1]) for the detailed formulation of equations).

In the SPH method, the numerical density is evaluated by counting the number of
neighbor particles. During the fluid dynamics simulation using the ISPH, the numerical
density is changing in time. In other words, it is difficult to keep the constant numerical
density value because of non-uniform particle distributions. Therefore, the modified source
term has an important role to decrease the numerical error in the numerical density value.

⟨∇2pn+1
i ⟩ ≈ ρ0

∆t
⟨∇ · u∗

i ⟩+ α
ρ0i − ⟨ρni ⟩

∆t2
(11)

The pressure Poisson equation given by eq. (11) completely conforms to the formulation
under a velocity divergence-free condition assuming that the relaxation parameter is zero.
In addition, when the density instantaneously agrees with the initial density (or the
density is negligibly small), the pressure Poisson equation and formulation are considered
to be the same because the second term of the source term of the pressure Poisson equation
is negligible. According to the formulation, the accumulated error related to the density
produced during analysis is gradually canceled by the term of density difference, leading
to a scheme with a good conservation of volume as a result of an almost constant density
even for a long-term calculation.

2.4 Explicit pressure assessment scheme

Here, the stabilized ISPH method, which utilizes a semi-implicit time integration, is
converted to an explicit version. The most time consuming part in the ISPH is the linear
equation solver for the pressure Poisson eqn.. In addition, the linear equation solver is
not so easy to get faster and to get a good parallel efficient in the supercomputers. The
main purpose of the explicit version of the stabilized ISPH is to decreasing the total
computational time in the supercomputer environments. The idea of the totally explicit
ISPH method is proposed by Barcarolo[4] et al.. They just showed a couple of numerical
examples without verification and validation. Therefore, we developed a modified EISPH
method that satisfies accuracy and stability by explicitly solving the stabilized ISPH
method that realized long term volume storability by referring the stabilized ISPH. In
Eq.(11), it can be rewritten in a discrete approximation form for the left side, the following
equation is obtained.

⟨∇2P n+1
i ⟩ =

∑
j

mj
2

ρ0
rij · ∇W (rij, h)

r2ij + η2
(P n+1

i − P n+1
j ) (12)
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When Equation (12) is transformed, the following equation is obtained.

P n+1
i =

Bi +
∑

j AijP
n+1
j∑

j Aij

(13)

For convenience of notation, the following section is used here.

Aij = mj
2

ρ0
rij · ∇W (rij, h)

r2ij + η2
, Bi =

ρ0

∆t
+ α

ρ0i − ρni
∆t2

In the equation (13), assuming that the pressure of the neighboring particles, which are
originally unknown quantities, can be approximated by the pressure of the present time
at minute time intervals from n steps to n+1 steps, Can be rewritten as follows.

P n+1
i =

Bi +
∑

j AijP
n
j∑

j Aij

(14)

By using the expression (14) it is possible to make an explicit pressure assessment. The
proposed method changes only the pressure evaluation in the conventional stabilized ISPH
method, and does not need to change the other schemes. In this study, we call the above
scheme a stabilized Explicit ISPH (EISPH) method.

3 Verification test

3.1 Simple dam break test

By using the stabilized EISPH method, it is possible to perform highly parallel cal-
culation as compared with the calculation by the stabilized ISPH method. However,
verification was conducted because verification of validity about calculation accuracy was
insufficient. The verification problem was verified with the dam break problem shown in
the Figure 1. We analyze by both EISPH method and ISPH method referred to as conven-
tional method and verify the proposed method by comparing both analysis results. Other
conditions related to analysis are as shown in Table 1, and both analyzes were carried
out under the same conditions. Regarding time increment, both methods need to satisfy
the CFL condition, so we decided to use the same value (0.0002 sec). However, with the
EISPH method, which is a fully explicit method, the relationship between accuracy and
time increment should be investigated separately in addition to the CFL condition. In
order to verify focusing only on the accuracy of the EISPH method, the same conditions
as the conventional method as semi-implicit method were used. The Figure. 2 shows the
result at 6000 Step, and the color means the pressure contour, indicating that it shows a
qualitatively good agreement. Figure. 3 is the time history of the pressure on the red dot
in Figure. 1. This result also agrees well.
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Figure 1: dam break model

Table 1: analysis conditions

particle diameter number of particles time increasement
10mm 214932 0.0002sec/step

3.2 Tsunami run-up simulation in a real city

A tsunami run-up simulation in a real city, Japan is conducted here. Figure. 4 shows
the numerical model. The analysis conditions are as shown in Table 2, and the same value
is used for time increment here as well. The color in the figure indicates the y-directional
velocity. It also shows that this also shows a good agreement.

Figure 2: result(6000Step)
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Figure 3: time history of th pressure

Figure 4: tsunami run-up area at Kochi city

Table 2: Analysis conditions

particle diameter number of particles time increasement
4m 33591333 0.05sec/step
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Figure 5: Results in EISPH method (left figure) and ISPH method (right figure)

Figure 6: Parallelization efficiency
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Figure 7: Virtual Reality usase example

3.3 Parallelization efficiency

By explicitization, it is not necessary to solve the pressure Poisson equation, which is
the most time consuming part in the implicit version, and it is relatively easy to perform
massively parallel calculations. The figure-6 is the calculation speed improvement rate
in which parallel numbers are executed in 256 parallel, 512 parallel, 1024 parallel in the
above-mentioned tsunami run-up analysis, respectively. For 256 parallels to 512 parallels,
91% of the ideal value shows good parallelization efficiency. In the 1024 parallel, 78% is
not bad, but it tends to decline slightly, which seems to be overpowering as the number
of parallels is excessive for this calculation.

3.4 Large scale parallelism and VR visualization

By enabling large-scale parallel computation, it is possible to calculate with resolution
of several tens of centimeters in the tsunami run-up analysis. As a result of this, it
becomes possible to accurately resolve the tsunami that moves up the block as described
above, so that accurate calculation becomes possible, Even in visualization it makes it
possible to draw waves through the road and it has big meaning. The authors made VR
visualization and constructed a system for enlightenment etc. of the tsunami damage.
Figure. 7 is a picture walking in the image with a walking controller with visualization of
VR by computing only a specific area experimentally at 50 cm resolution. It is possible
to walk not only inside the city block where the tsunami arrives but also in the VR image
like the one on the right.

4 Conclusions

In this study, a stabilized EISPH method is proposed for the massively parallel com-
putations for tsunami run-up simulation. We are trying to utilize the 3D tsunami run-up
simulation results for the tsunami evacuation education through the VR systems. The

9
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VR system is composed by the head mount display and walking controller. In the future,
we plan to calculate the same tsunami run-up simulation with 50 cm resolution at the
same city model.
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Abstract. Homogenization of particulate systems is a critical part in the processing of
particulate materials to achieve consistency and ensure product quality. Homogenization
is achieved by mixing, the aim is to obtain a final mixture that is homogeneous when
mixing individual particulate constituents, in the sense of a uniform spatial mass distri-
bution. Although there is always some measure of heterogeneity in a mixture this can
be quantified by Gys sampling theory. This is critical for pharmaceutical industries in
which it is essential that the variance of the active ingredients between tablets are within
specified bounds. Although there have been numerous numerical studies on mixing using
the Discrete Element Method (DEM), most studies to date have incorporated significant
simplifications to reduce the computational time such as using mono-disperse size distri-
butions, scaling up of particle size and spherical estimations of shape. The development
of GPU based DEM simulations in the past few years significantly increased the num-
ber of spherical particles however most often at the expense of simplifying the physical
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interaction between particles. This oversimplification of particle shape has much wider
primary implications as primary contact mechanisms such as angularity and locking are
omitted. This is important in the pharmaceutical industry where the feed powders are
often made from crystalline solids in which the shape of the individual particles are poly-
hedral. As this study demonstrates, this is significant in that the underlining dynamics
of polyhedral particles is vastly different to that of spherical particles, resulting in tighter
packing fractions different flow patterns, and percolation. In this paper we use the GPU
based DEM code BlazeDEM3D-GPU to study and quantify the effect of particle shape
in a high shear blade mixer.

1 INTRODUCTION

Homogenization of particulate materials such as powders is critical in numerous in-
dustries ranging from civil engineering to pharmaceuticals to food processing. All these
industries include homogenization which is the process of mixing various constituents to
obtain a final product where each constituent is distributed uniformly. The homogeneity
of the final product depends on both the quality of the constituents in terms of the hetero-
geneity of particle sizes (particle dispersity), shape uniformity, moisture content and the
primary mixing method and device used. Particle dispersity between constituents results
in segregation occurring due to percolation [16] which can drastically influence mixing
of the constituents and compromise the final product. Consequently, in mixing there is
an equilibrium point that limits stable homogenization due to segregation and other pro-
cesses. This can have devastating consequences in pharmaceutical industries when the
active ingredient is not uniformly dispersed throughout a mixture. It is paramount to
understand the underlying dynamics of the particles and the effect of a particular mix-
ing device. Influencing the physical properties such as particle shape of the constituents
can help shift this equilibrium point to achieve better and more stable homogenization
to reduce waste and consequently production costs. There has been limited success in
improving the design of mixing devices via experimental means, owing to the difficulties
in obtaining unbiased samples of a mixed product either due to the sampling technique or
insufficient statistics. Furthermore detailed experimental information on the relationship
between the particles with the mixer geometry and the particles themselves is difficult
to obtain. Particulate materials exhibit of both solids and fluids behaviour in different
flow regimes, making the prediction of the dynamics via empirical means also extremely
difficult. Numerical modelling offers a means of investigating the problem, and in par-
ticular the potential effect of the various particle properties on mixing. Two numerical
approaches are readily available to simulate particulate systems which are 1. continuum
models [19], and 2. discrete element models[4]. Continuum models are computationally
cheap to evaluate but offer no means to incorporate properties at particle scale naturally
and reliably. Hence, although continuum methods can model problems at an industrial
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scale their inability to accurately predict the macroscopic responses for variations at the
particle-scale has only seen limited continuum solutions [20]. Limitations include, the
failure to reliably predict the transitional flow regime in which both the collisional and
frictional interactions drive flow behaviour [19], in addition to being unable to predict per-
colation which drives mixing. The underlying material models that are computationally
tractable usually require re-characterization once particle scale properties are modified.
In addition, the predictive capability of continuum models are limited to a small domain
localized around which a solution has been calibrated and computed. The discrete element
models are computationally expensive but readily allows for particle scale properties to
be modified and investigated. In addition, the discrete element models are generally pre-
dictive over larger domains that continuum models [20]. The discrete element method is
the only simulation approach that is capable of capturing microscopic and particle-scale
effects to accurately predict the macro-scale of bulk behaviour but requires significant
computational resources [12]. The discrete element method however is able to reliably
predict all three flow regimes and in turn accurately quantifying mixing properties. As
a result the discrete element method (DEM) has be- come the de facto standard to sim-
ulate particulate materials for which the discrete nature of particles and importance of
quantifying particle-scale effects cannot be neglected. Consequently, the need for large
scale discrete element simulations that can quantify the effect of particle-scale changes on
the macro-scale response is becoming increasingly more important in industrial bulk ma-
terial handling applications where simulations of lab-scale devices is not sufficient, poorly
understood or not repeatable Ding et al. [23]. In addition, the demand to consider the
poly-dispersed nature and shape non-uniformity of particulate systems in simulation has
been well-established for a number of years by Clearly and Sawley [4], and recently reiter-
ated by Höhner et al. [9] and Zhong et al. [22]. However, numerical studies to date that
consider shape non-uniformity and polydispersity of polyhedral Figure 1 particle systems
have been limited in scope due the large computational cost and lack of suitable codes
to efficiently handle the associated geometrical complexity [6]. As a result the particle
shape Figure 1 is often simplified as either spheres or by the multi-sphere approach that
approximates a non-spherical particle as multiple spheres that are glued together [2], as
depicted in Figure 1. Although the multi-sphere approximation is an improved description
for complex particle shapes and allows for particle fragmentation to be taken into account
[14], it is limited in the number of spheres that can be used to represent complex particle
shapes, while being unable to accurately capture the particle angularity that may have
a significant effect on the behaviour of the particulate system. Both the spherical and
multi-spherical simplifications significantly reduce the complexity of inter-particle contact
detection that results in a significant computational saving. In addition the constitutive
models of interacting spheres has been well established and as a result has been used
extensively simulations [18, 7]. Since the influence of particle shape and angularity on
the mechanical behaviour of particle systems is well known [4, 10], the validity of ap-
proximate particle representations remains refutable [8, 13, 21]. To compute industrially
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Figure 1: (a) Actual particle [1] represented using (b) a lumped sphere particle represen-
tation or (c) a polyhedron representation..

relevant discrete element simulations within a realistic time frame remains a challenging
computational endeavour. Radeke et al. [15] performed the largest DEM simulation of
a mixing device using 8 million spherical particles. This is still far from the hundreds of
millions to billions of particles required for the simulation of industrially relevant mixing
devices which have capacities of hundreds of litres. While the utilization of the Graphics
Processing Units (GPU) in DEM simulations has resulted in simulations up to 50 million
particles on a single computer and a billion particles using multiple computers with 256
GPUS, these simulations drastically oversimplify particle shape by modelling only spheres
with simplistic contact models. In the case of Ge et al. the parallelization over multiple
GPUs is highly problem specific.

2 OVERVIEW OF MIXING SIMULATIONS

The importance of considering particle shape in mixing has been demonstrated by
Cleary et al. [5] for cubic salt particles being modelled as spherical particles. To correctly
predict the mixing rate order and flow patterns required to consider the cubic salt particles
as super-quadrics. The higher shear resistance of angular particles over spherical particles
being the dominant reason for the observed differences. Laurent and Cleary [11] showed
that approximating particles as spherical in a ploughshare mixer under-predicted the free
surface angles, indicating again to lower shear resistance. In addition, particle shape
can vary substantially between different types of particles and between particles from the
same sample. Particle shape is known to be important to consider to accurately quantify
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mixing of even rotating drums. Chandratilleke et al. [3] found that when fluidization of
the bed occurs, the effect of air drag on the particles becomes important. As drag depends
on particle shape the mixing and segregation may exhibit shape dependence. However,
particle shapes are usually modelled as spheres and modifications to properties made due
to the associated computational cost of non-spherical particle shapes. For example small
values of rolling friction are often added in an attempt to account for mild departures
from sphericity. However, Zhou et al. [23] showed that mixing kinetics were enhanced for
low friction materials. Since, particle shape influences shear resistance it directly affects
the ability to predict mixing. In addition, they reported that the particles flowing over
the paddle was the mechanism responsible for segregation effects. The implication being
again that particle shape directly influences the ability to predict and model segregation
effects. However, to what extent particle shape needs to be considered remains poorly
studied since most researchers simulate mixing processes in three dimensions use spheri-
cal particles citing computational expense as the primary limitation to investigate other
particles shapes.

3 DETAILS OF CONTACT MODEL

Contact between spherical and polyhedral particles are resolved using a sliding-sticking
friction model where the tangential force is coupled to the normal force through Coulomb’s
law. The initial tangential force is computed as the sum of the tangential spring force
and a tangential viscous force

f t0 = −ktL
k − γtvt, (1)

with L the tangential spring displacement from its equilibrium position, kt the tangential
spring parameter and γt the tangential dissipation parameter, and vt the relative tangen-
tial velocity. For the static friction case, below the Coulomb limit, the tangential spring
magnitude is incremented by

Lk+1 = Lk + vt∆t, (2)

whereas for sliding friction

Lk+1 = − 1

kt
(fd

Cn+ γtvt), (3)

along the tangential unit vector t =
f t0

‖f t0‖
. The contact volume is resolved for the polyhe-

dral shaped particles as outlined in Figures 2(a)-(d). Specifically, a Kelvin-Voigt linear
viscoelastic spring dashpot for rigid particles is considered. This results in an elastic force
that stores energy and a dissipative Coulomb force that dissipates energy given by

FN = (Kn∆V )n− Cn(VR · n)n, (4)

where Kn is the volumetric spring stiffness ( N
m3 ), n the normal direction along which the

force acts, Cn the damping coefficient (Ns
m
) and VR the relative velocity between the
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Figure 2: Contact resolution (a) between two intersection polyhedra by resolving the
(b) contact points from which the (c) convex hull is constructed to compute the contact
volume and (d) contact normals.

contacting particles. Given the overlap volume ∆V and contact normal that is resolved
exactly for two polyhedral shaped particles as depicted in Figures 2(a)-(d).

In this study a normal spring stiffness of 100 N/m and tangential spring stiffness of 2
7

of the normal stiffness is selected. In addition a coefficient of restitution (COR) of 0.9,
friction coefficient of µ = 0.5 and tangential viscous force of γt = 0 is selected.

4 SIMULATION OF A HIGH-SHEAR MIXER

The drum diameter is 13.5 cm with a single blade 0.80 cm high with a width of 0.10
cm as used by Sinnot et al. [17], the height of the particles is ≈2 cm. In this study two
particles are considered, namely, spherical and tetrahedral shaped particles to fill a mixer
volume of 100 cm3 with a total mass of 240 g. In the high-shear mixer, mixing is done
at 100 RPM for 10 seconds. The spherical particles are modelled as poly-dispersed by
selecting 12 000 of the following diameters 0.14 cm, 0.1475 cm, 0.15 cm, 0.1525 cm and
0.155 cm for particles for a density of 2.5 g/cm3. In turn , 60 000 truncated tetrahedral
shaped particles are modelled using a particle volume of 0.001665 g/cm3 and particle mass
of 4.16× 10−6 kg bounded with a radius of 0.0994 cm. The particle surface area is given
by 0.08757 cm2. The tetrahedral shaped particles are modelled with full angularity. The
systems are colored initally in a left (green) right (red) split. The results for spherical
shaped particles at various time instances is presented in Figures 3(a), (c) and (e), while
the truncated tetrahedra is presented in Figures 3. The lower shear resistance of the
spherical particles allowing for faster mixing to occur.

6
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In order to quantify the mixing, the relative standard deviation (RSD) is reported as

a function of time. σ =
√

1
ms−1

σms(x̄− xms)
2, mean value of x̄, number of samples ms

and standard deviation σ. RSD = σ
x̄
. Evidently, the RSD reflects a higher mixing rate

for the spherical particles than the truncated tetrahedra as presented in Figure 3. The
spherical particle shapes tend to taper off around an (1-RSD) of around 0.92, while the
truncated tetrahedra tapers off around (1-RSD) of 0.85 resulting in a difference of and
RSD of 0.07 after 10 seconds. After 30s the values remained around these values and
no further mixing occurred. The higher shear resistance that results from the angular
truncated tetrahedra particle shape is evident and important to consider in that the rate
of mixing achieved after 5 seconds with spheres is the maximum value acheived after 10
seconds for the polyhedra.

Figure 3: Mixing surfaces for the (a),(c),(e) spherical and (b),(d),(f) truncated tetrahedral
particle shapes after 1 , 3 and 4 revolutions respectively.

One of the advantages of simulation over experiment which can greatly aid in the
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Figure 4: One minus the relative standard deviation as a function of time for the spherical
and truncated tetrahedral shaped particles (1 rev = 0.60 s).

understanding mixers is that detailed information that would be tedious or difficult via
experimental means is easily done in a computational environment. Consider Figure 5
which shows the RSD over a number of spatial cells, we see that while the average RSD
indicates a fairly good mix for the truncated tetrahedral shaped particles, this mix is
not as homogeneous in space as the spheres which is crucial for pharmaceuticals where
differences of a few % leads to rejection of an entire batch due to regulatory requirements.

Figure 5: Relative standard deviation spatially distributed cells as a function of time for
the spherical and truncated tetrahedral shaped particles (1 rev = 0.60 s).

Finally, Figure 6 depicts our current investigation of a semi-industrial scale simulation
of a mixer in which 10 million truncated tetrahedral particles, are simulated on a single

8
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computer using two GPUs at a rate of 1.5 s a day.

Figure 6: Semi-industrial scale simulation of a mixer using 10 million truncated tetrahe-
dral particles.

5 CONCLUSIONS

This study quantified the difference in the relative standard deviation index of mixing
between spherical particles and truncated tetrahedra. The importance of particle shape
and angularity in the shear resistance of the particulate system is critical to consider as
it has a significant effect on the mixing of the particulate system, highlighting again the
importance of modelling particles with accurate geometry and angularity.

Acknowledgements

We gratefully acknowledge the support of NVIDIA Corporation with the donation of
a Titan X Pascal GPU used for this research.

References

[1] URL http://meteorites.wustl.edu/lunar/howdoweknow.htm.

[2] H. Abou-Chakra, J. Baxter, and U. Tuzun. Three-dimensional particle shape de-

9

180



EFFECT OF PARTICLE SHAPE ON MIXERS

scriptors for computer simulation of non-spherical particulate assemblies. Advanced
Powder Technology, 15:63–77, 2004.

[3] G. Chandratilleke, A. Yu, R. Stewart, and J. Bridgwater. Effects of blade rake angle
and gap on particle mixing in a cylindrical mixer. Powder Technology, 193:303–311,
2009.

[4] P.W. Cleary and M.L Sawley. DEM modelling of industrial granular flows: 3D case
studies and the effect of particle shape on hopper discharge. Applied Mathematical
Modelling, 26:89–111, 2002.

[5] P.W. Cleary, G. Metcalfe, and K. Liffman. How well do discrete element granular flow
models capture the essentials of mixing processes? Applied Mathematical Modelling,
22:995–1008, 1998.

[6] J.Q. Gan, Z.Y. Zhou, and A.B. Yu. A gpu-based dem approach for modelling of
particulate systems. Powder Technology, 301:1172–1182, 2016.
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Abstract. This study investigates the potential for combining lower fidelity models with
high performance solution strategies such as efficient graphical processing unit (GPU)
based discrete element modelling (DEM) to not only do simulations faster but differently.
Specifically this study investigates interactive simulation and design for which the simu-
lation environment BlazeDEM-GPU was developed that allows researchers and engineers
to interact with simulations. The initial results prove to be promising and warranting
extensive research to be conducted in future which may allow for the development of
alternative paradigms.

In addition to the design cycle, the role that this interactive simulation and design
will play in education is invaluable as an in-house corporate training tool for young engi-
neers to actively train and develop understanding for specific industrial processes. This
would also allow engineers to conduct just-in-time (JIT) simulation based assessment of
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processes before commencing on actual site visits, allowing for shorter and more focussed
site excursions.

1 INTRODUCTION

Discrete element modelling gained momentum from the mid 90s when small indus-
trial scale simulations of a couple of thousand spherical particles in two dimensions were
analysed on a more regular basis. A decade later discrete element modelling simulations
allowed for moderate industrial scale simulations of a few hundred thousand spherical
particles [1]. Over the last five years the landscape of large scale industrial simulations
started to emerge with the utilization of the graphical processing unit (GPU) [2]. It
is now common to simulate a couple of million polyhedral shaped particles and tens of
millions of spherical particles [2] within a couple of days. In addition, moderate scale in-
dustrial simulations can now be modelled within hours on a workstation instead of weeks
or months on a cluster merely a decade ago. Combining the advances in high performance
GPU based discrete element modelling with sound computational complexity reduction
techniques such as discrete element simulations with varying fidelity of the physics or
the numerics [13] and reduced order modelling [3] allows for the possibility of design op-
timization or design modification for industrial problems that involve granular flow. In
design optimization the distinction between the need for accurate analyses and accurate
enough analyses are seldom made although they can have significant impact on solution
times when properly applied. Initially in the design optimization process the analyses
only need to be accurate enough to capture the correct trends regarding an analyses. As
a design converges the need for accurate analyses sometimes increases and then not even
always. By clearly making a distinction between these two types of analyses has led to
significant improvements of multi-fidelity design optimization approaches over the last
decade [6, 7, 8, 9]. Here, multi-fidelity is used in the sense to imply fidelity of the physics
or numerical computational fidelity of a simulation.

More importantly this allows for a new paradigm in design optimization and design
modification that is distinct from the conventional design cycle. The design optimization
cycle remains characterised by either the analyse-wait-modify-analyse cycle or more re-
cently with cloud computing the batch analyse-wait-modify-batch analyse cycle utilizing
mostly high fidelity numerical simulations as most design engineers or researchers do not
distinguish between accurate solutions and solutions that give accurate trends during the
design process. Combining a proper understanding between accurate analyses and accu-
rate enough analyses that captures the consistent trends with a computationally efficient
solution strategy for the discrete element method (DEM) allows for quick turn around
times on feedback to the user. By incorporating this additional computational savings
naturally allows us to extend the domain of application towards interactive design simula-
tions in which low fidelity numerical models can be computed efficiently to give consistent
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and responsive feedback to the user regarding the trends of various parameters during de-
sign modification. Consequently combining lower fidelity models with high performance
GPU based DEM modelling is enabling a new and alternative paradigm denoted inter-
active simulation and design (ISD). The benefit of ISD is that engineers can explore the
design domain independently to gain understanding of a process or even explore the de-
sign domain guided by a numerical optimization strategy which ultimately leads to better
understanding of the optimal solution as opposed to the often black-box approach to de-
sign optimization in which the engineer is often detached in terms of understanding from
the optimal solution.

BlazeDEM-GPU [2] is a GPU based DEM simulation environment designed with ISD
in mind. BlazeDEM-GPU allows for changes to be made during a simulation in real time
utilizing multiple GPUs to conduct a single simulation. This capability allows engineers
to interactively engage with a simulation to study the effect of various model parameters.
For example geometrical changes of the environment with which particles interact that
includes the effect of lifter heights in a ball design as an example. Changes in the boundary
conditions in steady state processes that include inter-particle cohesion or changes in flow
rate of a continuous bulk material handling process. This would allow engineers to interact
with the simulation to both quantitatively and qualitatively engage with a design problem
or granular material process, allowing for formalized and intuitive understanding of the
factors that influence granular flow to ultimately drive towards an enhanced understanding
of optimal design solutions.

In addition to ISD, the role that this paradigm will play in education is invaluable
as an in-house corporate training tool for young engineers to actively train and develop
understanding for specific industrial processes. This also allows engineers to conduct just-
in-time (JIT) simulation based assessment of processes before commencing on actual site
visits, allowing for shorter and more focussed site excursions. Ultimately, this would allow
experienced engineers to explore new processes and solidify the understanding behind
experiential experience that is becoming ever more important in our dynamic modern
environment.

2 EXPLANATORY EXAMPLE FOR NUMERICAL FIDELITY

As an explanatory example to explore the concepts behind numerical fidelity of a model,
consider the coupled first order non-linear system of differential equations (Lokta-Volterra
equations [10] given by

dx(t)

dt
= αx(t)− βx(t)y(t) (1)

dy(t)

dt
= δx(t)y(t)− γy(t), (2)

with two initial conditions on x(0) = x0 and y(0) = y0 that completes the formulation.
For illustrative purposes consider the one dimensional least squares problem for which we
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choose β = 1
3
, δ = γ = 1 and x0 = y0 = 0.9. The aim is to find α that best matches x(t)

and y(t) after t = 8 seconds. We compute the desired response d∗ for α∗ = 0.8 using the
forward Euler integration scheme using 1000 equal time steps between 0 and 8 seconds.
Hence, the solution d∗ is known which allows us to quantify our predicted solutions using
a numerically lower fidelity model. Given some estimated response dm(α) using a lower
fidelity model that depends on the following model parameter α. The difference between
the known response and the model response is then given by

E(α) = (dm(α)− d∗), (3)

which can be reduced to a scalar f(α) by the following ordinary least square projection

f(α) = ET (α)E(α). (4)

Consider a lower numerical fidelity model using a random number of time steps between
290 and 350 for each computed α. By choosing a random number of integration time
steps for each α allows us to quantify the variation in response between designs. The
least squares error is depicted in Figure 1(a), while the derivative of the least squares
error w.r.t. the variable α is depicted in Figure 1(b). It is evident that using a third of the
computing power the estimated solution was resolved around 0.81 as opposed to α∗ = 0.8
for the known solution. In addition, the variation in least squares error when varying the
number of integration time steps is negligible allowing for a smooth response in both the
function value and derivative. Here, the function value is indicative of what is required
when an accurate response is of importance for a design variable and of importance
towards the end of a design optimization process. In turn, the derivative is indicative
of the trend of a design variable and merely needs to point us in more or less the right
direction which for the 1D case results in one of two options, left or right. A negative
derivative is indicative of move right for improvement whereas a positive derivative is
indicative of moving left for an improvement. For this example the two are equivalent
and consistent pointing to the same solution.

However, by lowering the numerical fidelity of the computation to less than 10% of the
known solution a clear distinction between the function value and derivatives becomes
evident. Considering an even lower numerical fidelity model using a random number of
time steps between 70 and 90 for each computed α. The least squares error is depicted
in Figure 2(a), while the derivative of the least squares error w.r.t. the variable α is
depicted in Figure 2(b). It is evident that using less than a tenth of the computing
power the estimated solution from the function value is difficult to resolve. The variation
between responses is significant as the number integration time steps between different
values of α makes comparing the quality of solutions for different values of salpha. Hence,
achieving an accurate solution is not achievable for this low fidelity computed solution.
However, when we consider the trends of the solution as indicated by the derivative a
unique solution around α = 0.83 is evident as depicted in Figure 2(b). The estimated
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(a) (b)

Figure 1: Solution of (a) a cost function and (b) the derivative of the cost function w.r.t.
the design variable α. For each α a differential equation was required to be solved. Every
α was solved using a random number of integration time steps between 290 and 350.

solution here is remarkably close to the actual solution of α∗ = 0.8 given we expended
less than 10% of the computing power. The implication of this observation for solving a
design optimization problem in general is that by initially focussing more on the trends
of a simulation and only the values towards convergence if required can have a significant
computational saving.

To reiterate the discussion in Section 1, design optimization remains characterised
by either the analyse-wait-modify-analyse cycle or more recently the batch analyse-wait-
modify-batch analyse cycle utilizing mostly high fidelity numerical simulations as most
design engineers or researchers do not distinguish between accurate solutions and accurate
trends in the design process. Combining lower fidelity models with high performance
solution strategies such as efficient GPU based DEM enables us to not only do simulations
faster, but differently. This allows for the development of new and alternative paradigms
of which ISD is an example.

3 OVERVIEW OF COMPUTING ARCHITECTURES

The two most common computing platforms that are readily available are the central
processing unit (CPU) and the graphical processing unit (GPU), while field programmable
gate arrays (FPGAs) allow for increased computing power they are costly. In modern
computing the following three criteria dominate the selection computing architectures:

1. time to solution,

2. energy required to compute a solution,

3. capital cost for computing platform.
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(a) (b)

Figure 2: Solution of (a) a cost function and (b) the derivative of the cost function w.r.t.
the design variable α. For each α a differential equation was required to be solved. Every
α was solved using a random number of integration time steps between 70 and 90.

The energy requirements to compute a solution are becoming increasingly more important
to consider as the number of problems being solved daily is growing substantially with
the potential for significant power savings. However, for a given architecture the time
to solution and power requirements are two competing objectives as exemplified by the
power characteristics of CMOS integrated circuits (ICs). Both CPUs and GPUs follow
the CMOS IC power characteristics that are dominated by the two main contributors
namely, static and dynamic power draw. The static power consumption is the power
required when the transistors are not switching which is given by

PS = V IS, (5)

with V the supply voltage to the circuit and IS the static current flowing though the
circuit. The dynamic power which consists of capacitive and transient power consumption
and follows

PD = aC × V 2 × f, (6)

with a representing the fraction of transistors switching, C indicating the switched ca-
pacitance, V the supply voltage and f the clock frequency [11]. The higher the clock
frequency the lower the latency but the more power the processing consumes.

However, the time to solution and energy required to compute a solution is not directly
related to the clock frequency when we consider different computing architectures as the
potential for parallelization of the problem at hand is an important point to consider. The
CPU and GPU are two computing architectures designed for two very different problems.

The central processing unit (CPU) is a contemporary general-purpose processor that
excels at computing multiple instructions to be executed sequentially on new or the same
data. Parallelization of CPUs have extended to only a few multi-core processing units
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Figure 3: (a) Clock rate versus thermal design power for various transistor sizes of CPUs
and (b) the speedup factor for 1 GPU over 1 CPU to compute the various number of
particles.

(typically less than ≤ 32) with data being fed using limited memory bandwidth as a few
cores can only compute so fast. These cores run at the highest clock cycles serving appli-
cations that require low latency at the cost of higher power demands. The relationship
between clock rate as function of thermal design power (TDP) outlined by (6) is indicated
in Figure 3(a) for various transistor sizes.

In turn, the graphical processing unit offers a vast number of simple, data-parallel and
deeply multi-threaded cores that are fed data using high memory bandwidth. GPUs excel
at problems that require the same operation to be performed on different data known
as single instruction multiple data (SIMD) parallelization. The cores run at about one
quarter ot third of the clock rate than the high-end CPUs reducing the power demand
at the cost of sacrificing latency for throughput. The programming support for GPUs
have improved significantly with CUDA supporting development for NVIDIA based GPUs
while OpenCL renders support for AMDs manufactured GPUs. In addition, the GPU has
significant speedup when conducting single precision floating point operations as opposed
to double precision operations. Although, single precision DEM has only been explored by
a limited number of researchers, the potential for additional computational performance
and reduced memory requirements renders this an important consideration for future
research. The reduced memory requirements allows for more particles to be solved using
the same amount of memory which is important for memory limited computing platforms
such as the GPU. In addition, the GPU is designed with a high bandwidth memory
interface to allow large amounts of data to be moved in memory on the GPU for efficient
large scale parallel processing.

DEM is ideally suited for GPU architectures as it is a throughput constrained com-
puting problem, as a consequence it has resulted in significant speed-up over CPU based
DEM simulations as depicted in Figure 3(b). The single precision performance by Goven-
der et al. [12] indicates a significant improvement in computational performance of a
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factor of 180 when considering the GPU above the CPU, the general GPU performance
improvement is around a factor of 50 to 100. Figure 3(b) clearly demonstrates the benefit
of utilizing the GPU to solve DEM problems, since DEM problems with large numbers of
particles are ideally solved by architectures designed for high throughput problems.

4 PRELIMINARY INVESTIGATION TUMBLING MILL DESIGN LAND-
SCAPE

This study investigates the potential for adaptive particle refinement to speed-up design
based discrete element simulations by conducting a pilot investigation with the set of
preliminary results reported in [13]. This study investigates the effect of the lifter geometry
on the distribution of the estimated power draw of the mill with the estimated normal
and shear energies to be considered in a future study. The two variables for the lifter
geometry are the width and height as depicted in Figure 4(b). The height is varied 1.2cm
and 4.8cm, while the widths are varied between 2cm and 10cm.

For the purposes of our investigation we conduct three sets of analyses using three
particle sizes. We consider the finest particle size to be the solution landscape. We
therefore compare the response surface landscapes not only w.r.t. to the predicted values
but also the distance each response surface’s optimal design is from the known solution.
Three particles sizes selected are r1 = 1 in, r2 = 0.794 in and r3 = 0.63 in. As a first
approach the selection of the sizes are based on the following criteria:

1. The radii being related by 0.5
1
3 ≈ 0.794 should fill the same representative volume

when number of particles are doubled.

2. The potential energy of the system stays the same when the effective masses m and
heights h stay the same mgh, with g the gravitational acceleration.

3. The kinetic energy, 1
2
mv2, stays the same when the mass stays the same and the

velocity stays the same. The tumbling mill is modelled with prescribed rotations
that enforces the same velocities as input the problem.

Selecting the particles following the relationship r2 = 0.794r1 ensure the masses to be the
same, particle volume to be the same, as well as the potential energy as the particles are
loaded to the same height when the particle number is doubled and particle volume halved
for respectively 1000, 2000 and 4000 particles. The volumes being effectively the same for
the three particle sizes are evident in Figures 5(a)-(c). The impulses to the problem will
vary significantly due to the lumped nature of the particles.

We consider BlazeDEM-GPU [12], where the equations of motion are integrated using
an explicit forward Euler scheme using a time step ∆t = 10−4. The particle-particle
coefficient of restitution is 0.4 and the stiffness chosen to resolve the contact within at
least 10 time steps. The static and dynamic coefficient of friction is chosen as 0.45 and the
rolling resistance is selected as 0.001. The particle-cylinder and particle-lifter properties
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coefficient of restitution is 0.4 and the stiffness chosen to resolve the contact within at
least 10 time steps. The static and dynamic coefficient of friction between the particle-
cylinder and particle-lifter is chosen as 0.5 and the rolling resistance is selected as 0.001.
The particle density is assumed to be of Aluminum 2.7 cm/g3.

After the 20 discrete element runs per particle diameter have been completed, as de-
picted in Figures 6(a)-(c), the radial basis function (RBF) response surfaces for each par-
ticle size was constructed as depicted in Figures 7(a)-(c). To construct the RBF surface
the optimal ε was first determined by minimizing the leave-out-one-cross-validation error
(LOOCVE) using a brute force strategy [13]. Once the optimal ε∗ has been determined,
it is used to construct the radial basis function (RBF) response surface.

(a)

W

H

SAG Lifter

2cm

Lifter

(b)

Figure 4: (a) Modelled ball mill, with 90cm diameter, depth of 15cm and eight lifters,
filled with spherical charge particles. (b) The geometry of the lifter parametrized using
two variables [13].

The RBF predicted normalized power draw is depicted in Figures 7(a)-(c) by dividing
by the configuration with the highest power demand. It is evident when considering the
domains with the highest reported power demand all three simulations are within the
same part of the design domain. This demonstrates promising results for utilizing such
responses as objective function in design optimization problem, as the actual values are not
so important as the design vector that coincides with the maximum power requirements
or minimum.

In turn, when considering the actual values as exemplified by the contours that only
show values limited between 0.8 and 0.9 as depicted in Figure 8(a)-(c) it is clear that
the 1000 particles simulation seems to be inadequate, whilst the 2000 particle simulation
demonstrates promising potential. This is an important consideration when considering
constraint functions as constraints require accuracy as they usually define absolute re-
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(a) 1000 particles of radius 1 in (b) 2000 particles of radius 0.794 in (c) 4000 particles of radius 0.63 in

Figure 5: Tumbling mill filled with three particle sizes namely (a) 1 in, (b) 0.794 in and
(c) 0.63 in using respectively 1000, 2000 and 4000 particles.

(a) 1000 particles of radius 1 in (b) 2000 particles of radius 0.794 in (c) 4000 particles of radius 0.63 in

Figure 6: Actual normalized power contours of the actual data, using the 20 full factorial
design of experiment points, for the three particle sizes, namely (a) 1 in, (b) 0.794 in and
(c) 0.63 in using respectively 1000, 2000 and 4000 particles.

strictions on the computed values. It is therefore important to note that starting with
a too low numerical fidelity may be inadequate to save computational time when con-
straints are considered unless additional measures are taken which is part of our current
investigation.

5 CONCLUSIONS

By combining lower fidelity models with high performance solution strategies such as
efficient graphical processing unit (GPU) based discrete element modelling (DEM) enables
us not to only do simulations faster but differently. This allows for the development of new
and alternative paradigms of which interactive simulation and design was considered in
this study, and essentially the paradigm for which the simulation environment BlazeDEM-
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(a) 1000 particles of radius 1 in (b) 2000 particles of radius 0.794 in (c) 4000 particles of radius 0.63 in

Figure 7: RBF predicted normalized power contours of the actual data, using the 20 full
factorial design of experiment points, for the three particle sizes, namely (a) 1 in, (b)
0.794 in and (c) 0.63 in using respectively 1000, 2000 and 4000 particles.

(a) 1000 particles of radius 1 in (b) 2000 particles of radius 0.794 in (c) 4000 particles of radius 0.63 in

Figure 8: All the designs that lies between the level sets 0.8 to 0.9 of the normalized power
for the three particle sizes, namely (a) 1 in, (b) 0.794 in and (c) 0.63 in using respectively
1000, 2000 and 4000 particles.

GPU was developed. In addition to the design cycle, the role that this paradigm will
play in education is invaluable as an in-house corporate training tool for young engineers
to actively train and develop understanding for specific industrial processes. The initial
results prove to be promising and warranting extensive research to be conducted in future.
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Abstract. Partitioned approaches for the solution of Fluid-Structure Interaction (FSI)
problems are particularly interesting because, among other aspects, they allow for the
reuse of existing software. In this work, we propose a partitioned scheme based on the
weakly compressible PFEM for the fluid domain and SIMULIA Abaqus/Explicit for the
solid domain. The coupling is treated with a domain decomposition approach based on
the Gravouil-Combescure algorithm. This approach allows for the use of different time
step size on the two phases (fluid and solid) and incompatible mesh at the interfaces. The
main goal of the proposed fomrulation is to show the possibility of a strong fluid-structure
interaction coupling within af fully explicit sframework. 2D test-cases will be presented to
validate the proposed coupling technique. The explicit time integration scheme for both
the fluid and solid subdomains, together with the explicit treatment of the coupling, makes
this method appealing for large scale applications in a variety of engineering problems with
fast dynamics and/or a high degree of non-linearity.

1 INTRODUCTION

The numerical simulation of fluid-structure interaction (FSI) problems involving free-
surfaces is of great interest in many engineering applications. Particle-based methods,
like PFEM, are particularly suited for the analysis of free-surface flows and fluid-structure
interaction with large displacements of the interface. In the current work, a partitioned
approach for the solution of the FSI problem is proposed. The fluid domain is discretized
using the Particle Finite Element Method (PFEM). The weakly compressible formulation
of fluid flow, originally proposed in [1] for the PFEM, allows for a fully explicit solution
scheme. Thanks to the Lagrangian formulation, the free surface is directly defined by
the current position of the particles, coinciding with the nodes of the fluid finite element
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mesh, while the governing equations are imposed like in the standard FEM (see e.g.
[2, 3, 4, 5, 6]). When the mesh becomes too distorted, a fast triangulation algorithm
is used to redefine the connectivities. The structural domain is instead analysed with a
standard commercial explicit FEM (SIMULIA Abaqus-Explicit). The coupling between
the fluid and solid domains is treated with the GC Domain Decomposition approach
[9]. On each subdomain the problem is solved independently and then the two solutions
are linked at the interface using a Lagrange multiplier technique. The proposed method
allows for different time-steps in the two subdomains and for non-conforming meshes at
the interfaces between the solid and fluid domains. Moreover, this approach allows for an
explicit coupling, without iterations, between the two subdomains. 2D test-cases will be
presented to validate the proposed coupling technique. The explicit, high parallelizable,
scheme for both the fluid and solid subdomains, together with the explicit treatment of
the coupling, makes this method appealing for applications in a variety of large scale
engineering problems with fast dynamics and/or a high degree of non-linearity.

2 GOVERNING EQUATIONS

The weakly compressible Navier-Stokes equations are used to model the fluid domain
Ωt

f . Introducing the coordinates in the current configuration x, the fluid density ρf , the
fluid velocity vf and the external forces bf , mass and momentum conservations read:

dρf
dt

+ ρf (∇x · vf ) = 0 in Ωt
f × [0, T ] (1)

ρf
dvf

dt
= ∇x · σσσf + ρfbf in Ωt

f × [0, T ] (2)

where σσσf is the Cauchy stress tensor which can be decomposed into its deviatoric and
isotropic parts: σσσf = −pfI + τττ f . Under the hypothesis of weak compressibility, the
pressure field pf can be expressed as a function of the density ρf through the Tait equation:

pf (ρf ) = p0,f +Kf

[(
ρf
ρ0,f

)γ

− 1

]
(3)

where p0,f is the reference pressure, ρ0,f the reference density, γ = 7 the specific heat ratio
and Kf the bulk modulus.

Introducing now the solid density ρs, the solid velocity vs , the external forces on the
solid domain bs and the stress tensor σσσs, the momentum conservation equation can be
written in the solid domain Ωt

s as:

ρs
dvs

dt
= ∇x · σσσs + ρsbs in Ωt

s × [0, T ] (4)

Standard Dirichlet and Neumann boundary conditions are applied on both the domains.
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3 NUMERICAL APPROACH

A standard Galerkin finite element approach is applied to obtain the semidiscretized
form of momentum conservation equations for the fluid and solid domains:

Mf
dVf

dt
= Fext,f − Fint,f in Ωt

f × [0, T ] (5)

Ms
dVs

dt
= Fext,s − Fint,s in Ωt

s × [0, T ] (6)

where M are the mass matrices, V the vector of nodal velocities and Fint and Fext the
vectors of internal and external nodal forces, respectively.

Fluid mass conservation (1) is discretized starting from the Lagrangian strong form,
leading to:

MρRf = R0 (7)

where Rf contains the nodal values of the density field (details can be found in [1]).
A Central Difference Scheme [7] has been used to integrate equations (5-6) in time.

It is important to recall that performing a mass lumping in the mass matrices, a fully
decoupled system of equations can be obtained and fluid and solid velocities can be
computed explicitly node by node. The proposed integration scheme is known to be
conditionally stable, consequently an adaptive time step which guarantees the respect of
the CFL condition has been used.

A partitioned approach is here proposed for the solution of the fluid-structure inter-
action problem. The fluid sub-problem is solved numerically through the weakly com-
pressible PFEM (see [1]) while the solid sub-problem is analyzed using the commercial
software Abaqus/Explicit [8].

4 THE COUPLING SCHEME

To couple the fluid and the solid subdomains, a partitioned approach, based on the so-
called GC (Gravouil-Combescure) algorithm [9], has been used. This algorithm, originally
conceived for non-overlapping structural domains, has been recently extended to FSI
problems [10]. Applying the GC algorithm to FSI problems, the fluid and structural
domain are solved independently, as if there was no interaction between them. The two
separated analyses are then synchronized by considering a small system of constraint
equations at the fluid-structure interface, ensuring the strong coupling of the partitioned
approach. If explicit time integration is used for both the fluid and structural domain, as
in the present case, the correction step consists in a small system of decoupled equations,
resulting in a fully explicit coupled solver. The proposed algorithm allows for the use of
incompatibles meshes at the fluid-solid interface and, moreover, guarantees the possibility
of the use of different time steps in the two sub-domains. A complete description of the
proposed approach can be found in [11].
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H
L

L

H
L

v

Figure 1: (a) Geometry of the numerical examples. (b) Equivalent Structural scheme.

5 NUMERICAL EXAMPLES

5.1 Beam under hydrostatic load

In the first validation case, the problem depicted in Fig. 1(a) and presented in [12] is
considered. A tank full of water at rest has rigid walls on its left and bottom sides, while
the wall on the right side is made of a deformable beam clamped at its bottom edge.
This problem can be associated to a simple structural analysis scheme, i.e. a clamped
beam subjected to hydrostatic load, as shown in Fig 1(b). The analytical solution in
the framework of linear elasticity and small displacements provide a useful validation for
the proposed method. The geometrical and mechanical parameters of the fluid and the
structure are listed in Table 1. Conforming meshes of average size of 0.002 m are used,
leading to 2400 linear triangles for the fluid and 50 two-node linear beam elements for
the structure. The static analytical solution for the displacement of the upper edge of the
beam represented in Fig 1(b) is given by:

v =
pmaxd

EsIs

[
H4

30
+ (L−H)

h3

24

]

where pmax = ρfgH is the maximum value of the hydrostatic pressure at the bottom of the
tank, g being the gravity acceleration, I is the moment of inertia of the beam cross-section
and d is the out-of-plane thickness of the beam, which is assumed to be equal to the one
of the fluid domain. Substituting the data of the problem at hand, one gets a horizontal
displacement of v = 0.09767 mm and a maximum pressure at the bottom of the beam
equal to pmax = 784.8 Pa. These analytical values will be used for the validation of the
numerical results obtained with the present approach.
Fig. 2(a) shows the time history of the horizontal displacement of the upper edge of the
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Table 1: Beam under hydrostatic loading. Geometry and mechanical parameters.

Geometry
L 0.1 m
H 0.08 m
d 1 m

beam width 0.012 m
Fluid

Density ρf = 1000 kg/m3

Viscosity µf = 0.1 Pa · s
Bulk Modulus Kf = 2.15 · 109 Pa

Structure
Density ρs = 2500 kg/m3

Young Modulus Es = 100 · 106 Pa

beam, while Fig. 2(b) shows the time history of the pressure at the bottom edge. One can
note that after the initial transient oscillations, the simulation reaches the steady state,
which is in good agreement with the static analytical solution.
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Figure 2: Beam under hydrostatic loading. (a) Time history of the horizontal displacement at the tip
of the beam. (b) Time history of pressure at the bottom of the beam.

5.2 Tank interacting with a highly deformable beam

In this second example, a tank interacting with a highly deformable beam, originally
proposed in [13], is considered. The geometry is the same of the previous case (Fig. 1(a) ).
The only different parameter is the beam Young’s Modulus, which is Es = 1MPa in this
case. Because of the lower beam stiffness, the analytical solution based on the hypothesis
of small displacements and constant pressure is no longer valid. The beam deflection
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(b) 0.1 s (c) 0.2 s

(d) 0.5 s (e) 1.0 s

Figure 3: Tank interacting with a highly deformable beam. Snapshots of the simulation at different
time instants.

generates a sloshing wave which interacts dynamically with the beam itself, leading to
their oscillations. Fig. 3 shows some snapshots of the simulation that are qualitatively
in good agreement with the numerical results presented in [13]. For a more quantitative
validation, Fig. 4 shows the time histories comparison of the horizontal displacement at
the tip of the beam. One can observe that the frequency of oscillations is the same and,
despite a small overestimation of their peaks, the comparison between the two curves can
be considered very satisfactory.

6 CONCLUSIONS

In the present work a fully explicit and fully Lagrangian PFEM-FEM coupling scheme
has been proposed for the solution of fluid-structure interaction problems. The GC domain
decomposition method has been used to couple the two subdomains. The GC algorithm
ensures the strong coupling and the stability of the partitioned approach. A fully explicit
approach with different time step sizes and incompatible meshes at the interface has been
proposed and validated. The comparison of 2D-examples with analytical and numerical
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Figure 4: Tank interacting with a highly deformable beam. Time history of the horizontal displacement
at the tip of the beam.

results presented in the literature shows the effectiveness and accuracy of the proposed
coupling scheme. The resulting fully explicit solver is appealing for its possible application
in a large variety of large scale engineering problems with fast dynamics and/or a high
degree of non-linearity.

REFERENCES

[1] Cremonesi, M., Meduri, S., Perego, U. and Frangi, A. An explicit Lagrangian finite
element method for free-surface weakly compressible flows. Comp. Particle Mech.
(2017) DOI: 10.1007/s40571-016-0122-7
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Abstract: In this paper, a stable Lattice Boltzmann Flux Solver (LBFS) is proposed for 
simulation of hypersonic flows. In LBFS, the finite volume method is applied to solve the 
Navier-Stokes equations. One-dimensional Lattice Boltzmann model is applied to reconstruct 
the inviscid flux across the cell interface, while the viscous flux is solved by conventional 
smooth approximation function. The present work extends the existing LBFS to calculate 
hypersonic flow field on the leeward, which is hard to get convergent results due to extremely 
low pressure effects in this area. Simulation of a biconics model is studied. It is discovered that 
the tail area of double cone is related to the maximum Mach number that could be convergent. 
The larger the diameter of tail area is, the smaller Mach number could be convergent. Hence, 
the low pressure area behind double cone tail will have large effects during the LBFS simulation 
of hypersonic flow. Two measurements are applied in this paper to overcome the low pressure 
problem. The first one is to apply a local block grid refinement method based on the flow 
conditions for improving the stability. The second is to add a constraint parameter to eliminate 
negative value and give out a proper one. Hence, LBFS is able to get convergent result of the 
hypersonic flow field on both windward and leeward. Several numerical examples are tested to 
compare the performance of method presented in this paper. Simulation results show that 
method present in this paper is able to calculate hypersonic flow field on the leeward with both 
fine accurate and efficient.  
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1 INTRODUCTION 
The hypersonic flow field is a research focus with its special characteristics [1]: (1) strong 

shock effect will cause fierce compression after the shock wave, (2) viscosity greatly changed 
from wall surface to far field area, (3) for hypersonic vehicles flying in high altitude, 
continuous medium assumption is no longer appropriate because of low density effect. The 
computational fluid dynamics (CFD) is becoming more and more popular in simulating 
hypersonic flow field. The finite volume method (FVM) is widely used in existing numerical 
methods [2]. This largely attributes to its spatial discretization is carried out directly in the 
physical space. Hence, structural grid is suitable for discretization, which provides an effective 
way for solving complex geometry problems. In the process of solving N-S equations by FVM, 
flux solver is the key to evaluate viscous and invicid fluxes at cell interface. The viscous flux 
is evaluated by applying a smooth function approximation and inviscid flux is calculated by 
various upwind schemes such as Roe scheme [3], van Leer scheme [4] and AUSM (Advection 
Upstream Splitting Method) scheme [5]. 

Boltzmann equation-based method is an alternative approach for simulating compressible 
flow field, including DVBE [6][8] (discrete velocity Boltzmann equation) and gas-kinetic 
scheme [9]-[13]. Gas-kinetic scheme have better efficiency than DVBE method. However, both 
of them are less efficient and more complicated than conventional Navier- Stocks slovers. 

Lattice Boltzmann Flux Solver (LBFS) is a more efficient method which is proposed by Ji 
et al. [14] and for simulating inviscid flows. LBFS is improved by Shu and Yang et al. [15]-
[19] and has been proved catching strong shock wave and expansion wave very well. In LBFS, 
Euler equations are discretized by FVM and the inviscid flux at cell interface is reconstructed 
by local solution of 1-D compressible Lattice Boltzmann model. LBFS is more efficient and 
easy to apply than DVBE and gas-kinetic method due to only 1-D Lattice Boltzmann model is 
applied and macroscopic governing equations are solved. However, because of 1-D model is 
applied along normal direction at cell interface, the tangential effect cannot be properly 
considered. Viscous flux should be taken into account to solve viscous problems. From 
chapman-Enskog expansion analysis [19], the inviscid flux can be fully determined by 
equilibrium non-equilibrium distribution function at cell interface, and the non-equilibrium part 
can be treated as numerical dissipation. For compressible viscous flows, especially for 
hypersonic flows, the numerical dissipation should be controlled. A switch function is proposed 
by Yang et al. [20] to weight viscous numerical dissipation and has been proved performed well 
in viscous simulation. For hypersonic flow field, physical values such as pressure in leeward 
side can be extremely low. Hence it is very easy to get a negative value in calculating process, 
which make it very difficult to get a convergent result.    

In this work, a stable LBFS is proposed for simulation of 2-D compressible hypersonic 
viscous flows. The inviscid flux is calculated by LBFS and viscous flux is computed by smooth 
function approximation. Multiblock grids and local grid refinement method are applied to 
improve calculation stability. Also a constraint parameter is added to eliminate negative value 
and give out a proper one in calculating process. Besides, the implicit LU-SGS method is used to 
speed up the convergence rate. In the end, a biconics model in Ma=9.86 flow field is simulated to 
validate the developed solver. The results of solver presented in this work is compared with van 
Leer and Roe scheme to evaluate the precision proposed in this article. 
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2 METHODOLOGY 
In LBFS, Navier-Stockes equations are solved in macroscopic scale and local solution of 

Lattice Boltzmann equations are applied in to construct inviscid flux solver at the cell interface. 
It has been proved that particle potential energy is independent from lattice velocity [15]. 
Lattice velocity would be decided by higher momentum conservation relation in this work 
instead of by artificial selection in traditional method. 

N-S equations of intergral form without source term can be written as following. 

( ) 0c vd ds
t  


  

  W F F      (1) 

In which the conservative variables W , inviscid flux cF  and viscous flux vF are given by Eq. (2) 
in 2-D flow field.  
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The expressions of normal velocity nU  and total energy E  are shown as Eq. (3). Where 
/ [( 1) ]e p    is the potential energy of mean flow. 

2 21 ( )
2
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     (3) 

The integral of fluxes in Eq. (1) can be discretized by FVM and the approximated summation 
form can be written as  

    
1

1 ( )
fN

I
ci vi i

iI

d F F S
dt 

  
 W

             (4) 

In which I represents the control volume index, I  is the volume and fN  is number of faces of 
control volume I. In this paper, the inviscid flux cF  in Eq. (4) will be solved by LBFS with non-
free parameter D1Q4 model [18] and viscous flux vF  will be solved by central difference 
method. 

2.1 Non-free parameter D1Q4 lattice Boltzmann model 
The distribution of discrete lattice velocities for D1Q4 model is shown in Fig. 1. This model 

contains 4 equilibrium distribution functions 1
eqf , 2

eqf , 3
eqf , 4

eqf  and 2 lattice velocities 1d , 2d  
(shown as Eq. (5)). The derivation process details are shown in references [18] . 

24 3
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Figure 1: Distribution of discrete lattice velocities for D1Q4 model 
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In which /c Dp   represents particular velocity of particles and D  is space dimension. It has 
been proved by Yang [18] that physical conservation laws (Eq. (6)) can revivify the N-S 
equations by applying relations in Eq. (5). i  means particle velocity in i-direction, for example 

1 1 2 1 3 2, ,d d d       and 4 2d   . For higher dimensional problems, the D1Q4 model should 
be applied along the normal direction of cell interface [18] as is shown in Fig. 2 of the 2D case. 
The normal velocity nU  (Eq. (3)) and tangential velocity ( , )x y nU u u U    u n  in Fig. 2 will 
replace u in Eq. (6). Finally, we will get  n x xu U n u  . 
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Figure 2: Application of 1D model to 2D case 

By applying Eq. (6) to Eq. (2), we will get the conservation variable W and inviscid flux cF  
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of 2-D flow field as following. 
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2.2 Inviscid flux model 

Suppose that cell interface is located at , 1/2 0c jx   , then the inviscid flux at interface cF  is 
decided by normal velocity and can be written as Eq. (8). In which the moments

21, , / 2
T

a i i pe    φ  and  (0, )if t  is the distribution function at cell interface. Generally speaking. 
(0, )if t  is summation of equilibrium part (0, )eq

if t  and non equilibrium part (0, )neq
if t . 

    
4

2

12

(0, )

( ( / 2 ) )

n

c n i a i
i

n n

U

U p f t

U e p U



 




 
 

   
   

F φ     (8) 

To recover N-S equations by Boltzmann equation from Chapman-Enskog analysis 
[19][21][22][23][24], the non-equilibrium part (0, )neq

if t  can be written as following. 

  
(0, )

(0, )neq i i
i i

t

f f
f t

t x
 

       
     (9) 

Then applying Taylor series expansion in tome and physics space, Eq. (9) can be simplified as 
following. 

    (0, ) (0, ) ( , ) ( )neq
i i i if t f t f t t t t

t
     


            (10) 

At the cell interface the equillibrium distribution function is (0, ) (0, )eq
i if t f t . ( , )i if t t t     is 

equilibrium distribution function at surrouding point of the cell interface. Substituting Eq. (9) 
into Eq. (8) as following. 

 0(0, ) (0, ) (0, ) ( , ) ( )eq
i i i i if t f t f t f t t t t              (11) 

In which 0 / t   is the dimensionless collision time and t dt is the streaming time step and 
represents the physical viscous of N-S equations. The contribution of non-equlibrium part is 
always treated as numerical dissipation in LBFS. Therefore, 0  can be regarded as the weight 
of numerical dissipation. We have  0 max ,L R    in this work. In which 

   
1, 1,

max , max
fL fR

L R
j jj N j N

   
 

   and , tanh
L R

j L R

p p
C

p p


 
 
  

. fLN  and fRN  are the number of  control 

volume on left and right side of cell interface.  The details can be found in [25]. 
Substituting Eq. (11) into Eq. (8) we will get inviscid flux cF  which is decided by 

tangential velocity as following. 
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Total invisicid flux at cell interface considering tangential velocity contribution is shown 
as following.  

0 )c c c c   F F (F FⅠ Ⅱ Ⅰ      (13) 

c
FⅠ represents contribution of equilibrium distribution function (0, )eq

if t  at cell interface and cFⅡ  
means equilibrium distribution function ( , )i if t t t     at surrouding point of the cell interface. 
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Figure 3: Streaming process based on D1Q4 model at cell interface  

Supposing that a local Riemann problem is formed at cell interface, which is shown in Fig. 
3. Hence, equilibrium distribution function ( , )i if t t t     at surrouding point of cell interface 
can be decided by the location of i t  , which is shown as Eq. (14). 
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More specifically, Eq. (14) can be written as following for D1Q4 model.  

1,3
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By applying the relationship of (0, ) (0, ) (0, )eq neq
i i if t f t f t  , the conservation flux which is 

decided by tangential velocity can be written as following.  
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1 12
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 W φ φ    (16) 
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The subscript M means parameter on cell interface. The non-equilibrium part has no 
contribution to calculate conservation variables according to the compatibility condition [19], 
which is shown as following. 

      
4 4

0
1 1

(0, ) (0, ) ( , ) 0neq
a i a i i i

i i
f t f t f t t t   

 

      φ φ    (17) 

Substituting Eq.( 17) into Eq. (16) we will get 

         
4 4

1 1
(0, ) ( , )

M

a i a i i
i i

f t f t t t  
 

    W φ φ     (18) 

By applying Eq. (15) into Eq. (18), the conservation flux which is decided by tangential velocity 
M

W  can be written as  

  
1,3 2,4

M L R
a i a i

i i
f f

 

  W φ φ      (19) 

Therefore, density, normal velocity and pressure at cell interface are obtained from Eq. (19). 
Then the tangential velocity at cell interface can be calculated by the following equation. 

  
1,3 2,4

M L L R R
i i

i i
U f U f U  

 

  ( )      (20) 

In which MU , LU  and RU  are tangential velocity at cell interface, on the left and right side of 
cell interface  respectively. Based on Eq. (19) and Eq. (20), all  variables at cell interface such 
as M , Mp  MU  and M

nU  can be obtained. Substituting these variables to Eq. (5) and we can get 
the equlibrium distibution function (0, )if t  at cell interface. 
The c

FⅠ in Eq. (13) including two parts, which are c


F
Ⅰ decided by normal velocity and the part 

decided by tangential velocity. Then c
FⅠ can be written as following by applying variables at 

cell interface. 
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Also cFⅡ  is consists of cF
Ⅱ  decided by normal velocity and the part decided by tangential 

velocity. Substituting equilibrium distribution function ( , )i if t t t     at surrouding point of cell 
interface to Eq. (8) we will get cF

Ⅱ  as following. 

1,3 2,4

L R
c i i i i

i i
f f  

 

  F
Ⅱ

       (22) 

Then the tangential velocity at cell interface can be calculated by the following equation. 
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Now cFⅡ  can be expressed as following. In which ( , )i i if f t t t     . 
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FⅡ     (24) 

By substituting Eq. (21) and Eq. (24) to Eq. (13) we get inviscid flux cF  on cell interface. 

2.3 Viscous flux model 

In this work, central difference scheme is applied to solve the visous flux vF . Stress tensor 
  and flux vector   in Eq. (2) are given by  

    2= +
3

T

k T

 



      

    

u u u I

u

     (25) 

In which   is dynamic viscosity and decided by Sutherland’s law and turbulence model. k  is 
thermal conductivity and I  is unit matrix. 

For physical variables on cell interface, such as andu, v, w  k , can be calculated by arithmetic 
mean value on left and right side of cell interface, shown as following. 

1 ( )
2

M L R         (26) 

Where   represents any physical variables. The derivatives in Eq. (25) are calculated by finite 
difference scheme and detils are shwon in reference [26]. 

2.4 Method to improve numerical stability 
Multiblock grids are applied to refine local grid quality. Grids local refinement method is 

used near wall surface and block interface. Hence, scheme stablity has been improved by 
reducing spatial step, especially in the leeward side of flow field. Besides, a constraint 
judgement is added in our code to avoid negative value in calculating process. In this work, 
implicit LU-SGS method [27] is applied to speed up the convergence rate and keep calculation 
robust.  
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3 NUMERICAL SIMULATION 
Biconics model is used to verify the present solver. The shape of biconics model is shown 

as Fig. 4. The head curvature radius is 3.84mm, semi-cone angle is 12.84 degree in front and 7 
degree in back, while the length of front cone is 69.55mm and 122.24mm totally. The free 
stream has a pressure of 59.92PaP  ， temperature of 48.88KT   and Mach number 

9.86Ma  .  
Fig. 5 shows mach number distribution obtained by present solver in this article. It can be 

seen clearly that  LBFS can capture strong shock waves and flow inside the boundary layer 
exactly. The maximum Mach number is 16.93Ma. 

Fig. 6 shows the pressure contours bibonics model without tail flow field, and Fig. 7 is the 
one has tail field. Fig. 8 and Fig. 9 show temperature distributions. One block grids are applied 
of flow field without tail simulation. It is easier for calculation convergent without low pressure 
effect in back tail flow. 

 

 

Figure 4: Measurements of biconics model  Figure 5: Mach number contours obtained by LBFS 
at Ma=9.86 

  
Figure 6: Pressure contours obtained by LBFS 

without back tail flow field 
Figure 7: Pressure contours obtained by LBFS with 

back tail flow field  
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Figure 8: Temperature contours obtained by LBFS 

without back tail flow field 
Figure 9: Temperature contours obtained by LBFS 

with back tail flow field 

The hypersonic flow can only be affected by inflow in theory. To validate this we give out 
comparision of results in with and without back tail flow field which are shown as Fig. 10  and 
Fig. 11. Fig. 10 is comparison of pressure coefficient Cp. Results of with back tail flow field 
are shown by lines and without tail results are shown by symbols. Also to evaluate LBFS in 
this work, van Leer scheme and Roe scheme are applied and the results are shown below. 
Because high temperature is a focous problem in hypersonic flow research, we also discuss heat 
flux calculation here. Fig. 11 gives out comparison of heat flux. The experiment data is from 
reference [28].  

Results in Fig. 10 and Fig. 11 show that LBFS in this work can offer both high 
computational accuracy and numerical stablity. Hence, it is demonstrated useful for aircraft 
research and design.  

  
Figure 10: Cp comparison of biconics model 

between different methods 
Figure 11: Heat flux ratio comparison of biconics 

model between different methods 
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4 CONCLUSIONS 
This paper presents a stable lattice Boltzmann flux solver (LBFS) for simulation of 2-D 

compressible hypersonic viscous flows. The present work is a new application which make it 
possible for simulation in flow field of leeward wall surface. Physical values in leeward side 
can be extremely low in hypersonic flows due to strong shock effect. Negative values are easy 
exsting in calculating process. Hence, multiblock grids and local grid refinement method are 
applied to promise the calculation convergency. And we have added a constraint parameter to 
eliminate negative value in calculating process.  

Numerical simulation of a biconics model in Ma=9.86 is used to validate the developed solver. The 
results comparison of solver presented in this work, van Leer and Roe scheme show that method 
presented in this work have high computational accuracy and stablity. 
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Abstract. When granular media which have different size, density, shape or even frictional 
properties flow they will tend to segregate. This is of fundamental scientific interest but also 
has significance in a variety of industries including mining, pharmaceuticals, food processing 
as well as for natural phenomena such as landslides. Here we consider segregation that occurs 
when a granular mixture is sheared, such as when it flows down along an inclined slope. A 
partially filled cylindrical drum is being slowly rotated about its axis (which is perpendicular 
to gravity) is a popular test-bed to examine sheared granular segregation. Here we consider 
simulation (Discrete Element Method, DEM), experiment and continuum theories in order to 
understand the segregation that occurs. 

Using DEM simulations we can clearly determine the underlying causes of segregation which 
intimately depend on intrinsic particle properties such as their size, density and shape. We 
compare these DEM simulations with both experiments and continuum theories, for a number 
of these properties, and find very good agreement. It will be shown that segregation arising
from differences in particle size is the strongest, with stable asymptotic states being reached 
after only one or two cylinder rotations. Density segregation is the next strongest followed by 
segregation due to particle shape. The underlying physical mechanism leading to segregation 
is different in each of these properties. We compare and contrast these mechanisms in detail. 

1 INTRODUCTION
Mixing and segregation of granular mixtures is encountered in a variety of industries 
including minerals, polymer, food and pharmaceuticals processing. In some cases the sample 
is required to be as homogeneous as possible while any flow, vibrations or shear of the 
granular mixture will oppose this. On the other hand, in some circumstances separation of the 
mixture into its constituent parts is required so that one must understand how to harness the 
inherent segregation and maximise its rate and extent to attain the final goal. Experimentally it 
is known that any differences between the individual, constituent particles such as particle 
size, density, shape or frictional properties can lead to granular segregation when the mixture 
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is forced into motion [1]. Thus these intrinsic (particle-scale) properties control the 
macroscopic differences observed in the mixtures. 
Although granular segregation is significant to a wide range of industries and applications and 
also is itself of scientific interest, it is still incompletely understood. For example, there is no 
set of continuum equations that can describe the segregation in detail, as there is for the 
Navier-Stokes equations for liquids (Meir et al, 2007). This is not surprising considering the 
individual particles themselves behave differently depending on their intrinsic properties (as 
mentioned above).  How a cubical shaped particle moves down a sloped surface is quite 
different to how a spherical particle does. 
In this work we focus on the effect of shear on granular mixtures. Shear occurs in a variety of 
scenarios such as Couette flow, Poiseuille flow or even flow of particles down an inclined 
surface. In this study we focus on sheared flow which occurs in a cylindrical tumbler roughly 
half-filled with a granular mixture. This particular set-up has been the focus of much 
experimental [2-8], theoretical [9-16] and simulations [17-21]. The cylinder is oriented with 
its axis perpendicular to the gravity vector and is rotated slowly (1-5 revs per minute) about 
this cylindrical axis. To focus on the particular physical mechanisms that underlie the granular 
segregation it is usual for the granular mixture to be made up of two distinct particle types, 
which is called a binary mixture. We consider in detail radial segregation of the mixture, i.e. 
segregation in a radial direction within a plane perpendicular to the cylinder axis.
A useful dimensionless number which is commonly used to characterize the flow regime for 
this particular set-up is the Froude number, defined as Fr = ω2R/g, where ω is the rotational 
speed of the cylinder, R is the cylinder radius and g the magnitude of gravity. For the 
relatively slow cylinder rotations we consider here (mostly 1 rev/min), the flow is in the 
rolling regime. This means particles predominantly roll once the main flow in the cylinder has 
been established and the particle bed remains contiguous. Much faster rotational speeds lead 
to particles becoming separated spatially from the main bed. 
In this paper we describe DEM simulations for this slowly rotating tumbler. One tracks 
individual granular particles, which are subject to a soft collision interaction model, and the 
entire granular segregation process that evolves is close to the true physical evolution. We 
shall show this is true by comparison with experiments. We shall also compare the DEM 
results with continuum models for granular segregation.
As the DEM procedure we use has been well documented previously (see [7,19-21]) we do 
not delve into it in any of this detail. However, we mention here a few important points about 
the variant used. Collisional forces are modelled with a soft contact model. Particles are 
allowed to overlap a certain amount, ∆x and normal and tangential relative velocities (vn and 
vt respectively) determine the interaction forces via a linear spring and dashpot model. Since 
shape is one of the intrinsic properties considered we need to not only model spherical 
particles but also non-spherical ones which are given by the equi-axis super-quadric equation:

𝑥𝑥𝑛𝑛 + 𝑦𝑦𝑛𝑛 + 𝑧𝑧𝑛𝑛 = 𝑎𝑎𝑛𝑛 (1)

For n = 2 this equation gives spheres of radius a, but as n increases the particles become more 
blocky in shape until as n → ∞ the particle is a cube of side length 2a.
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2 DENSITY SEGREGATION
For granular mixtures composed of particles with different density (but same size and all are 
spherical) after around 2 rotations of the cylindrical tumbler a core of denser particles forms 
surrounded by a corona of less dense particles (see Fig. 1) form. As the cylinder rotates, 
particles are bought to the top of the upper flowing particle surface. The main segregation 
occurs in this upper region of the particle bed, where the denser particles sink into the core 
region, while the less dense ones flow down along the inclined free surface to the bottom of 
the inclined surface. This segregation mechanism is called buoyancy. Figure 1a shows the 
experimental results for this case (glass and lead particles) where the lead particles (dark grey) 
have migrated to the core of the particle bed and glass particles (light grey) migrate close to 
the cylinder walls. Figure 1b shows the corresponding DEM results also after 2 cylinder 
rotations. The small protruding rectangular ridges on the cylinder walls were included with 
the intention to mimic macroscopic surface roughness and prevent the rigid body slipping of 
the whole granular bed against the wall. This type of segregation state forms when 
(predominantly) all particles have a similar size. The similarity between experiments and 
DEM is apparent.

Figure 1. Particle distributions for density segregation for a cylinder fill fraction of 0.3 after 2 revolutions of the 
tumbler. a) Experimental result, and b) DEM result (Pereira et al, 2011). The red line in the experimental photo 
is used to calculate radial segregation fractions.

To make this comparison more quantitative, the normalized radial area is used. It is calculated 
as follows for both experiments and DEM. Snapshots of the particle distribution are taken at 
(small) regular time intervals (0.0625 revs). After two revolutions a boundary is defined 
around the main core of heavy particles (see red curve in Fig. 1a). This asymptotic boundary 
is subsequently superimposed on all earlier states, for both the experiment and the simulation, 
to determine the proportion of heavy particles currently enclosed within this boundary. The 
normalized radial area is defined as the number of heavy particles within the red boundary
divided by the total number of particles. 
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Figure 2. Radial segregation measure as a function of time (revolutions). The symbols are from experiment and 
the black line from DEM.

The evolution of the radial normalized area for both the simulation and experiment are shown 
in Fig. 2. The simulation exhibits a rapid increase (within 0.3 revs, region i) to around 0.8. 
After this (region ii) it tends to fluctuate about 0.75 and after two rotations has the value of 
0.82. The comparison of the radial normalized area between simulation and experiments is 
excellent. Both show distinct temporal regimes in the segregation process. In the initial, rapid 
segregation regime, both simulations and experiments grow at the same rate and over the 
same period of time. Once they enter the equilibrium regime, they both show fluctuations of 
similar amplitude about their similar mean (plateau) values and have final values which are 
very similar. The main difference between simulation and experiments is when the initial 
slope failure occurs. For simulations this occurs earlier than for the experiments. In Fig. 2 we 
have also displayed the experimental results with a time offset of −0.1875 revs to account for 
the different time of flow initiation. With this offset accounted for the comparison is 
extremely good. The reason for this timing difference is that the DEM particle bed achieves it 
first failure much earlier than does the experiment. We postulate that this is due to particle 
shape – the DEM particles are exactly spherical while the experimental particles are fairly 
round but not exactly spherical. It is well known that spherical particle roll much more easily 
than even slightly non-round particles and a heap of such particles will form a stronger 
structure in contrast to spherical particles. Hence it is not surprising then that in DEM 
simulations, failure of the granular bed occurs earlier than in experiments. It is important to 
note though that the small shape differences do not affect the nature of the flow or segregation 
once initial slope failure has occurred.
Comparisons for other fill levels have also made, showing good overall agreement between 
DEM and experiments [7]. In these DEM simulations, the Froude number and the density 
ratio between the particle pairs was also systematically varied in order to study the functional 
dependence of the density segregation on these factors. A significant amount of density 
segregation is possible only for Froude number less than around 10-3. Above this value, too 
much energy is supplied to the granular bed (from the cylinder rotation) which inhibits
density segregation. The buoyancy mechanism is observed to become dominant over particle 
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diffusion for density ratios above 2 leading to strong segregation of the particle bed.

3 SIZE SEGREGATION
Consider next binary granular mixtures which differ only in their size (the particles densities 
are the same and their shapes are spherical). Segregation of the granular mixture occurs via a 
mechanism known as percolation whereby the smaller particles percolate down through the 
gaps between the larger particles. Although this effect has probably been known for many 
centuries it was first detailed for granular mixtures undergoing vibration and termed the Brazil
nut effect [22]. Although vibration and shear flow differ somewhat in the details of their 
dynamics, the flowing top layer of the granular bed provides sufficient relative motion 
between particles to induce percolation of the smaller particles. For mixtures where particles 
differ in size only we obtain a core of small particles surrounded by a corona of large particles 
(see Fig. 3). 

Figure 3. Equilibrium distribution of particles after 5 revolutions for different size (same density and spherical) 
binary granular mixture. Yellow represents large particles while red represents smaller particles. a) 1 mm and 2 
mm diameter particles, and b) 1 mm and 4 mm diameter particles.

Figure 3a shows the segregation pattern after 5 rotations of the cylindrical tumbler for 
particles with a size ratio of 2 (ratio of radii). Here we see quite pure segregated states evolve 
with the small particles occupying a core region (which is almost pure red) and the large 
particle forming a corona region (almost pure yellow). However, note when the size ratio
increases to 4 then the large particle region becomes less pure than occurs for a size ratio 2. 
This counter-intuitive result comes about from the fact that now the small particles are so 
small they have percolated to the bottom of the container, through the corona region. To 
understand the difference between the two cases, one should recognize that particles are 
packed together well in the coronal region. So for size ratio 2, this packing prevents “leakage” 
of smaller particles from the core into the corona, while for size ratio 4, even this close 
packing is not small enough to prevent small particles leaking through the pore network from 
the core to the corona.
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Segregation of ternary granular mixtures (i.e. three different sets of particle sizes) was also
modelled via DEM [19]. For example, Fig. 4 shows the segregated mixture after 5 cylinder 
rotations. Here we have used particle diameters 1 mm (blue), 2 mm (red) and 3 mm (yellow). 
As one might anticipate the smallest particles (blue) might migrate to the inner core, and the 
largest particles (yellow) migrate to the corona while the intermediate sized particles (red) are 
more or less found in between the other two. For different combinations of particle sizes, this 
segregation behaviour remains broadly similar for the smallest and largest particles, but the 
behaviour of the intermediate size particles is found to depend on their size ratios to the other 
two sizes and can accordingly be more dispersed through one or other of the two regions, see 
for example Fig. 4b for particle sizes 1, 2 and 4 mm.

Figure 4. Equilibrium distribution of particles (after 5 revolutions) for a ternary granular mixture of different 
sizes (but with same density and spherical) particles. Yellow represents the largest particles, blue represents the 
smallest particles and red are intermediate sized ones. a) Particle diameters are 1 mm, 2 mm and 3mm, and b) 
particle diameters are 1 mm, 2 mm and 4 mm.

The amount of radial segregation was evaluated quantitatively by obtaining a (normalized) 
average of each particle type in 2 mm thick annuli from the cylinder centre, once equilibrium 
was established. This is shown in Fig. 5a, for a mixture with particle sizes 1, 2 and 3 mm. The 
smallest particle size has a peak close to the scaled radius of 0.2 (corresponding to the core)
while the largest particles have a peak at scaled radius of around 0.95 (corresponding to the 
corona) with the intermediate size particles having a peak around scaled radius of 0.7 (which 
is in between the other two regions). To determine the strength of the competing mechanisms, 
one may compare this radial with the theoretical continuum model of Gray and Ancey [15].
While the details of the continuum model are too detailed to be given here, it focuses on the 
upper flowing (shear) layer and includes advection, diffusion (due to particle collisions) and 
segregation (due to particle size differences). The continuum model then involves four 
phenomenological parameters – a diffusion constant and three (binary) interaction terms 
which control segregation. These can be varied so that the segregation profile matches the 
DEM radial segregation profile (see Fig. 5b). The match between the two profiles is adequate 
which validates the dominant competing mechanisms (percolation and diffusion).
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Figure 5. a) DEM volume fraction (of different sizes) as a function of distance from the cylinder centre 
(averaged over the axial direction) for the ternary mixture in Fig. 4a (1, 2 and 3 mm diameter particles). Circles –
smallest particles, squares – intermediate particles, triangles – largest particles. Curves are guides for the eye. b) 
Results from Gray and Ancey’s (2011) continuum model for different particle size mixtures. We have chosen he 
four coefficients so that the result is close to that shown in Fig. 5a. Black solid curve – largest particles, red 
dashed curve – intermediate particles and blue, dot-dashed curve – smallest particles. 

4 SHAPE SEGREGATION
Now consider a binary granular mixture where particles differ only in their shape (their sizes 
and density being the same, with particles having the same a value in Eq. 1). Here we use 
particles which are either spherical or blocky (i.e. with an n value in Eq. 1 which is greater 
than 2).  Figure 6 shows the segregation pattern for a binary granular mixture of particles of 
different shape after 9 rotations of the cylinder. In Fig. 6a we have a core of more blocky 
particles (n = 4.55, red) and a corona of spherical particles (blue). However, in contrast to size 
and density segregation we see that the boundary between the two particle types is quite 
diffuse, with red particles still distributed throughout the blue region and vice-versa. For a 
granular mixture with a higher ratio of n values (see Fig. 6b) it is now observed that the core 
and corona regions are more pure (here the red particles have an n value of 10.05, while the 
blue particles are spheres). 
While the buoyancy mechanism underlies density segregation and percolation underlies size 
segregation, what gives rise to the segregation in the case of shape? We postulate that this 
relates to flowability of each particle shape [21]. As the cylinder rotates, the two types of 
particles are transported up to the top of the inclined free surface layer. At this point both sets 
of particles are at the same height, and so have the same amount of gravitational potential 
energy. As they begin their descent down along the flowing layer, the spherical particles 
travel faster than do the more blocky particles. The more blocky particles dissipate their 
available potential energy more quickly and so both travel more slowly and come to rest 
earlier within the flowing layer. At this point, other particles (mainly spherical ones) flow 
over them burying them at the bottom of the current shear layer. Over repeated passes through 
the shear layer the blocky particles move progressively towards the center to form a core 
region for the particle bed. Meanwhile the spherical particles which on average dissipate their 
potential energy more slowly  have higher flow speeds in the surface shear layer and are 
typically able to reach the bottom of the slope and build up against the wall of  the cylinder. 
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They are then transported around the cylinder, via rigid body rotation of the main bed. This 
shape segregation occurs within the top, flowing layer and provides a downward dynamic 
pressure in a continuum interpretative sense that causes them to migrate towards the core.

Figure 6. Particle distribution for binary mixture where particles only differ in their shape after 9 revolutions. a) 
spherical (n = 2) shown as blue and rounded cubical (n = 4.55) shown as red, and b) spherical (n = 2) shown as 
blue and sharp cubical (n = 10.05) (red). 

The operation of this segregation mechanism was demonstrated by evaluating the surface 
layer speeds of the two particle types (spherical and blocky). At each time step during a DEM 
simulation, we evaluated (using only particles in the upper flowing layer): (i) the percentage 
of time that spherical particle had a speed greater than the blocky particle, (ii) the average 
differential in speed between the two particle types, and (iii) the average spread (standard 
deviation) in the average differential speed between the two particle types. The results are 
shown in Fig. 7 (with the left axis showing the percentage of time and the right axis showing 
the average differential speed) for four different shape ratios. For small shape ratio, the 
spherical particles 60% of the time have a larger speed than the blocky particles but at large 
shape ratio this increases to about 95% of the time.  The speed differential (spherical particle 
speed – blocky particle speed) is 1.8 mm/s (with a spread of 6.6 mm/s) at the smallest shape 
ratio (of 1.25) but rises to 23.4 mm/s (with a spread of 13.6 mm/s) for the largest shape ratio 
(of 4.95) considered. These clearly indicate that for significantly blocky particle (i.e. large n)
not only do the spherical particles consistently travel faster down the flowing layer than the 
blocky particles, they do so with a significantly larger surface speed. These differences then 
control the deposition location on the slope for each shape which drives the inward migration 
of the blockier particles.
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Figure 7. Difference in speeds between the two particle shapes (spherical and blocky) in the top, surface layer as 
a function of the shape ratio. The black circles are the percentage of time the spherical particles have a larger 
speed than the blocky particles (left axis). The red squares are the average differential speed in the surface layer 
between spherical and blocky particles and the blue triangles are the spread in average differential speed (right 
axis). Curves are drawn as guides for the eye.

5 COMPARISON BETWEEN DENSITY, SIZE AND SHAPE SEGREGATION
These DEM simulations have been not only able to determine the stable segregation patterns 
for granular mixtures which may differ either in particle density, size or shape but also other 
quantitative information. Here we can summarise the main outcomes as follows

• Size segregation appears to be the strongest of the three segregation mechanisms, 
closely followed by density segregation and both are much stronger than shape 
segregation. It was found that size segregation could lead to relatively pure core and 
corona regions, but only for a small range of particle size ratios – the ratio of radius of 
the big particles to small particles should be less than approximately 3. If the particle 
size ratio is greater than 3, leakage occurs which limits the segregation extent. 

• Density segregation generally increases monotonically with particle density ratio. In 
shape induced segregation one never obtains pure regions of either particle type.

• The kinetics of segregation are equally fast for size and density segregation and slow 
for shape segregation. It takes of the order of 10 cylinder rotations before the 
(asymptotic) steady state is reached for shape segregation, while for the other two 
mechanisms it takes only 2-4 rotations. This correlates with the strength of segregation 
(above). 

• For shape segregation the interface between regions is typically rather diffuse while it 
can be quite well defined for the other two.
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• Segregation occurs along the top, flowing layer for shape segregation, while for size 
and density segregation it occurs through this top layer.

6 CONCLUSIONS
Intrinsic, micro-scale particle properties have been shown to play a vital role in the 
segregation of granular mixtures. Three specific properties have been studied in this work –
those being particle density, size and shape. Each has a corresponding physical mechanism 
which underlies the granular segregation process that it drives. These are buoyancy for 
mixtures of different density, percolation for mixtures of different size and flowability for 
mixtures of different shape. In fact the last mechanism of flowability should also applies to 
particles with different surface roughness. Surface roughness has two contributions –
macroscale roughness (which typically is described as being the shape of the particle) and 
microscale roughness (which is interpreted as the particle friction). So in a mixture of 
particles with different surface roughness, it would be expected that the rougher particles 
would segregate to the inner core. 
The three segregation mechanisms have been compared and we have seen that size and 
density segregation are the strongest, with the segregation typically occurring within 2-3
cylinder rotations for this system. They also lead to fairly pure segregated regions (small or 
dense particles in the core and large or less dense particle in the corona). In contrast, shape 
segregation is much weaker, with a core of the more blocky particles and corona of the 
spherical particles forming after 5-10 cylinder rotations. Here the interface between 
segregated regions remains quite diffuse with many blocky particles dispersed in the corona 
and vice-versa. Whilst both density and size segregation evolve by particles moving through 
the upper surface, flowing layer shape segregation occurs when particles move with different 
speeds along this upper surface layer.
We have compared selected results with experiments and found excellent agreement. Some 
results were compared with continuum theory, so as to identify the strength of macro-scale 
mechanisms, and with appropriate choices of the phenomenological constants we have been 
able to achieve satisfactorily agreement between theory and simulations.  The DEM technique 
has been shown to be ideal in understanding micso-scale details of granular segregation. For 
example calculation of the surface layer velocities for the different particle types can be 
readily done virtually, but with much more difficulty in experiments
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Abstract. The goal of this work was to investigate the possibility of the XDEM (eX-
tended Discrete Element Method) program to simulate the behaviour of wood particles
during the gasification process that was performed in the Institute of Fluid-Flow Machin-
ery PASci (IMP PAN) INKA gasifier. The program is based on the Lagrangian approach
for simulation of heat and mass transfer during thermal decomposition of the solid fuel
particles.

1 INTRODUCTION

Typical thermochemical process of biomass in a fixed bed gasifier starts from drying,
where moisture is released from fuel [1]. In the next step the volatiles are released and char
is produced in the pyrolysis which occurs in the absence of oxygen. In the main gasification
phase, gases are mixed with air and burned to CO2 and H2O. In the reduction zone
charcoal combines with CO2 and H2O forming a combustible gas. The most important
factors, which determine the composition and the quality of the syngas are the process
temperature and the amount of supplied air/oxidation medium [1, 2]. Knowledge and
understanding of each of these phenomena allows to get a better understanding of the
whole process. This also provides to get better design and better operation parameters
and, finally, better efficiency of energy conversion in the reactors.

The main goal of this work was to investigate the possibility of the XDEM program
to simulate the behaviour of wood particles during the gasification process that was per-
formed in the INKA gasifier [2].
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2 XDEM METHOD

The XDEM method was developed by Peters and it aims at resolving the particulate
phase with its various processes attached to the particles [3]. The main assumption of
numerical modelling is that each particle undergoes a sequence of thermodynamic pro-
cesses that are described by a set of one dimensional and transient conservation equations
for mass, momentum and energy using Discrete Particle Method (DPM) [4, 5]. XDEM is
a numerical technique that practically extends the dynamics of particles described by the
classic DEM. This is graphically presented on Fig.1.

Figure 1: Scheme of the XDEM coupling with CFD [4]

While the DEM predicts position and orientation in space and time for each particle,
the XDEM additionally estimates properties such as internal temperature and/or parti-
cle distribution, or mechanical impact with structures. The motion module of the DPM
handles a sufficient number of geometric shapes that are believed to cover a large range
of engineering applications. Relevant areas of application include furnaces for wood com-
bustion, fluidized beds or predictions of emissions from combustion of coal or biomass.
The thermodynamics module incorporates a physical-chemical approach that describes
temperature and arbitrary reaction processes for each particle in an ensemble.

The coupling CFD (openFOAM solver for porous media [6]) with XDEM is realized
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by the mass, momentum and heat transfer between fluid and particle part. The fluid
flow is computed as a flow of gas in a porous zone, consisted of biomass particles and the
gas phase filling empty spaces. The sum of all particle processes represents the overall
behaviour, including heating, drying, pyrolysis and gasification.

Coupling XDEM and OpenFoam comes from the Lagrangian - Eulerian approach [4].
In Lagrangian modelling the motion and conversion of particles are computed basing
on one-dimensional and transient conservation equations, which characterize energy and
mass transport within each particle. It is also assumed that each particle consists of liq-
uid, solid and gas phases, and gas is transported by diffusion and convection within the
particle-pore space. All gaseous species are treated as an ideal gases and particles as an
isotropic material, in which the properties may change only along the radial direction.
Additionally, inside the particles there is a local thermal equilibrium between the solid
and the gaseous species. Between neighbour particles heat transfer may occur through
conduction and radiation. Heat and mass transfer from the fluid to the particles is com-
puted through boundary conditions specified by the surrounding gas. Required convective
heat transfer coefficients are estimated from Nusselt number semi-empirical correlation
for mono-disperse and naturally arranged packed beds [7]. Appearing chemical reactions
are modelled as equilibrium reactions for the available species. The motion module of
DPM predicts particle positions, thus, the reactors/furnaces/boilers are naturally filled
by gravity deposition.

Fluid flow is analysed based on the Eulerian approach, i.e. the fluid medium is treated
as continuum. The analysed biomass/coal bed is characterized as a type of porous media
in which fluid flow behaves like an external flow. Additionally, the fluid flow inside the free
space is described by a three-dimensional Navier-Stokes and energy equations for incom-
pressible flow. Moreover, Brinkmann or Forchheimer relations are used to appropriately
model the drag shift from linear to non-linear behaviour. Heat and mass transfer from
particle to fluid is done via source terms of the corresponding conservation equations.

3 ”INKA” GASIFING REACTOR

The INKA reactor consists of one tube with three inlets at the top and one outlet at
the bottom [2]. The height of the reactor is H = 850 mm and its diameter is D = 206 mm.
The pipe inlets of 15 mm in diameter are located 300 mm from the top. The outlet is also
a pipe with diameter of 65 mm and it is located 50 mm from the bottom. The schematic
diagram of the reactor is presented on Fig.2.

In the real case, the gasifier is filled by the cuboid shape biomass particles of three
different sizes, which are summarized in Tab.1. The upper level of the biomass bed is
300 mm above the air pipe inlets.
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Figure 2: Scheme of the INKA gasifier INKA

Table 1: Shape parameters of the fuel wood chips

particles size mean average size mean volume volume fraction mass fraction
mm×mm×mm mm3 % %

small 5× 10× 10 500 47 44
medium 20× 7.5× 6 900 29 28
large 34.5× 18× 15 9315 24 28

4 NUMERICAL SIMULATIONS - XDEM

Due to the fact that the real reactor is filled approximately by 35 000 particles, which
is a very large number for testing case, the simplified geometry was used. It was decided
to consider smaller reactor of 280 mm in height and 206 mm in diameter (Fig.3 - left
picture). Because of the XDEM limitations it was assumed that the height of the CFD
computational cell does not excess the value of 35 mm, which corresponds to the biggest
length of the biomass block particle.

Such geometry was applied for calculation of test cases. In the first one only the flow of
pure air in the small reactor was taken into account. For this purpose the rhoPimpleFoam
solver was activated. For the second case the combustion of CH4 in the air was considered
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with only one step global reaction taken into account:

CH4 + 0.5O2 = CO2 + 2H2O. (1)

For this test case the solver reactingFoam was used.

4.1 Filling the container

Figure 3: Filling the reactor with particles (left) and simplified geometry of the analysed geometry
(right)

After CFD simulations the XDEM method (only its dynamic part) was adopted for
filling the container with the particles. Two different cases were taken into account: at first
step the container was filled with particles, which were of the same size (33mm x 15mm
x 18mm), and with the particles of three different sizes. The calculations were stopped
at certain time and the position of the particles were copied and put as an input file for
coupled calculations with XDEM and OpenFOAM (Fig.3). This test case included only
the drying process. After simulations the process of filling the container was repeated.
Here the meshes for CFD simulations and for XDEM were ordered by choosing the same
orientation direction, i.e. gravity in both cases was set according to OX direction. Now,
the particles with the same and different sizes were injected into the gasifier with mass
flow rate of 10 kg/s. Simulation filling time was set to 6 s and at the time of 1.8 s the
injection was stopped. Following that the particles were still moved according to the
process of gravitational settling on the bottom side of the reactor. The cylinder was filled
approximately with 300 of biomass block particles.
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After filling the container the position of the particles were copied and put as an
input file to coupled calculation of XDEM and OpenFOAM. Due to the fact that the
chosen shape of the particles was set as a block, the position (due to the orientation)
of certain particles appeared to be unsuitable to the coupled calculation, i.e. the size of
certain particles appeared to be larger than the size of the computational cell for CFD.
It was decided then to change the size of mesh cells. The height of the cell was set to
45 mm, whereas the height of small reactor to 270 mm. Also the number of cells at the
radial direction was reduced. To shorten the solution time the inlet and outlet boundary
condition were set as a top and bottom walls of the cylinder. The simulation of drying
process was repeated.

4.2 Vaporization model

Applying the reduced geometry, the coupled CFD and XDEM calculations were per-
formed to simulate the drying process. For moisture vaporization from biomass particles
the following approach was considered. It is based on balance between the energy available
for evaporation and the amount of evaporated water. Thus, any heat above the evapora-
tion temperature is available to evaporate water, which can be described as follows [8]:

ṠH2O =

{
(T−Tevap)ρcp

Hevapδt
T ≥ Tevap

0 T < Tevap,
(2)

where T , Tevap, Hevap, ρ, cp, δt denote local particle temperature, evaporation temperature,
evaporation enthalpy, particle density, specific heat of the particle and the time interval,
respectively.

5 RESULTS

In Fig.4 and Fig.5 the XDEM/CFD numerical results are presented. In Fig.4 the
propagation of the heating front in four different time steps can be observed. The fluid
medium is air, which is composed from O2 and N2. As it can be seen the hot gas of the
temperature 773 K flows into the cylinder from the top wall to the bottom wall. Gas
velocity inlet v equals 2.3 m/s and operating pressure p equals 1 atm. Due to the heat
transfer from hot air to cold biomass (with initial temperature of 293 K), the central
temperature of each particle is increasing.

In Fig.4 the changes of the moisture content in each particle in four different time
steps are presented. In this test case the initial moisture content in each particle is very
small. Due to the heat propagation the particles are heated up, which leads to the water
vaporization.

6
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Figure 4: Temperature distribution in different time steps in the simplified analysed reactor
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Figure 5: Water content in particles in different time steps in the simplified analysed reactor
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6 NUMERICAL SIMULATIONS - ANSYS FLUENT

Figure 6: Particle parameters after 30 s of heating: temperature and gas mass source (top), volatiles
mass fraction and porosity (bottom)

For comparison the numerical analysis of single wood particle heating obtained from
ANSYS FLUENT is presented. The cold particle with diameter of 9 mm is heated by the
stream of hot nitrogen. Temperatures of solid and gas are assumed to be at 298 K and
773 K, respectively. Gas inlet velocity was set to 2.3 m/s. Due to the heat transfer from the
surrounding gases, the structure of particle is changing and the volatiles are released. The
volatiles mass source term, the porosity and the wood density variation were implemented
to the ANSYS FLUENT code by UDF function basing on the appropriate temperature

9
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dependencies [9].
In Fig.6 the propagation of the heating front can be observed. The temperature of the

particle is changing asymmetrically according to the hot gas flow direction. The average
temperature of the particle at chosen time is ca. 620 K, which is the temperature the
most intense pyrolysis for pine wood (data from TGA, [9]). Due to the increase of particle
temperature the volatiles are released, what can be seen from the pictures showing the
gas mass source (top right picture) and the mass fraction of released volatiles (bottom
left picture). Gas mass source has a maximum value at the places corresponding to
the particle temperature of 600 K. There is no gas release inside the particle, where its
temperature is below 500 K. From the distribution of volatiles mass fraction, it can be
observed that there is some kind of a gas-bag formed around the particle, which slows
down the temperature propagation into the wood. Due to mass loss, also the porosity of
wood is changing: from 0% in the colder parts to the 52.5% in the devolatilized parts of
the analysed particle (right picture, at the bottom).

In the future this results can be compared with the single solid fuel particle analysis
obtained from XDEM.

7 CONCLUSIONS

The main goal of this work was to investigate the possibility of the XDEM program
to simulate the behaviour of wood particles during the gasification process that was per-
formed in the real gasifier called INKA (IMP PAN). Basing on the test case calculations
of the analysed gasifier, the following conclusions can be made:

- the XDEM method can be used to simulate heat and mass transfer processes in the
biomass packed bed reactors, but it has some limitations concerning the number of
the analysed particles,

- due to the computation time only the simplified geometries should be taken into
account,

- the test case with the simplified geometry includes 300 particles, but the results
with calculated temperature field and moisture content could be extended to large
number of particles,

- the numerical results show propagation of the heating front and the change of the
moisture content in each particle,

- to get better results at the first stage of the analysis using coupled XDEM/CFD,
the behaviour of single particle during the gasification process should be considered,

- the single solid fuel particle XDEM analysis can be compared with other CFD
simulations.
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[9] Wardach-Świȩcicka, I. Modelling of physicochemical processes in a solid fuel particle
in a stream of hot gases. PhD Thesis - in Polish (2016) IMP PAN, Gdańsk.
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Abstract. Numerical simulations in pharmaceutical industry are gaining importance as an 
advanced tool to elucidate the underlying physics in unit operations during tablet 
manufacturing. Out of different processing stages, powder flow within the tableting machine 
constitutes one critical step defining inter alia product safety in terms of content and content 
uniformity of the active pharmaceutical ingredient (API). By means of numerical simulations 
the Quality by Design (QbD) approach could be integrated to enhance product quality. 
However, the numerical simulations reported so far either evaluated the powder flow in a 
simplified system without considering the complex geometrical configuration within the rotary 
tablet press or used unrealistic micro-mechanical particle properties and sizes. 

This work presents a numerical approach for studying the powder flow within a force feeder 
to die/cavity in a rotary tablet press with actual dimensions to evaluate the final product quality. 
The computations were carried out using an open source discrete element method (DEM) code. 
The investigated system consists of a hopper, a force feeder comprising three rotating paddle 
wheels, and a turret with 24 dies. A poly-disperse particle size distribution was used mimicking 
a low dose direct compression formulation with calibrated micro-mechanical material 
properties. First of all, a summary of the basic metrics such particle size distribution and mass 
hold up in the different parts of the feeder is provided. Subsequently emphasis is given to the 
powder flow patterns in the force feeder that are visualized by particles’ coloring. Results reveal 
that (1) the powder feeding from the hopper into the feeder shows a gradient across the feeding 
hopper width causing an intriguing particle mixing, (2) particles are unequally refed from 
dosing wheel zone and (3) an intermixing between the reverse dosing and filling wheel zone 
can be identified. Those three visualized powder flow phenomena are supported by quantitative 
analysis and eventually their influence on the filled dies is being explained. 

In conclusion, this study helps in visualizing powder flow in a pharmaceutical tablet press 
disclosing astonishing particle flow phenomena that have not been reported yet. 
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1 INTRODUCTION 
Solid dosage formulations, in particular tablets, constitute the most important application 

route to deliver active pharmaceutical ingredients (API) to patients. Different quality attributes 
have to be met to ensure patient safety. Those requirements for tables are friability, resistance 
to crushing, disintegration, dissolution, and uniformity of dosage units [1]. “Quality is built into 
products by design” [2], cited from the ICH guideline Q8 and Quality by Design (QbD) 
paradigm, in other words, quality can be improved by implementation of science-based 
manufacturing of pharmaceutics. During tablet production on rotary tablet presses, three 
different steps are intertwined with each other and with the quality requirements. Those steps 
are the filling of powder through feeders into the dies, powder compaction, and finally tablet 
ejection. The first process step is achieved through material transfer by force feeders differing 
in terms of geometry, e.g. number and shape of paddle wheels. 

QbD can be realized e.g. by numerical means of the discrete element method (DEM). This 
technique, in contrast to experiments, benefits of a high resolution on a particle level. However 
this already implies the inherent drawback of a high computational cost. Hence, most numerical 
studies reporting the die filling process focus on the effect of geometry design, process 
parameters, and micro-mechanical material properties [3, 4, 5]. Recent studies explain die 
filling into rotating dies by gravity [3,4] and force feeding containing different number of 
paddle wheels [5, 6]. Though the essential role of differently sized particles in pharmaceutical 
blends is only reported by few studies [4, 6].  

In this work the die filling process in the context of a lab-scale rotary tablet press consisting 
of a filling system with three paddle wheels is investigated by DEM. Moreover a poly-disperse 
particle size distribution (PSD) is considered mimicking a direct compressible (DC) blend. The 
PSD reflects a mixture of excipients and API particles that is being compressed without prior 
granulation thereby emphasizing the importance of powder flowability as a whole [7]. The 
excipients in DC formulations are responsible for tablet dissolution in the gastrointestinal tract, 
flow aid, and bulk mass increase. With this given realistic system, light is shed on the die filling 
process and different means of process understanding are provided.  

2 METHODOLOGY 
The methodology used has already been reported in [8]. In brief, the methodology is as 

follows.  

2.1 Discrete element method 
After introduction of the DEM in 1979 it has evolved to a well-known approach in particle 

technology. This numerical model captures the trajectories of each and every particle in the 
system through Newton’s equation of motion. Details about theory and algorithms are described 
in detail in [9, 10, 11]. All computations were performed using the open source DEM software 
LIGGGHTS [12], version 3.4.1. Same models to calculate normal, tangential, and non-contact 
forces as [3, 4] have been used. 
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2.1 Geometrical setup 

The geometrical configuration and dimensions correspond to the “Fill-O-Matic” of a lab-
scale FETTE 1200i rotary tablet press (Fette Compacting GmbH, Schwarzenbeck, Germany), 
and are illustrated in Fig. 1. It consists of a feeding hopper ( in Fig. 1) and a feeding plate 
consisting of three differently shaped paddle wheels. The dosing wheel ( in Fig. 1), reverse 
dosing wheel ( in Fig. 1), and turret (5 in Fig. 1) are rotating in anti-clockwise, the filling 
wheel ( in Fig. 1) in clockwise direction.  

While the die diameter of 2.4 cm is constant, the die height is changing according to the die 
position during filling (Fig. 2). Initially, at the positioning of the filling wheel (“B” in Fig. 2), 
the lower punch is lowering during “fill cam” by 18.3 cm/s to create a maximal die height of 
1.5 cm, and it remains constant (1.5 cm) during “C” and “D” in Fig. 2. At the end of filling, 
during “dosing cam”, the lower punch is moving upwards by 0.2 cm at 12.2 cm/s to remove 
excess powder and to create a more confined powder bed (“E” in Fig. 2).  

Figure 1: Illustration of the geometrical setup in front-(left) and top-(right) view. 

Figure 2: (Left) Illustration of die filling positions within Fill-O-Matic. Arrows indicate rotation direction of 
turret and paddle wheels. (Right) According die height at different die positions.  
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2.2 Material properties 
As mentioned in the introduction, a PSD, 
shown in Fig. 3, reflecting a blend 
consisting of API and excipient particles 
was defined. For excipients, six different 
particle sizes ranging from 1000 – 2800 µm 
diameter at mean diameter of 2201 µm 
were selected. In DC formulations, API 
particles’ flowability and compressive 
properties limit its maximal content [7]. A 
reasonable content of 5% and size ratio of 
1:2 to excipients’ mean diameter (API 
particle diameter of 1129 µm) [13] were 
chosen. Although absolute particle sizes 
used in simulations are much higher 
compared to true DC blends, the total 
number of simulated particles (~ 286,000) 
is already at the computational limit. 

Bulk density, angle of repose, and mass flow rate according to Ph. Eur. [1] of different 
pharmaceutical diluents (different grades of lactose, mannitol, and microcrystalline cellulose 
used in DC formulations) have been measured. Values obtained through experiments have been 
compared to numerical results, and micro-mechanical properties, especially non-contact force 
(represented by cohesion energy density (CED)) and friction between particles and geometry 
(coefficient of friction, particle-wall) have been adapted iteratively to obtain good results 
accordance. The adapted micro-mechanical properties used during filling and discharge are 
within the range of literature data [3-6], and are listed in Table 1. 

Table 1: Material properties, the numbers in parenthesis correspond to steps in Table 2. 

Parameter / Unit Property of Value during 
filling (-) 

Value during 
discharge () 

Young’s modulus / GPa Particle 8.7 8.7 
Wall 210 210 

Poisson’s ratio / - Particle 0.30 0.30 
Wall 0.35 0.35 

Coefficient of restitution / - Particle-particle 0.15 0.15 
Particle-wall 0.15 0.15 

Coefficient of friction / - Particle-particle 0.35 0.40 
Particle-wall 0.30 0.25 

Cohesion energy density (CED) / MJ/m³ Particle 1.5 1.0 

2.3 Initialization and die filling process 
The system was filled with particles according to real experiments by a step-wise procedure, 

listed in Table 2. At the very beginning, powder was filled from the blending container into the 
feeding system hopper (step no. , Table 2). Subsequently, powder was distributed evenly 

Figure 3: Particle size distribution consisting of 7 
different sizes, out of which one particle size reflects API 
particles and the remaining are excipient particles of 
2201 µm mean diameter. 
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within the Fill-O-Matic by slow paddle wheel rotations (, Table 2). Afterwards, the complete 
tableting machine was filled with powder by one turret rotation at low speed (, Table 2). 
Eventually after a physical time of 15.8 s, the completely filled system with particles is 
illustrated in Fig. 4. 

This filling procedure ensures constant filling level independent of subsequent process 
parameters and material properties (Table 1). Discharge or actual die filling process started by 
high speed tableting at increased paddle wheel speed (30 rpm) and turret speed (75 rpm) to 
generate a maximal output of 108,000 tablets/hour with 24 punch stations. To get an 
understanding of die filling during high speed tableting, ten turret revolutions to fill in total 240 
dies have been performed. As particles filled in dies leave the simulation domain, continuous 
particles’ refilling in the feeding hopper ensured constant mass in the system.  

Table 2: Process parameters at different computation steps 

No. Description Physical 
time / s 

Turret 
speed / 

rpm 

No. of 
turret 

rotations / 
- 

Paddle 
wheel 
speed / 

rpm 

No. of 
paddle 
wheel 

rotations / 
- 

 Filling of hopper  0.8 0 0 0 0 
 Filling of Fill-O-Matic 9 0 0 15 2.26 
 Filling of turret 6 10 1 15 1.5 
 Discharge  8 75 10 30 4 

3 RESULTS AND DISCUSSION 
The die filling process in an actual lab-scale pharmaceutical tablet press (FETTE 1200i) has 

been studied with a PSD typically found in DC formulations and with calibrated material 
properties. The filling of the Fill-O-Matic, following the standard procedure in experiments, 
and the die filling in high speed tableting at one selected combination of process parameters, 
namely paddle wheel and turret speed has been discussed extensively in [8]. The main focus of 
this manuscript will be laid on powder flow phenomena within the filling system. 

Figure 4: System at the end of filling () and before discharge () (Table 2) 
(left: front view, right: side view). 
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3.1 Summary of basic die filling metrics 
In [8] it has been shown, that not only during system filling but also during the die filling 

process, different mass hold up and particle size distributions as well as API contents, are 
generated at different locations of the Fill-O-Matic. The particles collected in the die originate 
from different positions within the Fill-O-Matic attributed to the turret rotation direction, mass 
flow rate from paddle wheel zones, and the die height (confer 2.1 and Fig. 2) which is only at 
its maximum height during rotation underneath the filling wheel zone (“B” in Fig. 2). As a 
result 50%, 14%, and 36% of the mass in the die stems from the filling wheel (“B”), the inter 
wheel (“C”), and the reverse dosing wheel (“D”) zone, respectively. In totality, a constant API 
content and tablet mass over production time fluctuating within the range of mean ± one 
standard deviation are obtained [8].  

In addition to the basic die filling metrics as described in [8], powder flow phenomena will 
be visualized qualitatively as well as quantitatively in the context of die filling process in the 
following. 

3.2 Particle rearrangement in the 
system 

Numerical simulations give the 
opportunity to look inside a given 
system, which is one of the major 
advantages compared to experiments. 
To visualize the powder flow within 
the Fill-O-Matic, the particles have 
been assigned different colors at the 
time point of discharge (t = 15.8 s,  
Table 2, Fig. 5), to see the temporal 
development of flow pattern within 
various zones of the whole system. 
Particles that are located in the dosing 
wheel zone (, Fig. 1) are colored in 
green, in the filling wheel zone (, 
Fig. 1) in pink, and the reverse dosing 
wheel zone in red (, Fig. 1), 
respectively, as shown in Fig. 5. In 
addition to the paddle wheel zones, 
four additional horizontal zones in the 
feeding hopper (, Fig. 1) have been 
created (Fig. 5A), to identify dead 
zones, if any exist. The rest of the 
particles are assigned blue color. 

Three different main powder flow 
phenomena can be elucidated during 
die filling. (1) From Fig. 5A it 
becomes visible that the powder 

Figure 5: Coloring of the particles according to their initial 
position at time point of discharge (t = 15.8 s). Particles in the 
paddle wheel zones are assigned different colors in addition to 
four horizontal zones in the feeding hopper. Colored particles 
are tracked over time for the for the first 6 turret rotations at 
every 2nd rotation (t = 17.4 s for 2nd, t = 19.0 s for 4th, t = 20.6 s 
for 6th rotation, respectively). (A) Front-view, (B) top-view. 
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feeding from the hopper into the Fill-O-Matic shows a gradient across the feeding hopper radius 
causing an intriguing particle mixing. Thereby particles that are located in the left half of the 
hopper tend to remain there (indicating a dead zone) throughout the complete discharge period 
since solely the particles from right hand side enter and refill the dosing wheel zone. The other 
two phenomena are visualized in Fig. 5B. (2) Less particles from the dosing wheel zone are 
refilling through the smaller feeding zone in  compared to  (refer Fig. 1), thereby less 
“green” colored particles are found in the reverse dosing wheel compared to the filling wheel 
zone (confer e.g. time point 17.4 s and 19.0 s in Fig. 5B). (3) Furthermore an intermixing 
between the two bottom paddle wheels can be identified. Underneath the dosing wheel zone, 
particles from the reverse dosing wheel zone (“red”) and particles from the filling wheel zone 
(“pink”) are interchanging from one zone into the other. This interchanging is found at the outer 
radial location. In the following, those three identified particle flow phenomena as illustrated 
in Fig. 5 are quantitatively evaluated.  

3.3 Powder flow in the feeding hopper 
As already shown by particles 

coloring in Fig. 5A, particles are 
non-uniformly fed from the 
hopper into the dosing wheel 
zone. Four particle layers with a 
height of 0.5 cm were colored in 
grey, yellow, light orange, and 
dark orange, separated by zones 
of non-colored particles (dark 
blue, height of 2.5 cm). The 
colored particles zones as 
illustrated in Fig. 6 (bottom)  are 
quantitatively analyzed over time 
for the middle part of the hopper 
(Fig 6, top) The hopper is split 
into a left (dashed lines), and right 
(solid lines) half and the number 
frequency of colored particles 
appearing in this zone are plotted 
over discharge time (Fig. 6, top). 

At the beginning (t = 15.8 s) 16% light orange colored particles are found both in left and right 
half of the hopper. Over time in the left half, the number frequency of light orange colored 
particles decreases only slightly ending with a minimum frequency of 13.8% (t = 23.7 s). As 
soon as light orange colored particles start to deplete, yellow colors from layers above appear 
at t = 18.2 s. In contrast to the left hopper half, completely different colored particles distribution 
is found in the right half. A very steep decrease of light orange colored particles with a parallel 
increase of yellow colored particles from layers above can be identified (t = 16.8 s). Moreover, 
as soon as those yellow colored particles start to disappear after their maximum at t = 17.8 s, 
the number frequency of grey colored particles increases.  

Figure 6: Qualitative distribution of colored particles in the middle part 
of the hopper, split into the left (dashed lines) and right (solid lines) 
half. Top: number frequency of colored particles; bottom: illustration 
of the system at 1.6 s intervals (15.8 s, 17.4 s, 19.0 s, and 20.6 s)  
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At the end of discharge (t = 23.7 s), the left half of the hopper still contains initially located 
particles (light orange) indicating a dead zone. Particles in this zone may get consolidated over 
time as a result of the pressure exerted by the overlying powder bed in the feeding hopper and 
blending container. In contrast the right half has an increased mass throughput and particles 
over a hopper height of > 10 cm are fed into the dosing wheel zone. The reason being, as the 
dosing wheel is rotating in anti-clockwise direction (confer Fig. 1) underneath the hopper, main 
refeeding is achieved at the right half of the hopper. In follow up analysis the gradient and dead 
zone within the hopper have to be analyzed with respect to particle size segregation.  

3.3 Particle refeeding 
The second particle flow phenomenon as 

described in 3.2 and visualized in Fig. 5B, is the 
unevenly refeeding of particles from the dosing 
wheel (Fig. 1, ) into the filling wheel (Fig. 1, ) 
and reverse dosing wheel (Fig. 1, ) zone. The 
number frequencies of green colored particles from 
the dosing wheel zone in the different paddle wheel 
zones over time are plotted in Fig. 7 (line colors 
according to paddle wheel zones, Fig. 1). Initially, 
all particles in the dosing wheel zone are colored in 
green (100% at t = 15.8 s). Over time they are 
depleting as result of refeeding into paddle wheel 
zones below ( &  in Fig. 1) through refeeding 
holes ( & ) at the bottom of the dosing wheel 
zone. In parallel differently colored particles 
originating from hopper emerge (data not shown).  

Right at the beginning of die filling (t = 15.8 s), green colored particles start to show up in 
filling wheel and reverse dosing wheel zone. However, a steeper increase and a higher maximal 
value in the filling wheel zone can be identified (max. of 54% and 42% at t = 18.4 s and 19.6 s 
in filling wheel and reverse dosing wheel zone, respectively). The first explanation can be given 
by an increased mass flow rate that can be obtained through the larger refeeding hole into the 
filling wheel ( in Fig. 1) compared to reverse dosing wheel zone ( in Fig. 1). Second a 
higher mass throughput in the filling wheel zone requires a higher and faster refeeding. The 
increased mass throughput for the filling wheel zone is already shown in [8] by a 3-fold higher 
mass flow rate into the die and a 1.4-fold increased die mass contribution compared to the 
reverse dosing wheel zone (confer [8] and 3.1). The higher mass throughput in the filling wheel 
zone is also reflected by a steeper decrease of green colored particles after t = 18.4 s (Fig. 7).  

Figure 7: Number frequency of colored particles 
from dosing wheel zone (green in Fig. 5) in 
different locations of the Fill-O-Matic. Line 
colors: Green in dosing wheel, pink in filling 
wheel, and red in reverse dosing wheel zone. 
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3.4 Mixing between filling and reverse dosing wheel zone 
Not only a different refeeding rates of the 

two bottom paddle wheel zones could be 
shown (3.3) but also an intermixing between 
them is indicated by particles coloring in Fig. 
5B. To quantitatively evaluate this obser-
vation, two different comparisons are 
described in the following.  

First, the grey lines in Fig. 8 reflect the 
depletion of originally located particles in the 
filling (dotted) and reverse dosing (dashed) 
wheel zone. Within the first 2 s of discharge (t  
= 17.8 s) a very steep decrease of initially 
located particles in the filling wheel zone (pink 
in Fig. 5B, dotted grey line in Fig. 8) followed 
by a moderate decrease to a final frequency of 
7.8% is found (confer below). In contrast, a 
sigmoidal decrease of particles from reverse 

dosing wheel zone within this zone is implied (grey dashed line in Fig. 8). In summary, particles 
tend to remain a significantly increased residence time within the reverse dosing wheel zone. 
Thereby more shear forces are exerted on particles which could bear the risk for particle attrition 
and over lubrication [5]. Those particles from reverse dosing wheel zone enter the die at last 
(confer Fig. 2) hence particles in the die and over the die height have experienced different 
shearing history which could potentially lead to tablet capping [4].  

The second approach indicating the intermixing effect (3.2) is given by the solid colored 
lines in Fig. 8, showing the appearance of initially located particles from the filling in the 
reverse dosing wheel zone (red, Fig. 8) and from the reverse dosing in the filling wheel zone 
(pink, Fig. 8). At the level of the two bottom paddle wheel zones and underneath the dosing 
wheel zone, an unclosed intersection of 4.6 cm width is found that allows free particle motion 
across the filling and reverse dosing wheel zones (Fig. 1). A higher particle transfer from the 
reverse dosing into the filling wheel zone is found with a maximum contribution of 16.7% at t 
= 17.6 s (Fig. 8, pink). The reason being, the high mass throughput in the filling wheel zone 
(confer 3.3) requires a higher refeeding rate which cannot be caught up by refeeding from the 
dosing wheel zone. Thereby the reduced mass hold up is compensated by the mass exchange 
from reverse dosing wheel zone. Furthermore, the significantly reduced mass flow rate into the 
die from the reverse dosing wheel zone (confer [8] and 3.1) requires less refeeding hence only 
few particles originating from the filling wheel zone show up (2% at t = 18.9 s, Fig.8, red). It 
also gives explanation for the two differing curve slopes of particles from filling wheel zone in 
the same one (grey dotted line in Fig. 8, confer above). Particles that travel from the filling into 
the reverse dosing wheel zone can in parallel travel back into the former one. Hence they show 
up again in the filling wheel zone compensating the particle depletion by discharge into the die 
leading to a less steep curve of the slope (grey dotted line in Fig. 8 for t > 17.8 s). 

Figure 8: Grey lines: Number frequency of originally 
located particles and their depletion in filling (dotted) 
and reverse dosing (dashed) wheel zone. Colored lines:  
Number frequency of particles from reverse dosing in 
filling wheel zone (pink) and of particles from filling in 
reverse dosing wheel zone (red). 
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3.5 Colored particles in dies 
 Last but not least, the appearance of 

colored particles in the filled dies is illustrated 
in Fig. 9 (confer Fig. 5 for initial position of 
colored particles). The first dies (1-8) have 
already been filled during turret filling stage 
(Table 2, )  being assigned to blue color. 
Die no. 9-13, the first filled dies at high turret 
speed, (Table 2, ) are mainly being filled by 
particles from filling (~ 60%, pink) and 
reverse dosing (~ 30%, red) wheel zone 
attributed to their different mass flow rates 
(confer 3.1). The low contribution of blue 
colored particles in those dies arises from 
particles that are initially located between 
Fill-O-Matic and turret (confer Fig. 5, t = 15.8 
s).  

The first particles from the dosing wheel zone appear in die no. 53 (t = 17.6 s), at the time 
point when almost maximum contribution of particles from dosing in filling wheel zone (confer 
Fig. 7, pink) is found. Red colored particles increase from the initial contribution of ~ 30% until 
a maximum of 57% in die no. 61 (t = 18.1 s) followed by a descent decrease until last filled die. 
Although the contribution of filled mass by reverse dosing wheel is only 36% (confer 3.1 and 
[8]) the observed maximum can be explained by the high particle exchange from the reverse 
dosing into filling wheel zone (confer 3.4 and Fig. 8). A constant increase of blue colored 
particles from the feeding hopper is found from die no. 50 (t = 17.7). Subsequently the 
horizontal colored zones from the feeding hopper (confer Fig. 5A and 6) with orange, light 
orange, yellow, and grey particles appear in die no. 108, 142, 168, and 197, respectively.  

In summary, particles that are filled into the dies have travelled a different distance within 
the system and originate from different locations within the Fill-O-Matic. Thereby the first 
filled dies contain particles that have been exerted to less shear forces [5] which could result in 
different compressive properties thus tablet hardness and dissolution profiles. In other words, 
over production time unsteady tablet properties could be obtained which could bear the risk to 
fail in meeting the quality requirements [1]. With the help of numerical simulations, the QbD 
approach [2] could be integrated into the tablet production process by e.g. adapting the 
compression forces of upper and lower punch over production time to compensate the differing 
material properties.  

4 SUMMARY AND CONCLUSION 
This is the first study visualizing the die filling process by numerical means within an actual 

lab-scale rotary tablet press. Material properties, in particular particle size distribution, adapted 
to model a DC formulation of low API content and calibrated micro-mechanical properties were 
used.   

Figure 9: Number frequency of colored particles (confer 
Fig. 5 for initial position of colored particles) in the dies. 
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Supported by basic metrics such as particle size distribution and mass hold up within the 
system (reported in [8]), powder flow phenomena could be elucidated by particles coloring 
analysis. Within the Fill-O-Matic three different main phenomena were demonstrated.  

(1) Within the feeding hopper, a gradient across the radius of the hopper was found, showing 
a dead zone in the left half. Particles remain there almost stagnant over the complete discharge 
time bearing the risk of consolidation and solely particles from right half contribute to particles 
refeeding. (2) The different mass throughput of filling and reverse dosing wheel zone implicate 
a significantly altered refeeding rate from the dosing wheel zone. (3) The third phenomenon is 
provided by an intersection between filling and reverse dosing wheel zone enabling a free mass 
transfer from the reverse dosing into the filling wheel zone. In addition to this intermixing, 
particles tend to remain a longer residence time within the reverse dosing wheel zone bearing 
the risk of particle attrition and over lubrication. Eventually the analysis of colored particles 
filled into the dies shows that the first filled dies contain particles that have traveled a shorter 
distance within the system thereby could establish different compressive properties. Tablet 
quality might change over time constituting challenges to meet the tablet quality requirements 
of the authorities.  

At this given parameter set, powder flow phenomena in different locations of the system 
were shown. However, in the next step additional setups will be performed according to a 
design of experiments. They will provide a clear picture on the influence of material properties 
in combination with process parameters on tablet quality. Eventually, a better understanding 
and an integrated QbD approach in pharmaceutical tableting can be generated by means of 
numerical simulation. 
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Abstract. The aim of this paper is to show 3D numerical results on progressive fracture of the 
concrete at aggregate level using discrete element method (DEM).  The test were performed for 
three point bending beam. Concrete was modelled as heterogeneous material consisted four 
phases: aggregate, cement matrix, interfacial transitional zones (ITZs) and air voids. The 
microstructure of sample as position and shapes of aggregate and air voids were taken directly 
from laboratory test. The non-destructive method of X-ray microCT scans was used. The 
numerical results (both macro- and microscopic) were directly compared with own laboratory 
test and previous 2D calculations. The special attention was lied on the crack geometry 
evolution. The effect of different properties of ITZ was studied. 

 
 
1 INTRODUCTION 

Fracture of the concrete materials strongly depends upon a heterogeneous structure of 
materials over many different length scales. It is a fundamental and complex phenomenon in 
quasi brittle materials [1-3]. To better understand its behaviour the meso-scale level should be 
accurate described in numerical analysis. The concrete sample may be described as a four-phase 
material composed of aggregate, cement matrix, macro-voids and interfacial transitional zones. 
The presence of aggregate and ITZs is particularly important since the volume fraction of 
aggregate can be as high as 70-75% in concrete. The calculation outcomes in [4,5] evidently 
showed that considering real size and shape of aggregate was essential. Also the ITZ phase 
should be modelled since it is always the weakest regions in usual concretes wherein micro-
cracking starts [6]. The highly heterogeneous ITZ are attractors for a crack propagation. ITZs 
are porous regions of the cement paste around aggregate particles which are perturbed by their 
presence. Its thickness is about 5-50 m. Their origin lies in the packing of the cement grains 
against the much larger aggregate that leads to a local increase in porosity (micro-voids) and a 
presence of small cement particles. A paste with the lower w/c (higher packing density) or made 
of finer cement particles or smooth aggregates lead to ITZs of a smaller extent. (higher packing 
density) or made of finer cement particles or smooth aggregates lead to ITZs of a smaller extent. 
These layers are highly heterogeneous and damaged and thus critical for the concrete behaviour. 
The accurate understanding of the properties and behaviour of ITZ is one of the most important 
issues in meso-scale analyses because damage is initiated in the weakest region and ITZs are 
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just the weakest link in concrete.  
The meso-modelling can be used to comprehensively study local phenomena at the micro-

level such as the mechanism of the initiation, growth and formation of localized zones and 
cracks which affect the macroscopic concrete behaviour. In this paper the discrete element 
method was chosen as a good tool to describe fracture [2,4,5,7-16].  A non-linear response of 
concrete during bending under 3D conditions was analysed. The calculations were performed 
with the 3-dimensional open-source code YADE which was developed at Grenoble University 
[17,18]. A linear contact under compression was used. The normal and tangential contact forces 
satisfied the cohesive-frictional Mohr-Coulomb equation [12]. The internal structure of 
concrete (size, shape and location of aggregate and macro-voids, micro-porosity) was directly 
taken from 3D x-ray images using the micro-tomography SkyScan 117 [4,5]. The numerical 
results were compared with previous 2D calculations and with laboratory test [4]. The special 
attention was laid on the crack path and on influence of the ITZs properties.  

2 OWN LABORATORY TEST ON CONCRETE BENDING BEAM 
The notched concrete beam was used in experiments, with height H=80 mm, width B=40 

mm and length L=320 mm. Notch was located in the middle and its height and width was equal 
8 mm and 3 mm (Fig.1). The concrete mixture was composed of aggregate and sand grains 
(dmax=16 mm, d50=2 mm), Portland cement (CEM I 32.5 R) and water (the compressive strength 
was about 50 MPa). The total particle (aggregate and sand) volumetric content was V=75%. 
The total aggregate content with the diameter equal to or larger than 2 mm was V=37%. The 
initial porosity of concrete was about 5%.  The concrete sample was subjected to quasi-static 
three-point bending test. The vertical force Fmax was equal to 2.15 kN (the flexural tensile 
strength was ft,flex=3.73 MPa). The more details about experiment can be found in [4,19].  

 
Fig.1: Geometry and boundary conditions of concrete beams subjected to three-point bending [4] 

The distribution of aggregate and macro-voids in the concrete beams was determined based 
on microCT images of concrete cuboids (80×50×40 mm3) cut from the middle part of beam 
after the tests [4]. Figure 2A shows 3D images of concrete internal structure obtained with the 
aid of SkyScan 1173 which represents a new generation in high-resolution desktop X-ray 
micro-computed tomography systems [19]. 
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A)      B) 

Fig.2: Experimental results: A) X-ray CT images of cracked cuboidal specimens 80×50×40 mm3 cut out from 
beam and B) scanning electron micrographs of ITZs around aggregate particles (magnification factor 1000) [4], 

[19] 

The mine crack was strongly curved along beam height and width due to a random presence 
of aggregate grains and air voids (Fig.2A). It starts just above the notch and propagated upwards 
due to bending. The crack solely propagated through the weakest phase in concrete which 
were interfacial transitional zones (ITZs). Sometimes the crack can also propagate through a 
weak aggregate particle. Thus micro-cracking occurred first in ITZs and when two interfacial 
cracks occurred around adjacent aggregates, a crack inside the cement matrix initiated to bridge 
the interfacial cracks so that a connected crack path was formed. In order to observe porous 
structure of ITZs and measure its width, the scanning electron microscope (SEM) Hitachi 
TM3030 was used. The maximum magnification factor was 30’000. The width of ITZ varied 
between 30-50 μm and it did not depend on aggregate particle diameter (Fig. 2B) [4]. ITZs 
appeared around all aggregate grains (da2 mm) and usually covered about 80-90% of the 
aggregate circumference that was probably caused by a formation of water lenses beneath 
aggregate grains during mixing [23]. Other our experimental results showed that the width of 
ITZ reduced with decreasing aggregate roughness [5]. 

3 DISCRETE ELEMENT METHOD MODEL 
The numerical analysis was performed by discrete element method (DEM). The open-source 

code YADE, developed at University of Grenoble, was used [17,18]. The code was successfully 
used for describing the behaviour of different engineering materials with a granular structure 
(mainly of granular materials by taking shear localization into account [20-23]). This model 
show also its capabilities in concrete fracture calculations under bending (2D analyses) [4] and 
uniaxial compression (2D and 3D simulations) [5,12].  Main advantage is ability to explicitly 
handle the discrete/heterogeneous nature of the material by modelling particle-scale properties 
including size and shape which play an important role in concrete fracture [4,5].  

The algorithm used in the presented paper is based on the classical discrete element method 
formulation described by Cundall and Strack [24]. First, based on constitutive laws, interaction 
forces were calculated, when elements slightly interpenetrate each other. Next, the Newton’s 
second law was used to compute acceleration of each particle, which was then time integrated 
to find the new position. This process was repeated until the simulation was finished.  
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The model takes advantage of the so-called soft-particle approach (i.e. the model allows for 
particle deformation which is modelled as an overlap of particles). During the simulations, 
particles may overlap that can be interpreted as a local contact deformation. A linear normal 
contact model under compression was used. The normal force was not restricted in compression. 
The interaction force vector representing the action between two spherical discrete elements in 
contact was decomposed into a normal and tangential vector, respectively. The normal forces 
acting on spheres were modelled by an elastic law with cohesion. The normal and tangential forces 
were linked to the displacements through the normal stiffness Kn and the tangential stiffness Ks 
(Fig.3) [17] 

                                                                    NUKF nn


 ,                                                                  (1) 

                                                               ssprevss XKFF


 , .                                                         (2) 

where U is the overlap between spheres, N


 denotes the normal vector at the contact point, X


  
is the increment of the relative tangential displacement and prevsF ,


 is the tangential force from 

the previous iteration. The stiffnesses were computed as the functions of the modulus of 
elasticity of the grain contact Ec and two neighbouring grain radii RA and RB (to determine the 
normal stiffness Kn) and the modulus of elasticity Ec and Poisson’s ratio υc of the grain contact 
and two neighbouring grain radii RA and RB (to determine the tangential stiffness Ks), 
respectively [17] 
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If two grains in contact have the same size (RA=RB=R), the numerical stiffness parameters 
are equal to: Kn=EcR and Ks=υcEcR, respectively (thus Ks/Kn=υc).  

The contact forces sF


 and nF


 satisfied the cohesive-frictional Mohr-Coulomb equation 
(Fig.4d), used to capture the non-linear nature of concrete 

                           0tan|||||||| max  n
s

s FFF


     (before contact breakage)                            (4) 
and 

                                0tan||||||||  ns FF


     (after contact breakage),                                  (5) 

where μ denotes the inter-particle friction angle and sFmax


 is the cohesive force between spheres. 

In tension, the maximum admissible normal force was nFmin


 if there was no a geometric contact 

between elements. If this normal force between spheres nFmin


 was reached, the contact was 

broken. Moreover, if any contacts between grains re-appeared, cohesion between them was not 
taken into account. A crack was considered as open if cohesive forces between grains (Eq.4) 
disappeared when a critical threshold was reached. The movement of fragments (mass-spring 
systems with cohesion) was similar to the rigid body movement.  

A choice of a very simple constitutive law was intended to capture on average various 
contact possibilities in real concrete. Both the interparticle cohesive force and tensile force were 
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assumed as a function of the interparticle cohesive stress C (maximum shear stress at pressure 
equal to zero), interparticle tensile normal stress T and sphere radius R [17], [25]  

 2
max RCF s                      and                         2

min RTF n  .                      (6) 

 

A)   B)

C)   D) 

Fig.3: Mechanical response of DEM: A) tangential contact model, B) normal contact model, C) loading and 
unloading path in tangential contact model and D) modified Mohr-Coulomb model [12] 

For two elements in contact, the smaller values of C, T and R were used. Because the proposed 
DEM is a fully dynamic formulation, a local non-viscous damping scheme was applied in order 
to dissipate excessive kinetic energy in a discrete system and facilitate convergence towards 
quasi-static equilibrium [26]. The damping parameter αd was introduced to reduce contact forces 
acting on elements 

   ||)sgn( kk
d

kk
damped FvFF


  ,                                             (7) 

where kF


 are the kth-components of the residual force and translational velocity, 
respectively. The positive damping coefficient αd was smaller than 1 (sgn(•) returns the sign of 
the kth component of velocity). The equation could be separately applied to each kth component 
of the 3D vector x, y and z. The crack was not allowed to propagate through aggregate grains, 
i.e. the grain breakage has not been taken into account yet. 
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4 NUMERICAL ANALYSI 

4.1 Input data 
The concrete was modelled as four-phase material which consist aggregate cement matrix, 

ITZs and macro voids. The full 3D DEM analysis was performed on one concrete beam with 
exactly the same location and shapes of aggregate and macro voids as in experiment. 

The specimen density (different phases) was determined with the aid of x-ray micro 
tomography. To describe the position of each voxel and its density (Figs.4Aa and 4Ba) the wave 
front *.obj file format was used. The high density shows aggregate (Fig.4Aa). The voxels with 
the density equal to the air density were assumed to be the macro-voids (Fig.4Ba). Next, the 
density volume was filled in with spheres (Figs.4Ab and 4Bb). The aggregate particles with the 
diameter higher than 2 mm were modelled only. The numerical volume of aggregate was 37% 
as in the experiment. All aggregate particles (2 mm<da≤16 mm) were modelled as grain clusters 
with the diameter of d=2 mm (included from 2 up to 300 depending on its diameter) and all of 
them included ITZs around. ITZs were simply modelled as contacts between aggregate and 
cement matrix grains (thus they had no a physical width) in order to reduce calculations time.  
Note that simulation of the width of ITZs (0.03 mm - 0.05 mm) in the cement matrix would require 
very small spheres that would hugely increase the computational time. The spheres (0.5 
mmdcm<2 mm) were solely assumed in the cement matrix; thus the smallest particle diameter 
in the specimen was 0.5 mm. The cement matrix grains filled the concrete specimen in about 
97%. The macro-voids (with the diameter dmv1 mm) were modelled as empty regions.  

a) b)          a) b) 
                                       A)                                                                                          B) 

Fig.4: Three-dimensional view on aggregate (A) an macro-voids (B): a) based on density maps from x-ray micro 
tomographic images and b) replaced by elements (each colour corresponds to different diameter of aggregate 

cluster or macro-void) 

The following five main local material parameters were needed for our discrete simulations: E, 
υ, μ, C and T. In addition, the particle radius R, particle mass density ρ and damping parameters αd  
were required. Note that material softening was not assumed in the numerical model. The material 
parameters were calibrated in our previous 2D calculations [4]. The following parameters of the 
cohesion C and tensile strength T were used in all DEM analyses for the mid-region of the beam: 
cement matrix (Ec,cm=11.2 GPa, Ccm=140 MPa and Tcm=25 MPa) and ITZs (Ec,ITZ=7.8 GPa, 
CITZ=100 MPa and TITZ=17.5 MPa), which was 30% weaker than cement matrix. The choice of 
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reduction ratio was based on the experiments by nanoindentation [27]. With the assumed material 
properties and grain size distribution curve, the 2D and 3D DEM simulations provided the 
uniaxial compressive strength of about 50 MPa. similarly as in the experiments of Section 2 
(fc=51.81 MPa). In the remaining region outside the meso-region with large grains (Fig.5) was 
described by the same constants as form the cement matrix. The remaining parameters were 
constant for all phases and regions: υc=0.2 (Poisson’s ratio of grain contact), μ=18o (inter-particle 
friction angle), αd=0.08 (damping parameter) and ρ=2.6 kG/m3 (mass density). The prescribed 
damping parameter αd and loading velocity v=2 mm/s did not affect the results (the inertial number 
I was <10-4 that always corresponded to a quasi-static regime) [12].  

The beam with 3D particle clusters (Fig.5) included in total about 230'000 elements (220'000 
elements in the meso-region 180'000 in the cement matrix and 40'000 in the aggregate) with 
dmin=0.5 mm. The calculations time was about 10-12 days using PC with CPU 3.30 GHz. 

The detailed calibration procedure was described by [4,5,12] based on real laboratory tests on 
uniaxial compression or uniaxial tension of concrete specimens.  

a) b) 
Fig.5: Geometry of concrete beam  model in DEM: a) front side of entire beam and c) 3D aggregate with ITZs in 

meso-region of 50×80×40  (each colour correspond different aggregate particles) 
 

4.2 3D DEM results 
The macroscopic numerical curves of vertical force versus CMOD were shown in Fig. 6. 

The 3D results were compared to previous 2D calculations and laboratory test. The obtained 
force peak (F=2.14 kN for CMOD=0.015 mm) was in good agreement with the experiment 
(F=2.18 kN for CMOD=0.017 mm). The residual force (CMOD=0.1 mm) was however higher 
by 100%. As compared to 2D results [4], the compressive strength was the same but the ductility 
was higher. Our earlier computations for uniaxial compression and tension [5,12] showed,  the 
3D calculations increase concrete ductility. The 3D curve was smoother than 2D curves due to 
a significantly larger number of particles in computations.  

The crack path from 2D and 3D calculations and from laboratory test were presented in Fig. 
7. The numerical crack shape in the vertical cross-section at the depth of 10 mm (Fig.7Ba) was 
like as in the experiment (Fig.7Aa). In the mid cross-section (Fig.7Bb) the shape was similar, 
however the aggregate just above notch was surround by crack from the other side than in the 
experiment (Fig.7Ab). Neverless both cracks ended at the same aggregate. In cross-section at 
the depth of 30 mm, the crack’s onset had a different direction (Fig.7Ac) and furthermore the 
crack encircled next one aggregate grain along the opposite side, but finally ended at the same 
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position as the experimental macro-crack. As compared with 2D calculations [4], the calculated 
3D crack path was similar (Figs.7Ca and 7Cc) or more realistic (see Fig.7Cb). 

 
 

Fig.6: Evolution of vertical force F against CMOD in beam under 3-point bending: a) experimental curve (a), 
calculated curves in 3 different vertical cross-sections by 2D DEM (b-d) [4] and e) calculated curves by 3D 

DEM 

  A) 

  B) 
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  C) 

Fig.7: Final crack trajectory in concrete beam above notch after test for CMOD=0.1 mm: A) based on micro-CT-
image (red colour shows crack path), B) 3D DEM and C) 2D DEM [4] (red colour denotes elements with broken 
contacts, dark grey denotes aggregate, light grey denotes cement matrix) at depth of: a) 10 mm b) 20 mm and c) 

30 mm from beam front side 

4.3 Effect of ITZs properties 
In Figure 8A the force – CMOD curves ware plotted for different strength of ITZs. The 

computations were performed for different ratios Ec,ITZ/Ec,cm=CITZ/Ccm=TITZ/Tcm=r (with r=0.5, 
0.7 and 0.9). The concrete beam stiffness and strength increase, since higher ratio was used (Fig. 
8A). The material ductility increased with decreasing ratio r due to the growth of the macro-
crack’s propagation way through bridging interfacial micro-cracks. Thus, the macro-crack was 
more curved with the smaller ratio r (Fig.19B). For the ratio r=0.9, the macro-crack was almost 
straight. It propagated mostly through the cement matrix. For the ratio r=0.5, the macro-rack 
was more curved and propagated through the mortar and ITZs. The effect of r was similar in 
3D and 2D analyses. 

In Figure 9 the influence of the size of aggregates with ITZs was presented. Computations 
were done for ITZs phase around aggregate with diameter higher than 2mm (curve b) or higher 
than 3mm (curve c). The concrete strength, stiffness and brittleness became slightly higher with 
the smaller number of ITZ. The macro-crack’s shape was not affected since the macro-crack 
was mostly attracted by ITZs located at large aggregate grains. 

A)  
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b) c) d)  B) 

Fig.8: Effect of ITZs on evolution of vertical force F against CMOD (A) and crack shape (B) in beam under 3-
point bending: a) experimental curve, b) Ec,ITZ/Ec,cm=0.5, CITZ/Ccm=0.5 and TITZ/Tcm=0.5, c) Ec,ITZ/Ec,cm=0.7, 

CITZ/Ccm=0.7 and TITZ/Tcm=0.7 and d) b) Ec,ITZ/Ec,cm=0.9, CITZ/Ccm=0.9 and TITZ/Tcm=0.9 (crack is shown in vertical 
cross-sectional slice at 10 mm from front specimen side for CMOD=0.1 mm)  

 
Fig.9: Effect of aggregate diameter with ITZs on evolution of vertical force F against CMOD in beam under 3-
point bending: a) experimental curve, b) aggregate diameter da2 mm with ITZs and c) aggregate diameter da3 

mm with ITZs 

5 CONCLUSIONS 
This paper shows capability of discrete element method (DEM) in fracture concrete 
calculations. The improvement between 2D and 3D calculations was presented. The 3D 
DEM model allow to understand micro-phenomena behaviour and predict the progressive 
nature of concrete fracture from the meso to macro level. Discrete models might 
progressively replace expensive experimental tests to study the influence of concrete meso-
structure (aggregates size, aggregate shape, aggregate roughness, aggregate/mortar volume, 
micro- macro-porosity etc.) on the concrete behaviour. Thus the parametric studies within 
DEM might be used for the practical design of concrete with the improved desired 
performance. Directly from our numerical analysis, the following main conclusions may be 
pointed: 
- The real shape of aggregate and the ITS around them have to be taken into calculations 

in order to realistic model micro fracture in concrete samples (i.e. bridging, branching). 
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- The influence of ITZs properties cannot be neglected in concrete modelling. With 
increasing stiffness and strength of this phase, the sample behave more brittle and its 
strength increase. 

- The concrete strength, stiffness and brittleness became slightly higher with the smaller 
number of ITZs expressed by the larger diameter of aggregates da including ITZs.  

- The shape and width of FPZ were more realistic since 3D calculations were performed. 
The macro response in force – CMOD curve was smoother, due to larger number of 
spheres in sample.   
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Summary: The increasing demand for infrastructure security requires accounting the risk of 
severe loading due to natural or manmade hazards, such as aircraft impacts. This paper 
presents a Discrete Element Method (DEM) approach implemented in EUROPLEXUS, fast 
dynamics software, able to predict damage of concrete structures under severe impacts. The 
proposed DEM model for concrete relies on the original developments of Cundall and Strack for 
granular materials that was extended to cohesive materials, such as concrete by introducing 
cohesive interactions in addition to contact ones. In order to validate the DEM approach, the 
simulation results of three hard impact tests are presented. The tests were performed by CEA 
Gramat on plain concrete targets with a passive confinement given by a steel jacket surrounding 
the cylindrical specimen and submitted to the impact of ogive-nosed steel projectiles.  

1 INTRODUCTION 
Concrete structures are widely used as shielding barriers to protect sensitive 

infrastructures. Nowadays, Accidental conditions such as aircraft impacts on nuclear 
containments, even though, with low probability of occurrence during lifetime of a structure, 
demand for a designing under extreme loadings. Because of the extreme severity of such a 
loading, assessment of the protective structures must go far beyond verification of the 
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resistance to normal operating conditions: it is necessary to investigate the response of the 
structure until almost its complete failure to assess correctly its ultimate resistance capacity. 

While continuous approaches such as the finite element method (FEM) are suitable for the 
nonlinear analysis of structures before failure, they reach their limits when trying to describe 
macro cracking and fragmentation mechanisms. The discrete element method (DEM) is a 
powerful alternative to FEM when advanced damage states and failure of concrete have to be 
studied. Indeed, DEM allows easily obtaining realistic macro-crack patterns and material 
fragments due to its discontinuous nature. 

In previous paper, a coupled DEM-FEM approach was proposed with soft impact on RC 
structures [19]. This paper presents a DEM approach able to produce the experimental 
response of concrete structures under severe loading such as the hard impact due to the 
turbine of an aircraft engine. A geometric algorithm method based on a tetrahedral finite element 
mesh is employed for the discrete elements (DE) mesh generation, which uses a disordered 
assembly of rigid spherical elements of different sizes and masses although the elements do not 
represent the constituents of concrete. The spheres’ interactions are modelled thanks to beam-like 
elements with a non-linear constitutive behaviour to model damage and compaction (closure of 
porosity). The strain rate effect is taken into account in tension. The proposed numerical method is 
validated with the simulation of three hard impact tests conducted by CEA Gramat [18] and the 
results of two penetration tests and one perforation tests are discussed. All the numerical 
developments were implemented in EUROPLEXUS [8] fast dynamics software. 

2 DISCRETE ELEMENT MODEL 
The DEM was originally developed to model granular materials such as sand by Cundall 

and Strack [4][5]. Afterwards, this method was extended by Hentz to cohesive materials such 
as concrete, by taking into account the cohesive interaction over the contact interaction [12]. 
A disordered polydisperse assembly of rigid spherical elements of different sizes and masses, 
which do not represent the concrete’s constituents, is generated by a direct geometric 
algorithm proposed by Jerier et al. [14] Figure 1. The method is based on a special 
disordering technique of non-overlapping spheres that allows filling a given tetrahedral Finite 
Element mesh of the modelled specimen. This algorithm was implemented in SherePadder++ 
[23] free software, which was introduced into the open-source SALOME platform [21]. The 
DE model aims to reproduce the macroscopic experimental behaviour of concrete. Thus, DE 
mesh’s assembly is required to be isotropic for undamaged concrete, which can be evaluated 
from the projection of the link’s orientation. As has been shown by Potapov et al. [19] a FE 
mesh with 4 tetrahedra per edge and the ratios maximum over minimum radii     

     = 3, FE 

tetrahedron edge over the mean DE diameter         = 4 produces a satisfying distribution of 
interactions. 

Figure 1 : DE mesh generator technique  
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2.1  Definition of interactions 
An interaction is defined between two spheres a and b of radius Ra and Rb respectively 

inside an interaction range, which is determined by a interaction coefficient λ Figure 2.The 
two types of links are grouped and treated by the following equation (1), where Da,b is the 
distance between the centroids of the elements a and b and λ≥1. 

A contact interaction is possible, when the distance between two particles is less than or equal 
to the sum of their radius, thus λ=1. In contrast, the cohesive interactions exist even when the 
elements are in certain distance where λ>1. A cohesive link receives also tensile forces and 
allows taking into account the effects of the cement matrix in concrete. The cohesive 
interactions are initialized at the beginning and they exist as long as are not broken whereas 
the new contact interactions are created throughout the procedure. Contrariwise, a contact link 
is acting only in compression. The number of links per element with its neighbours varies 
with the value of λ. The desired number of interactions can be set by adjusting the interaction 
coefficient. Then, the average number of interactions per discrete element is calculated as the 
number of links over the number of discrete elements equation (2). An average of 12 links per 
DE was selected by Rousseau [19]. 

 
Figure 2: Contact Interaction and Cohesive Interaction 

2.2  Constitutive behaviour of discrete element concrete model 
Unreinforced undamaged concrete is considered to be isotropic, homogeneous elastic and 

linear, whereas after cracking the behaviour becomes non-linear. Concrete’s behaviour is 
modelled by means of two types of interactions. Contact links can create only contractive 
forces whereas cohesive links can receive also tensile forces. Two spheres not necessary in 
contact are related at an equivalent contact point with micro-macro phenomenological sping-
like interactions, defined by local normal KN and tangential KS stiffnesses [11][19]. A third 
rolling spring-like interaction, KR as rolling stiffness, has been implemented by Omar [16] in 
order to offer rolling resistance to the model and prevent from brittle failure. Moreover, the 
elastic behaviour of concrete is described by macro-micro relations proposed by Donzé [7], 
while a modified Mohr-Coulomb criterion is used for non-linear plastic behaviour [12][22]. 

                   (1) 

                                                                    (2) 
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2.3  Linear elastic constitutive behaviour  
The relations for the elastic behaviour were created to describe the local microscopic 

parameters KN and KS from the global macroscopic elasticity coefficients, Young’s modulus 
E, and Poisson’s ration ν. The model of concrete in elasticity is originated from Voigt’s 
hypothesis [3] and the best fit hypothesis [15] used for regular assemblies. Those 
approximations have been modified by Donzé [7] to take into account the disordered 
assemblies and the size of the interactive elements. Equation (3) shows the micro-macro 
relations between two elements a and b.          represents the initial distance between two 
elements, with radius Ra and Rb and  Sint is the interaction surface. Young’s modulus E, and 
Poisson’s ratio ν are considered the input values of the model whereas α, β and γ parameters 
need to be identified by mean of linear quasi-static compression and traction tests. 

 Later, a study by Huang [13] has shown the dependence of the elastic macroscopic 
parameters on the ratio of shear stiffness over normal stiffness      . The expression of 
Young’s Modulus given by Donzé’s model [7][6] could be presented dimensionless 
eliminating its dependence on normal stiffness KN, by adjusting a value E0, which derives 
from the ratio          , equation (4). The identification procedure of the linear elastic 
behaviour parameters α, β and γ is described by Hentz [11]. A compression test with the 
macroscopic parameters E = 25 GPa and ν = 0.16 performed by Gabet et al. [10] was 
simulated and the parameters were calibrated, α = 3.9, β = 3.75 and γ = 5.  

2.4  Non-linear constitutive behaviour 
The non-linear plastic behaviour of concrete, between two elements a and b, in tension is 

characterized by a local criterion of rupture which found in several studies [12][19][22]. A 
modified Mohr-Coulomb criterion with sliding function f1 and a tensile rupture f2 is used for 
cohesive links, equation (5). The modified Mohr-Coulomb criterion of cohesive interactions 
consists from a friction angle Φi, a cohesion stress C0, a local tensile cut off stress T and a 
softening factor ξ. The softening factor ξ adjusts the tensile stiffness after damage in tension. 

The criterion of cohesive interactions equation (5) is separated in the cases below: 
f2 ≤ 0 and f1 ≤ 0, the cohesive link is elastic 
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 (4) 

                                                          
                                                                      

 (5) 

264



Andria Antoniou, Laurent Daudeville, Philippe Marin, Serguei Potapov 

 
 

5 
 

f2 ≤ 0 and f1 = 0, the shear force follows the sliding function 
 
When the second function, equation (5b) becomes greater than zero the damage of the 

cohesive link between two elements a and b is initialized because the component of the 
normal force FN exceeds the maximum local tensile limit      . Hence, the link passes to the 
softening phase where the normal stiffness is defined as    . This regime is limited to a 
maximum distance of the two elements       . Once the cohesive link is broken and the two 
spheres come in contact, a new contact interaction is created, which follows a classical Mohr-
Coulomb criterion with a contact angle Φc, equation (6).  

The criterion of contact interactions is divided in the next cases: 
f1 ≤ 0, the contact link is opposed to interpenetration 
f1 = 0, the shear force follows the sliding function 

 
The compressive non-linear plastic behaviour is governed by the compaction phenomenon, 

which occurs under high confinement. Once the elastic limit is excited              , the 
initialization of microcracks leads to a plastic regime until the plastic limit              , 
where consolidation take place, after the collapse of porosity and the closure of cracks, with a 
hardening branch. The stiffness of each branch is defined as the ratio of the initial stiffness of 
the link    over the parameters ξ1 and ξ2 respectively. 

Figure 3 presents the two models, on the right is plotted the sliding functions, while on the 
left is illustrated the local link’s behaviour. The microscopic parameters of the model need to 
be identified in order to result the macroscopic parameters, compressive σC and tensile σT 
strengths which are obtained from quasi-static tests in tension and compression. The 
compaction law parameters are defined by means of oedometric and hydrostatic tests obtained 
thanks to triaxial device that allows performing triaxial compression test on concrete with 
high confinement pressure. The non-linear behaviour parameters under low pressure were 
identified as C0 = 3.5 MPa, T = 3 MPa, ξ = 3, φi = 30º and φc = 30º by modelling quasi-static 
tests with macroscopic σc = 34 MPa and σT = 3.4 MPa, Figure 4. For the parameters referred 
to high pressures      = 0.05GPa,      = 0.3GPa, ξ1 =1.5 and ξ2 =0.3 were employed the 
Hydrostatic and Oedometric tests, Figure 5 [10].  

 
 

 
 
 
 
 
 

                                               (6) 

Figure 3: Local criterion of rupture 
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2.5 Strain rate dependency  
The tensile strength of concrete increases under moderate and high loading rate, as has 

been observed experimentally. The model has implemented to account for the strain rate 
sensitivity with the dynamic increase factor (DIF) local equation (7). DIF is defined as the 
ratio of the dynamic tensile strength over the static tensile strength         . The increase is 
applied also on the maximum distance limit Dmax, as can be seen on Figure 6. The local 
parameters     ,    and    are calibrated with the help of a Hopkinson bar spalling test [1]. 
The experimental pullback velocity of the specimen’s rear face, is reproduced with the 
parameters          ,          and         .  

 

  
 
 
 

      
    
   

   

 
 
 

 
                                                               

            
 
  
                                                 

            
 
  
                                         

  (7) 

Figure 5: Calibration of under high pressure behaviour parameters, oedometric, hydrostatic tests 

Figure 4: Simulation of quasi-static tests 
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3 SIMULATION OF IMPACTS  
The reliability of the proposed DEM numerical model is validated with the simulation of 

high velocity impacts on confined concrete. The numerical results are compared with the 
experimental data obtained by CEA Gramat. 

3.1 Impact experiments 
A series of impact tests have performed by CEA-Gramat. Ogive-nosed steel projectiles 

with a calibre-radius-head (nose radius to diameter ratio) 5.77, a shank diameter of 52.06 mm, 
a length of 299.43 mm and a mass 2.442 Kg, Figure 7 (right) were launched on fully 
saturated unreinforced cylindrical targets made of ordinary concrete R30A7 confined with a 
thin steel jacket. R30A7 concrete was widely investigated in previous studies [6]. The 
impacted specimen diameter is 800 mm, while the thickness is varying with 300 mm for 
perforation test and 800 mm for penetration test. The confined steel jacket has a thickness of 
15 mm and it is anchorage on the concrete target. An accelerometer was embedded into the 
projectile Figure 7 (right) to record the axial deceleration during the experiment. In addition, 
after the test a topographic laser system was used to measure the crater dimension and the 
penetration depth. Three tests have been conducted with different striking velocities, one 
perforation test with 333m/s and two perforation test with higher velocity 347.4 m/s (HV) and 
lower velocity 227 m/s. “DEIMOS’’ gas launcher Figure 7 (left) was employed to give the 
initial impulse on the strikers. Figure 8 shows the perforation impact test at certain moments 
(left) and the damage mode of the penetration test (HV) (right). 

 
 

 
 
 
 
 
 Figure 7: “DEIMOS” gas launcher (left), projectile with its accelerometer  

Figure 6: Constitutive model under dynamic loading  
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3.2 Modelling of impact experiments  
The cylindrical concrete specimen was modelled with DE, while for the steel projectile and 

the steel confining jacket were used tetrahedral FE, Figure 9. All meshes have been generated 
by using SALOME [21]. The DE concrete mesh was created from an eight tetrahedra FE 
mesh per short side (of the specimen’s geometry) with SherePadder++ [23] direct geometrical 
algorithm. The eight tetrahedral FE mesh was selected in order to produce spheres with 
diameters similar to the FE size of the projectile and the steel jacket. The condition of similar 
sizes between FE and DE should be respected, for proper link creation. Table 1 illustrates the 
DE properties of the perforation and penetration test. Furthermore, for the simulations of the 
three impact experiments 10% of damping was used. 

 
  
 
 
 
 
 
 
 
 
 
 

Figure 8: Perforation Impact (left), Penetration Impact (right)  

Figure 9: Model of impact test DE concrete with FE confined steel jacket (left), FE steel projectile (right) 
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Table 1: Properties of perforation and penetration DE meshes  

Compactness DE# λ Rmax (cm) Rmin (cm) Rmean (cm) 
Perforation 

0.6086 141765 1.3986 0.9 0.3 0.471 
Penetration 

    0.6154     336467    1.402    0.9384     0.3128     0.491 

 
     Figure 10 shows the numerical and experimental results for the perforation impact test. On the left side is 

plotted the axial displacement of the projectile, while on the right side its velocity. Equivalently  

 

 

Figure 12 presents the results for the penetration impact tests. The crack patter observed 
experimentally can be found on Figure 11 for the perforation test and on Figure 13 for the 
penetration (HV) test on the right side, whereas on the left side are given the damages 
obtained from the numerical simulations. 

The numerical result has well predicted the experimental results. For the perforation test 
the results are thoroughly matched. However, a slight difference is observed on the curves of 
the penetration tests. The damage for both experiments seems to be quite similarly produced 
by the DE model, with more significant diagonal cracks at the bottom of the perforated 
specimen than the top. In addition, by comparing Figure 8 (left) with Figure 11 (left), it is 
obvious that the phenomena observed experimentally, such as spalling on the front and 
scabbing on the rear face, have been successfully generated during the perforation test 
simulation. Furthermore, a cratering damage mode is following the penetration test, which it 
has also appeared at numerical results.   

 

Figure 10: Perforation test, simulation and experiment, projectiles axial displacement (left), velocity (right) 
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Figure 12: Penetration test, simulation and experiment, projectiles axial displacement (left), velocity (right) 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 11: Perforation crack pattern, simulation (left) experiment (right) 
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4 CONCLUSION 
In this paper a numerical method of DEM for concrete has proposed to model structure 

under severe loadings. The DEM approach has applied to simulate extreme impact 
experiments on thick confined concrete specimen, which can represent an aircraft strike on a 
nuclear shielding. Perforation and penetration tests were satisfying reproduce by the 
numerical results. The crack patterns appeared to be well accordance with the experimental 
ones. This study gives the motivation to proceed in simulating the response of industrial-size 
concrete structures. 
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Abstract. Modeling the long-term performance of granular materials under cyclic loading 
conditions is still a challenge and a better understanding could provide a large benefit for the 
design of foundations. One typical application example are the foundations of wind turbines, 
for which the evolution of the soil mechanical behavior could lead to irreversible strain 
accumulation (with tilting and settlement) and dynamic resonance problems [1]. 

In this framework the Discrete Element Method [2] can provide useful information starting 
from a micromechanical point of view: it may allow engineers to increase their knowledge on 
the evolution of the mechanical behavior and to optimize the long-term design of these 
structures [3]. 

The present paper presents the capability of DEM to simulate a long-term cyclic drained 
triaxial test (up to 100,000 cycles). The results regard the progressive accumulation of plastic 
strain as function of the number of particles and the initial particles rearrangement. The 
influence of densification and contact orientation (anisotropy) in the evolution of the strength 
of the soil during the cyclic loading history is investigated. 

 
 
1 INTRODUCTION 

Repeated loadings are some of the main design driven factor for fatigue analysis of many 
civil structures like transportation facilities, industrial plant as well as wind turbine 
foundations. Considering the latter, which are subjected to millions of dynamic loadings 
during their lifetime, it is important to capture any change in soil properties which could have 
an impact on the behavior of the structure in terms of irreversible strain accumulation 
(settlement and tilting) and dynamic resonance problems [1].  
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Modeling accurately the evolution of soil properties under low amplitude cyclic stress 
loading is of great interest for geotechnical engineers, especially because there is a lack of 
accurate constitutive models focusing on these problems. During each loading cycle the soil 
experiences an accumulation of plastic deformations, with a partially open strain hysteresis 
loop. The smaller the loading amplitude is, the smaller the gap will be. These small vibrations 
and cyclic solicitations can be considered silent on the short term and the load-deformation 
behavior is quasi-elastic. However, in the long-term, they possibly result in a low but 
progressive degradation/damage of the structure and foundation, impacting the behavior of 
structures and their maintenance costs. Capturing this long-term behavior has been done 
applying different approaches in Finite Element Method (FEM). One is the application of the 
common engineering constitutive soil models (hysteretic approach), which is still a challenge 
and could possibly lead to inaccurate results due to the accumulation of numerical errors 
when hundred or thousand of cycles are applied [4]. Another strategy is to use the so-called 
explicit method such as the High Cycle Accumulation (HCA) model [4] or Cyclic Interaction 
Diagrams developed at NGI. The accumulation of plastic strains for a series of cyclic 
amplitude excitations are directly related to the number of cycles. These models are based on 
empirical macroscopic behavior of soil under cyclic loading obtained from experimental 
laboratory testing. However, the explicit models are either too much sophisticated or required 
extensive laboratory effort and are difficult to be used to analyze the soil behavior in other 
different loading conditions. 

In the past decades Discrete Element Method (DEM, pioneered by Cundall et al. [2])  is 
becoming popular on simulating low amplitude cyclic triaxial tests, showing similarities to 
the overall macromechanical response of the laboratory tests and with the possibility to 
investigate the soil fabric evolution [6,7,8]. However, in those researches the application of 
rigid walls/membranes to simulate the real configuration required a large amount of particles 
and just few thousand of cycles were investigated. The DEM has proved to be a powerful 
method to study plasticity and non-linearity of granular materials which naturally arise from 
its intrinsic particle description without any particular mathematical hypothesis. Even though 
it is a good candidate for the comprehension and prediction of soil under cyclic loadings at a 
particles level point of view, its applicability in  common geotechnical problems is still 
limited to the number of particles.  

The present work shows the capability of DEM to simulate qualitatively a long-term cyclic 
drained triaxial test with low strain amplitude. The cyclic triaxial tests are simulated on a 
Representative Elementary Volume (REV) under stress-controlled conditions. 

The trend of the accumulation of axial strains and strain amplitudes were analyzed in terms 
of reproducibility of the test results up to 10,000 cycles and with different number of particles 
(different REV sizes) up to 100,000 cycles. In the end, the analysis of the strength during 
different cyclic stages was linked to the evolution of the anisotropic soil fabric.  

2 DISCRETE ELEMENT SIMULATIONS 

2.1 Sample Generation 
In the present analysis the DEM simulations were conducted using an open-source code 

YADE [9] based on a soft-particles approach. Spherical particles are considered to reduce the 
computational cost. The contact constitutive law is the classic elastic-plastic law with rolling 
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and twisting stiffness at the contact to take into account for grain roughness [9, 10]. The long-
term cyclic drained triaxial tests are simulated with a cube-shaped cell called REV. A REV is 
characterized of Periodic Boundary (PB) conditions.  Figure 1 is an example of a REV 
packing where the blank wire spheres are the exact copy from the opposite side. 

 
 

Figure 1: REV packing with periodic boundary conditions. 

This configuration allows to use a smaller number of particles, which is important for 
computational reason and to avoid boundary effect problems arising when rigid-wall or 
membrane is used [11].  

The aim of this paper is to show the capability of the DEM to simulate a long-term cyclic 
loading from a qualitative point of view and to study the initial departure of the grain 
assembly. Therefore, no contact law parameter calibration has been done but will be 
addressed in the future for a quantitative analysis of the cyclic behavior of soil. The contact 
parameters governing the macromechanical behavior are five and are listed in Table 1. These 
parameters represent an idealized cohesionless frictional material. 

Table 1: Particles' contact parameters. 

Ec [Pa] 4e8 
vc [-] 0.25 

Phic [°] 32 
Beta [-] 0.75 
Eta [-] 0.75 

Density [kg/m3] 2535 
 
The samples were generated in order to match two predefined global quantities: Particles 

Size Distribution (PSD) and target porosity. A procedure for sample preparation similar to 
that described in [5] was adopted. A very loose cloud of particles with random position, high 
porosity (non-overlapping particles) and predefined PSD was generated in an initially large 
cube-shaped cell. An isotropic compression was applied with a high value of contact friction 
angle until a stable sample was achieved. At this stage the porosity of the sample is higher 
than the target one. A decrease in contact friction angle was gradually applied until the 
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desired porosity was reached. The sample preparation was considered finished when the 
unbalanced force [9], which is the ratio between inertia and interaction forces, went below  
10-3. The contact friction angle was then set to the wanted value.  

Regarding the PSD, the sample considered was a slightly uniform distribution with Dmin=4 
mm and Dmax =8 mm. The target porosity for the sample preparation was set to be 0.50. 

 

Figure 2: Void ratio of the REV for different friction angle and confining pressure. 

The direct comparison in terms of porosity between laboratory and numerical samples, is 
not straighforward due to the difference in particles shape. Therefore, it would be more 
appropriate to compare relative densities and have different scales of minimum and maximum 
porosties between the laboratory and numerical samples. In order to have a complete 
overview of the relative state of density of the present sample, the minimum void ratio emin 
and maximum void ratio emax were calculated by imposing the contact friction angle to 0° and 
90° respectively. The minimum and maximum void ration depend on the confining pressure 
being used, thus different samples were generated with different contact friction angles and 4 
different confining pressures. For all the confining pressures a low strain rate was set. It is 
important to underline that, during the sample preparation, the velocity of the boundaries 
under the isotropic confining pressure has to be as low as possible to avoid the creation of an 
inhomogeneous contact force distribution. As figure 2 shows, the denser state is characterized 
by a small variation of the minimum void ratio with different isotropic confining pressures 
while the loosest state is more scattered: this depends on the initial grain arrangement and 
chain force formation. The minimum and maximum void ratios at 100 kPa of confining 
pressure was adopted. emin and emax were equal to 0.537 and 1.32, respectively. 

2.2 Triaxial Compression Test 
Monotonic triaxial tests were conducted to analyze the macroscopic behavior of the  

sample. The lateral stress was kept constant at the confining pressure of 100kPa while the 
vertical boundaries were moved vertically under strain-control conditions. Two stable 
samples with 3000 particles and having different initial porosities were generated. The first, 
referred as "dense", has an initial porosity of 0.358 (ID=0.97). The second sample, named 
"loose ", is characterized by an initial porosity of 0.50 (ID=0.408). The figures 3a and 3b 
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shows the deviatoric and volumetric behavior of the two samples. 
The REV with 3,000 spheres mimics the classical drained triaxial compression test 

response of granular materials with different initial densities. Both samples reach the critical 
state with the same deviatoric shear stress and a quite constant volumetric strain. The loose 
state, which will be used for the cyclic loading triaxial test, shows the typical hardening 
behavior with shrinking. 

 
Figure 3: Triaxial test results of two DEM samples: (a) deviatoric and (b) volumetric behavior. 

2.3 Cyclic Triaxial Test 
Also in the simulation of the cyclic triaxial tests, the lateral confining pressure σc was kept 

constant at 100kPa while the vertical boundaries were cyclically moved under stress-control 
conditions. Figure 4 shows the cyclic stress path of the simulation in the p’-q plane, where p 
is the mean stress and q is the deviatoric stress. The first phase (horizontal red line) represents 
the isotropic confining phase up to a σc of 100kPa. Then the sample is sheared with a load σs 
of 40 kPa until the point (qav, pav) is reached. The cyclic loading stage was then performed 
with a stress amplitude σamp of 30 kPa. The values of the loading stresses can be found in 
table 2.                                                                                                         

                                                                                              Table 2: Stress loading parameters 

 
                                 Figure 4: Cyclic Stress path 

The mass of the PBs were adjusted in order to avoid inertial forces. The aim of the paper is 
to investigate the capability of the DEM to simulate the effect of a small strain amplitude on 
the long-term cyclic loading. Therefore, the cyclic stress was chosen in order to have a low 
cyclic strain amplitude of the order of 10-3 and the static load far from failure. For small 

piso 100.00 kPa 
pav 113.33 kPa 
qav 40.00 kPa 

qamp ±30.00 kPa 
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number of particles in the REV and  long-term cyclic loading, the chance of having an 
inhomogeneous distribution of contact forces is high (again the initial sample preparation has 
a strong influence on the behavior of the assembly). During the cyclic test, the occurrence of a 
chain buckling leads to a sudden large increase of plastic strain [6]. 

The analyses of the results of the DEM cyclic triaxial tests were done by following the 
procedure and the remarks explained in [12], which are depicted in figure 5 [12] for a 
laboratory cyclic triaxial test.  

 
 

Figure 5: Cyclic Triaxial Test curve (modified from [12]) 

The cycles were divided in a first irregular cycle N0 in which there is the largest 
deformation and in subsequent regular cycles Ni (i=1,..,n). 

The trend of the axial strain during the cyclic triaxial test was analyzed by calculating the 
axial strain accumulation (1) and the axial strain amplitude (2) from the first regular cycle 
N1[12]. 

 

        
 
    

                                                  where i=1,...,n cycle      (1) 

    
     

    
        

 
    

                        where i=1,...,n cycle      (2) 

 
The test was conducted using 3,000 spheres in a REV packing. The total number of cycles 

was 100,000. Figure 6 shows the trend of the axial strain accumulation plotted with the 
logarithm of the number of cycles. It is clearly visible that the rate of accumulation of axial 
strain decreases, reaching a constant value, which means that the soil reaches a stable 
configuration named shakedown state [13]. 

The shakedown state also emerges considering the trend of porosity as shown in figure 7. 
The first few thousand cycles are marked with the highest adaption period to the external 
cyclic solicitation, with the larger accumulation of permanent deformation. Subsequently to 
this adaption period, the material showed a resilient response to the increasing the number of 
cycle stresses, typical of the shakedown behavior [13]. 
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Figure 6: Axial Strain Accumulation of a REV with 3000 particles up to 100,000 cycles 

 

Figure 7: Trend of porosity (red line) and axial strain amplitude (black line) of a REV with 3000 particles up to 
100,000 cycles 

3. TEST REPEATABILITY OF CYCLIC TRIAXIAL TESTS 
In the following, the degree of repeatability on the long-term cyclic behavior was 

investigated with different initial fabric and different number of particles. Different clouds of 
particles were prepared, with different initial random distributions and the procedure 
explained previously was used to create a stable packing. 

Two different numbers of particles in a REV were considered: 2000 and 5000. For each 
number of particles, 10 samples were generated. The micromechanical parameters used in 
simulations are listed in table 1. 

All the 20 samples were isotropically consolidated with a confining pressure of 100 kPa 
and cyclically loaded for 10,000 cycles. The target porosity during the sample preparation 
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was set 0.50 and from the inspection of the 20 samples the porosity differs of 0.03%. 
Figures 8 shows the same cyclic behavior described earlier. The dispersion of the curves 

(i.e. repeatability) resulted lower with a large number of particles. This low variability is also 
depicted in figure 9, where the axial strain amplitude is plotted. 

 
Figure 8: Axial Strain Accumulation for different initial packing.  

 
Figure 9: Axial Strain Amplitude for different initial packing. 

4 INFLUENCE OF THE REV SIZE ON THE LONG-TERM CYCLIC BEHAVIOR 
With regards to the cyclic tests, the choice of the number of particles to be used in the REV 

is of capital importance from a computational stand point: the larger the number of particles 
is, the longer the simulation will be; on the other hand a too small number of particles may 
lead to incorrect or unreliable results. 

A minimum number of particles should be used to get reliable porosity, coordination 
number, stress and strain values [14]. The evaluation of the minimum amount of spherical 
particles for a REV can be done by looking at the orientation distribution of the contact 

280



G. Zorzi, F. Kirsch, F. Gabrieli and F Rackwitz 

 9 

normal which should be close to a sphere shape-like under isotropic compression[5].  
Figure 10 shows the axial strain accumulation up to 100,000 cycles for different REV. The 

rapid increase of deformation for a small sample (with 500 particles) is due to buckling effect 
of large chain forces [6]. Moreover, specimens with a low number of particles can have a poor 
normal contact force distribution which governs the cyclic behavior. By increasing the 
number of particles per sample there is an increase of the axial strain accumulation.   

 
Figure 10: Axial Strain Accumulation as function of the # of particles for the sample. 

5 STRENGTH AND STIFFNESS OF THE SAMPLE DURING CYCLIC STAGES 
Cohesionless materials can benefit from low amplitude cyclic loading conditions, 

increasing their strength and stiffness after the cyclic loads. It is believed that this increment 
in stress is mainly due to the emergence of a densification process (decrease in porosity). 

During the cyclic triaxial test for the REV with 3,000 spheres, the sample configuration 
was saved at 100/ 1,000/ 10,000/ 50,000/ 100,000 cycles, red points in figure 11. The samples 
were then unloaded until an isotropic confining pressure of 100kPa and the monotonic triaxial 
tests were conducted to analyze their strength and stiffness. The lateral stress was kept 
constant at the confining pressure of 100kPa while the vertical boundaries were moved 
vertically under strain-control conditions. In figure 12 and 13, it is clearly depicted that the 
sample is increasing its strength with the increasing of the number of cycles (solid lines), 
transforming from a typical hardening behavior with shirking (cycle 0) for loose material to a 
compaction-dilation behavior for dense materials.   

At the same time, new samples were generated and monotonically sheared with the same 
exact porosity and isotropic confining pressure of 100kPa of the previously saved samples. 
Figure 12 and 13 show the difference between the monotonic triaxial tests of virgin samples 
(dashed lines) and cyclically loaded ones (solid lines) at the same porosity. 

During a cyclic loading stress solicitation, the granular assembly decreases in density 
(behavior seen from a macroscopic point of view) but at the same time organizes its 
distribution of contact normal orientation in a favorable way to resist better against the 
external solicitation (stress induced anisotropy [6]). Figure 12 shows that the stress induced 
anisotropy (contact orientation) started to develop between 1,000 cycles (the red dashed and 
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solid lines are similar) and 10,000 cycles. 
This effect could be studied with the DEM by analyzing the distribution of contact 

orientation. During the sample generation under an isotropic confining pressure and 
neglecting gravity, the contact orientation should reassemble a circular shape (isotropic 
fabric). After 100,000 cycles, the same distribution of contact orientation should evolve to 
adapt to the new stress conditions. Further investigation will be done to better characterized 
this phenomena. 

 
 

Figure 11: Porosity trend for 3,000 particles up to 100,000 cycles. 
 

 
Figure 12: Triaxial tests results: deviatoric behavior. Solid line: anisotropic samples due to cyclic loading. 

Dashed line: isotropic samples. 
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Figure 13: Triaxial tests results: volumetric behavior. Solid line: anisotropic samples due to cyclic loading. 

Dashed line: isotropic samples. 

6 CONCLUSIONS  
This paper shows the potentiality of DEM to simulate qualitatively a long-term cyclic 

triaxial test on a REV. The effect of different initial fabric and REV sizes have been 
investigated in relation to a large amount of cyclic loading. Future research will be to 
quantitative simulate cyclic triaxial test results of sand. It will allow a better understanding of 
the long-term behavior of granular materials from a micromechanical scale, possibly resulting 
as a base for an accurate formulation of constitutive models for cyclic loading. 
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Abstract: The paper describes experimental and numerical results of quasi-static splitting 
tensile tests on concrete specimens at meso-scale level. The loading strip was made of plywood 
or steel. Fracture in concrete was detected at the aggregate level by means of three non-
destructive methods: 3D x-ray micro-computed tomography, 2D scanning electron 
microscope and manual 2D digital microscope. The discrete element method was used to 
directly simulate experiments at the meso-scale. Concrete was modelled as a random 
heterogeneous 4-phase material composed of aggregate particles, cement matrix, interfacial 
transitional zones and macro-voids based on micro-tomographic images. Two-dimensional 
calculations with real concrete microstructure were carried out. A satisfactory agreement 
between numerical and experimental results was achieved. The evolution of contact normal 
forces, coordination number, broken contacts, grain rotations and crack displacements was 
also investigated. In addition, each energy component was calculated and analyzed at a 
different stress-displacement stage. 

 
 
1 INTRODUCTION 

The splitting tensile tests (also known as the Brazilian tests) are the most popular 
laboratory tests on concrete to determine its uniaxial tensile strength due to their loading and 
specimen shape simplicity. This test consists of applying a distributed compressive force 
along the length of a concrete cylinder, which induces a primarily tensile stress perpendicular 
to the loading plane of the specimen’s cross-section with a sharp compressive stress near the 
points of load application. The tests are however sensitive to boundary conditions related to 
the width, shape and stiffness of a loading strip. The effect of boundary conditions on the 
initial global stiffness and post-peak behaviour of concrete specimens (strength-displacement 
curve, fracture) has not been investigated yet. 

The fracture process in the splitting test with standard loading strips consists of two main 
stages: (1) a main macro-crack formation in the central vertical zone and (2) secondary cracks 
connecting the main vertical crack with edges of loading plates. In addition, the test outcomes 
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are subjected to a size effect, expressed by a decrease of both the nominal strength and 
ductility with increasing specimen diameter [1]. 

Our experimental and theoretical research works are aimed at understanding the concrete 
behaviour at the meso-scale during different failure modes in quasi-static splitting tension, 
depending upon the specimen diameter. Based on preliminary experiments, a quasi-brittle 
concrete behaviour took place with small specimen diameters (D=5 cm). For larger diameters 
(D=10 cm), a brittle concrete behaviour occurred. Finally, for large diameters (D15 cm), a 
snap-back instability was observed (which is described by a positive slope in a stress-strain 
softening branch). In this paper concrete cylinders with the diameter of 0.15 m were 
experimentally and theoretically investigated. During laboratory tests, a snap-back instability 
occurred. The vertical load was transferred to concrete specimens through a steel cylinder (in 
the form of a line contact) or a plywood board (in the form of a surface contact). Fracture was 
monitored using a high resolution and non-destructive technique in the form of the 3D x-ray 
micro-computed tomography (using Skyscan 1173 [2]). In addition, the 2D scanning electron 
microscope (SEM) Hitachi TM3030 and manual 2D digital microscope 'Scalar' were used. 
The discrete element method (DEM) was applied to describe a non-linear global response of 
concrete during splitting tension. In this method concrete was considered at the meso-scale as 
4-phase material (aggregate, cement matrix, macro-voids and interfacial transitional zones 
(ITZs)). The geometry of concrete micro-structure at the meso-level was incorporated into 
DEM from real concrete specimens by means of micro-tomography images. The model was 
successfully applied to concrete under bending and compression [3], [4]. These calculations 
showed that it was of importance to take into account the shape and position of aggregate 
particles and strength and number of ITZs for a realistic reproduction of concrete fracture. 
ITZs due to a porous structure acted as attractors for cracks and thus influenced the strength 
and brittleness of concrete. DEM was also used to the fracture description in concrete by other 
researchers. The splitting tensile tests for quasi-brittle materials were mainly simulated within 
continuum mechanics. 

The main goal of the paper is threefold: 1) to check the capability of DEM for simulating 
quasi-static splitting tension in concrete specimens at the meso-level by taking a snap-back 
instability into account, 2) to check the effect of different boundary conditions on the strength 
and fracture (expressed by the different loading and support strip type) and 3) to investigate in 
detail the concrete behaviour during quasi-static splitting tension at the meso-scale level. The 
numerical outcomes were directly compared with the experimental results with respect to the 
measured stress-strain curves and observed crack patterns based on 3D µCT-images. The 
evolution of contact forces, broken contacts, internal energies and crack displacements at the 
aggregate level were also investigated by DEM. The innovative point is to the use of a 4-
phase concrete mesoscopic model for fracture investigations based on the real internal 
concrete structure based on CT. In the future the DEM calculations may replace laboratory 
tests to investigate the influence of the concrete meso-structure on its global behaviour. 
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2 EXPERIMENTS 

2.1 Strength 

The splitting tensile experiments were performed in the static loading machine ZWICK 
Roaller Z400 (Fig.1). The machine was equipped with a crack opening extensometer (Sandner 
EXR10-2x) within the measurement range of 2 mm with the maximum error of 2%. The 
extensometer base was equal to 40 mm. The extensometer was located at the mid-height of the 
concrete specimen and glued to the specimen front side (Fig.1). The quasi-static tests were 
performed under the CMOD-control (CMOD - crack mouth opening displacement) with the 
displacement rate of 0.00001 (1×10-5) mm/s. Two types of loading/supporting strips were used: 
deformable plywood boards with the thickness of t=3 mm and width of b=25 mm (Fig.1b) (as 
recommended by ASTM [5]) and rigid steel loading/supporting cylinders with the diameter of 20 
mm (Fig.1a). Thus the vertical load was respectively transferred to specimen through a surface or 
line. 

 

 

a) b) 
 

Figure 1: View on loading machine Zwick Z400 with cylindrical concrete specimen of 
diameter D=150 mm and length L=60 mm for quasi-static splitting tensile tests: a) specimen 

loaded through steel cylinder and b) specimen loaded through plywood board 

The minimum aggregate diameter was da
min=2 mm, maximum aggregate diameter was 

da
max=12 mm and mean aggregate diameter da

50=5 mm. The volumetric aggregate sieve content 
was 31.2% (diameter 2-8 mm), and 16.6% (diameter 8-12 mm). Thus, the aggregate volumetric 
content was 47.8%. The total particle volumetric content (sand and aggregate) in concrete was 
75%. The concrete specimens with the diameter of D=150 mm were used. The minimum 
specimen length was assumed L=60 mm (=5×da

max). The mean standard compressive strength of 
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concrete tested on 3 cubic specimens 150×150×150 mm3 was equal to fc,cube=49.6 MPa and mean 
standard modulus of elasticity tested on 3 cylindrical specimens D=150 mm and length 
L=300 mm was Ec=33.1 GPa. 

Several splitting tests on concrete were carried out. Figure 2A presents the representative 
experimental stress versus CMOD curves for concrete specimens using two types of the 
loading/supporting contact along the specimens (steel cylinder and plywood board). The CMOD 
evolution during loading was perfectly linear in time. The splitting tensile strength, calculated as 
=2Pmax/DL (Pmax - the maximum vertical piston force), varied between 3.26 MPa 
(Pmax=47.2 kN, v=0.45 mm, CMOD=18 μm) and σ=3.64 MPa (Pmax=51.2 kN, v=1.15 mm, 
CMOD=22 μm) for the steel loading/supporting cylinders (line contacts) and plywood 
loading/supporting boards (surface contacts), respectively. Thus, the splitting tensile strength was 
higher by about 10% for the plywood board. Looking at the curve of the stress σ versus CMOD 
(Fig.2A), initially concrete elastically behaved up to 70% of the maximum tensile stress σ and 
later slightly non-linearly up to the peak load. After pronounced material softening occurred up 
to the residual state to failure. The residual stress was reached for σ=2.3 MPa (plywood boards) 
and σ=1.9 MPa (steel cylinder) for CMOD=110 μm. When considering the experimental stress-
vertical piston displacement diagram σ=f(v) (Fig.2B), a clear snap-back instability occurred for 
v=1.15 mm (plywood loading board) and v=0.45 mm (steel loading cylinder), expressed by 
a simultaneous reduction of the stress and displacement. Shortly before the test end, the 
displacement v slightly increased due to the specimen defragmentation. 

A)       B) 
Figure 2: Experimental curves for concrete specimens with diameter D=0.15 m): A) splitting 

tensile stress σ=2P(DL) versus CMOD and B) splitting tensile stress σ versus top vertical 
displacement v for 2 different loading systems a) steel cylinder and b) plywood board  

(P - vertical force, L - specimen length) 

In all tests the main vertical macro-crack first occurred at the mid-height of the specimen in 
the central vertical zone (Fig.3). Then it propagated towards both the specimen top and bottom. 
Later depending upon the loading and support strip type it reached the top and the bottom of the 
specimen (Fig.3a) or branched to form a wedge directly under the plywood board (Fig.3b). 
Finally at failure, the concrete specimen was divided into two halves. 
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2.2  Concrete porosity 
In order to measure more precisely the concrete porosity, a smaller concrete specimen 

(D=50 mm and L=60 mm) was cut out from the same concrete block and scanned by means of 
the 3D x-ray micro-tomograph Skyscan 1173. The x-ray micro-tomography (called micro-CT 
or µCT) is a 3D imaging technique which uses x-rays to create cross-sections of a physical 
object that is used to recreate a virtual model (3D model) without destroying the original object. 
Our x-ray micro-tomograph represents a new generation in high-resolution desktop X-ray micro-
tomography systems [2]. The scans were completed to ten times faster with the same resolution 
and image quality as compared to previous micro-CT with a fixed source-detector design. The 
scanner was equipped with the newly developed 130 keV microfocus x-ray source with a very 
stable focal spot position and flat panel sensor of a large format (5 Mpx) with a special protection 
by a lead-glass fibre-optic window. As compared to usual X-ray micro-tomographs, this scanner 
has two basic advantages: a) large specimens up to 150 mm in diameter may be scanned and b) 
specimens are scanned with a higher precision (2-3 microns). Note that a continuous 
investigation of the entire fracture process under deformation with our X-ray micro-tomograph 
has not been possible for technical reasons yet. The measured total volume of voids was p=3.2% 
and the measured volume of voids with the equivalent diameter dp<1 mm was p=1.6% . 

2.3  Concrete fracture 
The macro-crack images by means of the 3D x-ray micro-tomograph Skyscan 1173 are 

depicted in Fig.3 for the damaged specimen of Fig.3a after the test (D=0.15 m, L=0.06 m). In 
order to obtain a better accuracy in the X-ray micro-tomograph, the specimen width was 
diminished to 0.08 m after the test. The particular phases are shown in Fig.3A. The macro-crack 
was curved along the vertical and horizontal plane due to a random presence of aggregate grains 
(Figs.3B-3D). The micro-cracks always initiated in ITZs along aggregate particles since they 
were the weakest phase in concrete. When two interfacial cracks occurred around adjacent 
aggregates, a crack inside the cement matrix initiated to bridge the interfacial cracks so that a 
connected crack path was formed. Sometime it also crossed  macro-voids and aggregate. On the 
specimen front side, the macro-crack crossed e.g. 3 aggregate particles. The crack branching also 
occurred. 

In order to determine ITZs on the front surface of non-damaged specimens, the scanning 
electron microscope (SEM) HITACHI TM3030 with the maximum magnification factor 
30'000 was used. The small specimen 40×40×1.5 mm3 was used which was cut out from the 
initial concrete block. ITZs around particles were characterised by a porous structure as 
compared to the cement matrix (Fig.8). Their width varied between 10 μm and 25 μm. They 
appeared around all aggregate grains (da2 mm) and usually covered about 80-90% of the 
aggregate circumference that was probably caused by a formation of water lenses beneath 
aggregate grains during mixing. The width of ITZs was not connected with the aggregate 
diameter. Other experimental results showed that the width of ITZ reduced with decreasing 
aggregate roughness. 

3 DISCRETE ELEMENT METHOD MODEL FOR CONCRETE 
The 3D spherical discrete element model YADE takes advantage of the so-called soft-particle 

approach (i.e. the model allows for particle deformation which is modelled as an overlap of 
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particles) [6]. A linear normal contact model under compression was used. Aggregate grains 
were modelled as clusters composed of spheres. The interaction force vector representing the 
action between two spherical discrete elements in contact was decomposed into a normal and 
tangential vector, respectively. The normal forces acting on spheres were modelled by an elastic 
law with cohesion. The normal and tangential forces were linked to the displacements through 
the normal stiffness Kn and the tangential stiffness Ks. The stiffness parameters were computed 
with the aid of the modulus of elasticity of the grain contact Ec and two neighbouring grain radii 
RA and RB (to determine the normal stiffness Kn) and with the aid of the modulus of elasticity Ec 
and Poisson’s ratio υc of the grain contact and two neighbouring grain radii RA and RB (to 
determine the tangential stiffness Ks), respectively [6]. 

The contact tangential forces Fs and normal forces Fn satisfied the cohesive-frictional Mohr-
Coulomb equation using the inter-particle friction angle μ [6]. The normal force might be 
negative down to the minimum value of Fn min if there was no a geometrical contact between 
elements. If this minimum normal force between spheres Fn min was reached, the contact was 
broken. Moreover, if any contacts between grains re-appeared, cohesion between them was not 
taken into account. A crack was considered as open if cohesive forces between grains 
disappeared when a critical threshold was reached. A choice of a very simple linear elastic 
normal contact was intended to capture on average various contact possibilities in real concrete. 
One assumed that the cohesive force and tensile force were a function of the cohesive stress C 
(maximum shear stress at pressure equal to zero), tensile normal stress T and sphere radius R. To 
dissipate excessive kinetic energy in a discrete system, a simple local non-viscous damping 
scheme was adopted which assumed a change of forces by using the damping parameter. 

Concrete was described in DEM computations as a four-phase material composed of 
aggregate, cement matrix interfacial transitional zones (ITZs) and macro-voids. The numerical 
analyses were performed on concrete specimens with the same aggregate location and shape as 
in experiment. In the first step, two-dimensional simulations were performed to significantly 
reduce the computation time. Thus the crack curvature along the specimen length was not taken 
into account. The 3D analyses significantly increase computation times but do not significantly 
affect the results except of a small reduction of material brittleness. The voids were modelled 
simply as empty regions with a real shape. In order to create the real aggregate shape in 2D 
calculations (2 mm≤da≤12 mm) based on images of the polished specimen surface and μCT 
scan, the clusters composed of spheres with the diameter of d=1.0 mm connected to each other as 
rigid bodies were used. One aggregate particle, depending upon its diameter, included 5-500 
spheres. Based on experiments all aggregate grains with the diameter in the range of 2 mm <da< 
12 mm included ITZs. The cement matrix was modelled by spheres with the diameter 0.35 mm 
≤dcm< 2 mm without ITZs. ITZs were simulated for the sake of simplicity as contacts between 
aggregate and cement matrix grains. Thus they had no a physical width in contrast to 
experiments. Note that simulation of the width of ITZs (0.010-0.025 mm) requires very small 
spheres. In 2D calculations, the specimen length L included one row of aggregate and cement 
matrix particles. The specimen preparation process consisted of 2 stages. Initially aggregate 
particles and clusters simulating voids were created. Later smaller particles were added until the 
final specimen was filled in 98.4% in order to realistically the experimental micro-porosity was 
measured with μCT as 1.6% (Section 2.2). After the cement matrix was created, the particles 
were removed at the place of voids. Next all contact forces due to the particle penetration were 
deleted. The following five main local material parameters were needed for our discrete 
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simulations: E, υ, μ, C and T. In addition, the particle radius R, particle mass density ρ and 
damping parameters αd were required. 

The following parameters of the cohesion and tensile strength were used in all DEM analyses: 
cement matrix (Ec,cm=15 GPa, Ccm=140 MPa and Tcm=25 MPa) and ITZs (Ec,ITZ=12 GPa, 
CITZ=112 MPa and TITZ=20 MPa) based on our earlier calculations [3,4,7]. ITZs were obviously 
the weakest phase. The ratio Ec,ITZ/Ec,cm=0.8 was chosen based on the experiments. The 
remaining ratios were also assumed as 0.8: CITZ/Ccm=0.8 and TITZ/Tcm=0.8 due to the lack of 
experimental results. Note that there were no contacts between aggregate grains (da2 mm). The 
remaining parameters were constant for all phases and regions: υc=0.2 (Poisson’s ratio of grain 
contact), μ=18o (inter-particle friction angle), αd=0.08 (damping parameter) and ρ=2.6 kG/m3 
(mass density). The prescribed damping parameter αd and velocity did not affect the results 
during bending [7]. In the case of αd<0.08, the too excessive kinetic energy was always 
created during fracture (the tensile numerical test could not be performed without numerical 
damping due to excessively high velocities of particles (see also [7]). In turn, the effect of the 
αd-value on global results for αd≥0.08 became insignificant. The 2D concrete specimen under 
tensile splitting included in total about 20'000 spheres. The material constants were assumed 
based on the test on concrete not on the cement matrix (due to the lack of the detailed 
information on properties of ITZs). With the material constants assumed, the uniaxial 
compressive strength of the 2D four-phase concrete specimen (15×15 cm2) was about 45 MPa 
and elastic modulus E=30 GPa (as in the experiments, Section 2.1). 

4 DEM RESULTS 
The 2D cylindrical concrete specimens of the diameter D=150 mm obtained using DEM with 

two different loading/supporting systems as compared to real specimens were modeled. The 
deformable strip of the plywood board at the top and bottom of the specimen was created from 
240 spheres assembled together with the 50% lower stiffness than concrete (with this value the 
same global elastic stiffness was calculated as in the experiment). It had a full contact with the 
concrete specimen without wall friction. The rigid cylinder of steel at the top and bottom of the 
specimen was created by a single sphere of the diameter of 20 mm with the 10-times higher 
stiffness than concrete. The deformation was induced by prescribing the vertical top 
displacement in such way that the changes of CMOD were approximately linear in time (as in 
experiments). CMOD was calculated as a horizontal displacement at the specimen mid-height 
between mid-points of two regions with the area of A=5×15 mm2 (based on preliminary 
calculations). The mid-points were at the distance of 40 mm as in the experiment (Fig.1). If the 
calculated CMOD was larger than the assigned CMOD growth (vCMOD=1×10-5 mm/s), the 
difference was multiplied by the earlier calibrated proportional parameter n=1.5 since the inertia 
of the discrete system was different than this of the testing machine (ut+1=n× ut (CMODassigned-
CMODt)). A too small averaging area A mainly contributed to excessive displacement 
oscillations. In addition in order to diminish the excessive kinetic energy after the contact 
breakage between the areas A, larger local damping was assumed in calculations (αd

local=0.05) if 
the single grain velocity vt was larger than 0.001 m/s. Next this velocity was reduced in the next 
step down to vt+1=αd•vt0. In calculations, the time step dt was equal to dt=10-8 s. 

Figure 3 presents the DEM results of the strength compared to the experiments. The 
strength’s evolution versus CMOD and v was satisfactorily reproduced (Figs.3A and 3B). The 
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calculated maximum tensile stress was by 2% too low for the steel loading cylinder and by 10% 
too high for the plywood loading board than in experiments. The calculated residual tensile stress 
was the same for the steel loading cylinder and by 30% too high for the plywood board. The 
calculated rate of softening was similar for the steel cylinder and too small for  the plywood 
board. The differences between numerical and experimental results are probably caused by the 
different stiffness of the plywood board than in experiments and some slight deviations 
between the calculated and theoretical CMOD evolution. 

 

A)        B) 

Figure 3: Calculated DEM results against experimental ones: A) strength σ against CMOD, B) 
strength σ against top vertical displacement v (B) (curves ‘a’ and ‘b’ - experiments,  curves ‘c’ 

and ‘d’ - DEM, red lines - steel loading cylinder, green lines - plywood loading board)in 
experiment (a) and DEM (b) (continuous lines - experiments, dashed lines - DEM) 

The calculated crack patterns were very similar to the experimental ones (Fig.4). In DEM 
calculations with the plywood strip (Fig.4Bb), the macro-crack followed exactly the same path as 
in experiments (Fig.4Ba). It also branched into rigid wedges at the same height (25% of D from 
the top and bottom). However, the crack shape in the wedge often followed the other side of the 
aggregate particle. In DEM calculations with the steel cylinder (Fig.4Ab), the macro-crack was 
more curved than in experiments (Fig.4Aa) and followed the opposite edges of aggregates in the 
lower specimen half. The large aggregate grain at the specimen bottom crushed in the 
experiment  in contrast to DEM outcomes (our model has not included grain crushing yet). In 
DEM simulations, initially several single micro-cracks occurred in the entire specimen. The 
broken contacts first occurred always in ITZs at corners of aggregate particles wherein tensile 
forces were the largest (Fig.5Aa). Later micro-cracks started to concentrate in the vertical central 
zone at the specimen mid-height. Afterwards they connected with each other in the cement 
matrix by bridging and created a discrete macro crack in the vertical central zone (similarly as in 
the experiment) (Fig.5Ac). The crack propagated towards the top and bottom of the specimen for 
CMOD=30 μm. At the top and bottom, it branched by creating a clear wedge under the loading 
strip. At the test end (CMOD>150 μm), the specimen was symmetrically de-fragmented. The 
macro-cracks were always created by bridging interfacial micro-cracks (Fig.6). 
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        a) 

 
        b) 

       A)     B) 

Figure 4: Experimental and calculated fractured specimens at residual state for 
CMOD>150 m: a) experimental cracks and b) calculated cracks by DEM for A) steel loading 

cylinder and B) plywood loading board 

Figure 5B presents the evolution of inter-particle normal contact forces. The blue lines 
indicate tensile and red lines compressive forces. The line thickness is proportional to the force 
magnitude. The external vertical splitting force was transmitted via a network of normal contact 
forces which formed force chains. They carried the majority of the loading and transmitted it on 
the entire system and were the predominant structure of internal forces at micro-scale. Initially 
large vertical compressive normal contact forces were created in the almost entire specimen 
(Fig.5Ba). Tensile normal forces occurred in a perpendicular (horizontal) direction. In the 
boundary regions compression obviously dominated over tension. Before the peak of the vertical 
force, the compression and tensile forces increased, however some single tensile forces started to 
break due to the contact damage (Fig.5Bb). After the load peak the horizontal tensile forces 
started to reduce (Fig.5Bc). When a vertical macro-crack occurred in the specimen, the 
compressive forces concentrated in the specimen mid-region whereas the tensile forces became 

293



J. Suchorzewski and J. Tejchman 

located mainly along the specimen circumference due to the compression of two separated 
specimen halves (Fig.5Bd).  

 
a)   b)   c)   d) 

A) 

a)   b)   c)   d) 
B) 

Figure 5: DEM results: A) evolution of cracking in concrete specimen and B) evolution of inter-
particle tensile (blue lines) and compressive (red lines) normal contact forces for concrete 

specimen with plywood loading board versus CMOD: a) CMOD=10 μm, b) CMOD=20 μm, c) 
CMOD=30 μm and d) CMOD>150 μm (green colour denotes small values of internal forces) 

The evolution of the total elastic energy was analysed during the continuing deformation 
process (test with the steel loading cylinder) (Fig.7) without a separation into recoverable and 
stored terms. For the vertical top displacement v corresponding to the peak load Pmax 
(CMOD=20 μm, v=0.46 mm) (Fig.7A), the elastic internal energy was equal to 75% (normal 
energy - 52%, tangential energy - 23%), plastic dissipation was equal to 1%, energy of debonded 
contacts was equal to 2%, kinetic energy was equal to 0.5% and numerical damping was equal to 
21.5% of the total energy. At the failure (v=0.43 mm, CMOD=150 μm), the elastic internal 
energy was 42%, plastic dissipation was 2.5%, contact breakage energy was equal to 5%, kinetic 
energy was 0.5% and numerical damping was 50% of the total energy. Due to the snap-back 
instability, the total internal energy reduced by 15%, the elastic normal internal energy reduced 
by 60% and the elastic tangential internal energy reduced by 20% (Fig.23B). In turn, the plastic 
dissipation, numerical damping and elastic energy from removed cohesive contacts increased by 
the factor 2.5, 2 and 2.5, respectively.  
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Figure 6: Mechanism of macro-crack creation in concrete specimen by bridging interfacial 
zones for plywood loading board: a) CMOD=10 μm, b) CMOD=15 μm and c) CMOD=20 μm 

(spheres in red indicate broken contacts and dark grey corresponds to aggregate) 

A)        B) 

Figure 7: Energy evolution in 2D concrete specimen with steel loading cylinder versus vertical 
top displacement v (A) and CMOD (b) using DEM: a) external work, b) internal work, c) normal 
elastic energy, d) tangential elastic energy, e) plastic dissipation, f) kinetic energy, g) numerical 

damping and h) energy of debonded particles 

In order to improve the numerical results with respect to the experiments, the DEM model 
will be enhanced by aggregate crushing, width of ITZs and 3D analyses. The experiments and 
DEM calculations will be continued for the different specimen diameters (D=5-30 cm). 
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6 CONCLUSIONS 
- The type of the loading strip significantly affected the concrete behaviour. The strength 

was smaller by 10%, CMOD corresponding to the strength was smaller by 20% and 
vertical displacement corresponding to the strength was smaller by 300% when a line 
loading contact was prescribed at the top. In experiments, a snap-back phenomenon 
occurred. A clear compressive wedge took place when plywood loading/supporting 
boards was used that caused the strength’s increase. 

- The macro-crack was curved along the specimen height and length due to a stochastic 
distribution of aggregates. It was initiated in the central region at the mid-height. 
Initially micro-cracks always occurred in ITZs and then propagated through a bridging 
mechanism. Several aggregates crushed during experiments. The width of ITZs was 
about 10-25 μm. 

- DEM proved its capability to model concrete fracture in detail by taking the snap-back 
instability into account. The agreement of calculated stress-displacement results and 
crack shapes with experimental ones was satisfactory. A decrease of the strength of 
ITZs and minimum particle diameter in the mortar caused the reduction of both the 
splitting tensile strength and material brittleness. 

- The external vertical splitting force was transmitted via a network of normal contact 
forces which formed clear force chains. Some compressive forces appeared also along 
the macro-crack edge due to aggregate inter-locking. 

- Due to the snap-back instability, the total internal energy reduced by 15%, the elastic 
normal internal energy reduced by 60% and the elastic tangential internal energy 
reduced by 20%. The plastic dissipation, numerical damping and elastic energy from 
removed cohesive contacts  increased by the factor 2.5, 2 and 2.5, respectively. 
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Abstract. The field of applications for Discrete Element Method is constantly growing,
enabling the simulation of granular matter. However state of the art integration schemes
are mostly adopted from other methods, which results in certain drawbacks in either
performance and/or accuracy. The most common time integration schemes in Discrete
Element Method are explicit algorithms which are conditionally stable, only. Attempts
to use implicit schemes usually require evaluation of the right hand side of the equations
of motion, i.e. a complete reevaluation of the neighborhood search and contact forces
within predictor-corrector iterations. While both are most suitable for simulations of
rapid flows, computational efficiency is sacrificed for simulations of dense granular matter.
The algorithm presented in this paper is a predictor-corrector scheme using a prediction of
the forces, without evaluating the right hand side, to get an implicit estimate for the next
time step. This technique enables to speed up particle simulation while using considerably
higher time steps. The usage of the algorithm and the correspondent time step control
are shown in example problems and accuracy is verified.

1 INTRODUCTION

The rapid increase in computational performance enabled a rapid growth of Discrete
Element Method (DEM) in a wide range of applications. As the method itself is still
computational expensive, most research is focused on the applications themselves, leaving
the method with several drawbacks [1]. One of these is the use of non-specialized time
integration schemes. The most commonly usedVerlet and Leapfrog integration schemes
as well as their derivatives are explicit schemes, featuring conditional stability only. Hence
their maximum time step is limited by a critical time step, calculated from the highest

1
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eigen frequency of the system. According to [2], this yields:

∆tmax = min

(
rP

√
ρP
E

)
(1)

with rP, ρP, E being the radii, density and Young’s Modulus of the particles. These
time steps easily reach regions of [10−8, 10−7]s for realistic parameter sets, like given
in [1]. Implicit integration schemes, like the Newmark-β integrator implemented in
Pasimodo [3, 4] are unconditionally stable for continuous forces [4], but only conditionally
stable for the non-continuous nature of contact forces [5]. However their critical time
step size for non-continuous forces is way bigger than the explicit one. Given that high-
frequency oscillations are not important for the results accuracy in many applications like
soil modeling, the critical time step evaluates to [5]:

∆tmax ≤ Sf ·
δmax

|�vmax|
(2)

with δmax = |�udyn| · rP; |�udyn| ∈ [0.05; 0.1]

whereas �vmax is the maximum expected velocity of any particle in the simulation scenario,
δmax is the maximum allowed overlap in soft sphere DEM and �udyn is the allowed relative
overlap. This usually yields time step sizes in the range of [10−6, 10−4]s for realistic sce-
narios. As the step size in implicit schemes is allowed to be several orders of magnitude
higher than in explicit schemes, the higher computational effort per step is easily justified.
Implicit integration schemes are usually implemented as predictor corrector (PC) schemes,
estimating and improving the value at time t+∆t. Due to the initially unknown acceler-
ation or force value at time t + ∆t, the predictor step is an explicit estimate. With this
estimate the right hand side of the equations of motion can be evaluated by neighborhood
search and contact evaluation in order to improve the estimate in the corrector. However
these right hand side evaluations are especially expensive if several corrector steps are
needed, or lower time steps are required due to demanded higher frequency result accu-
racy. Furthermore, the explicit predictor step potentially calls for more corrector steps,
than an implicit predictor would.
Summarizing the state of the art, implicit integrators like the Newmark-β scheme [6]
are superior to explicit schemes, at the cost of higher computational effort per step. Ad-
dressing the shortcomings of state of the implicit integrators this article will present an
integration scheme, that approaches the per step performance of an explicit scheme while
having the stability conditions and advantages of implicit schemes.

2 INTEGRATION SCHEME

In this section the integration scheme will be derived. Therefore the single steps yielding
in an implicit scheme with implicit predictor but without the right hand side evaluations
are explained. As a predictor corrector scheme is used to implement the algorithm, xn

denotes the value at iteration step n and index m denotes the converged value.

2

298



Roy Lichtenheldt

2.1 General Scheme

As a general basis of the novel integration scheme, the well knownNewmark-β scheme
[6] is enhanced. The Newmark scheme is given as follows:

�̈x(t+∆t) =
�Fc(t+∆t)

mp

(3)

�̇x(t+∆t) = �̇x(t) + ∆t
(
(1− γ) · �̈x(t) + γ · �̈x(t+∆t)

)
(4)

�x(t+∆t) = x(t) + ∆t · �̇x(t) + ∆t2
(
(
1

2
− β) · �̈x(t) + β · �̈x(t+∆t)

)
(5)

with �Fc(t + ∆t),mP the contact forces and the particles mass, furthermore β and γ
are the parameters of the Newmark scheme respectively. For the common choice of
β = 0.25, γ = 0.5 the scheme is unconditionally stable in case of continuous forces and
conditionally stable given Eq. 2 for non-continuous contact forces. This scheme can
be implemented using an explicit predictor and thereafter improving the estimates by
repeated right hand side evaluations at the estimated positions yielding new position
estimates (see [4] for algorithm).

2.2 Predictor

In order to yield an implicit predictor step, the force or acceleration at time (t+∆t) is
needed. As the scheme especially targets the simulation of dense granular packages, the
assumption of constant jolt d3�x

dt3
:

d3�x

dt3
(t) =

d�̈xm

dt

∣∣∣∣∣
t

(t−∆t)

(6)

d3�x

dt3
(t+∆t) =

d3�x

dt3
(t) (7)

d3�x

dt3
(0) = 0 (8)

is made for the acceleration estimate, using the acceleration �̈xm at time t gathered by a
single right hand side evaluation. As this estimate is calculated using the current step t
and the previous step t−∆t, it is called left hand estimate and will have the upper index
l throughout the paper. Thus the acceleration yields:

�̈x(t+∆t) = �̈x(t) +

∫ (t+∆t)

t

d3�x

dt3

∣∣∣∣
t

(t−∆t)

dt (9)
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Using Eq. 4 and 9 a left hand velocity �̇xl
0(t + ∆t) estimate is calculated. In order to

improve the estimate a right hand approximation is calculated using the assumption of

d3�x

dt3
(t+ 2∆t) =

d3�x

dt3
(t+∆t) (10)

as well as taking into account a possible change of sign in the velocity during the next step.
The coverage of the change of sign is important, as for most force laws in DEM enlarging
forces are emerging in approaching particle pairs, but forces are lowering during departure.
If the change of sign is not regarded, the force in the consecutive step is overestimated,
especially for larger step sizes, leading to non precise results of the corrector. Using
�̇xl
0(t+∆t) and the Hadamard Product ◦ this yields:

�̈xr
0(t+∆t) =


�̈xl

0(t+∆t) + γ∆t · sign
(
�̇xl
0(t+∆t) ◦ �̇xm(t)

)
◦
∫ (t+2∆t)

(t+∆t)

d�̈x0

dt

∣∣∣∣∣
(t+∆t)

t

dt




(11)

As �̈xr
0(t+∆t) is a result of a velocity prediction at (t+∆t) and (t+ 2∆t), this yields in

γ as a weight factor for the jolt. As the last step in the predictor operation, a centered
estimate {�xc

0(t+∆t), �̇xc
0(t+∆t), �̈xc

0(t+∆t)} is calculated:

�̈xc
0(t+∆t) = (1− α) · �̈xl

n(t+∆t) + α · �̈xr
n(t+∆t) (12)

�̇xc
0(t+∆t) = �̇xm(t) + ∆t

(
(1− γ) · �̈xm(t) + γ · �̈xc

0(t+∆t)
)

(13)

�xc
0(t+∆t) = �xm(t) + ∆t · �̇xm(t) + ∆t2

((
1

2
− β

)
· �̈xm(t) + β · �̈xc

0(t+∆t)

)
(14)

Thereby α is introduced in addition to the Newmark coefficients β and γ to allow for
weighting towards left or right handed estimate. However the default recommendation of
α = 0.5 yields in the exactly centered acceleration. For the full PC-scheme, the choice of
β = 0.25 and γ = 0.5 followsNewmark’s suggestion. Yet, if the predictor is used without
the corrector in order to save computational effort, the choice of γ ≈ 0.7 is advised in
order to introduce stability by moderate numerical damping. This use is only advisable
if the force law itself cannot be covered by the corrector. Accordingly, if speed-up is
crucial, it is better to use the left hand estimate predictor only, knowingly sacrificing the
knowledge about possible change of sign in the velocity during the next step.

2.3 Force-law based Corrector

As the corrector is utilized to improve the estimates in the predictor to a valid forecast
of the values at time (t+∆t) it is iterated either till convergence or a maximum number of
iterationsm is reached. Thereby the acceleration estimate is improved using an assessment
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of the force law used. In general this yields:

�̈xc
n(t+∆t) = �̈xm(t) +

∫ (t+∆t)

t

d3�x

dt3

∣∣∣∣
(t+∆t)

t

dt (15)

The future value of d3�x
dt3

∣∣∣
(t+∆t)

t
is not assessable without rerunning neighborhood search

and contact force evaluation. Thus it has to be calculated based on the previous iterations
of the prediction, as well as the knowledge about the force law. In order to include the
commonly used elastic normal forces in DEM an equivalent stiffness c(t) to estimate the
next force can be defined as:

c(t) = ∇ ◦ �̈x
∣∣∣
�xm(t)

�xm(t−∆t)
(16)

Evaluating �̈xc
n(t+∆t) using the elastic law and c(t) then yields:

�̈xc
n(t+∆t) = �̈xm(t) + ξ

∫ �xn−1(t+∆t)

�xm(t)

(
∇ ◦ �̈x

∣∣∣
�xm(t)

�xm(t−∆t)

)
d�x (17)

with ξ ∈ [0, 1] being a weighting factor dependent on the force law used, but usually
chosen to be one. This forecast of acceleration is valid for both linear and non-linear force
laws, including friction. As the contact itself needs to be covered by a sufficient number
of time steps, changes in equivalent stiffness are sufficiently low even for non-linear force
laws. After assessing the acceleration, the velocity and position are updated accordingly:

�̇xn(t+∆t) = �̇xm(t) + ∆t
(
(1− γ) · �̈xm(t) + γ · �̈xc

n(t+∆t)
)

(18)

�xn(t+∆t) = xm(t) + ∆t · �̇xm(t) + ∆t2
((

1

2
− β

)
· �̈xm(t) + β · �̈xc

n(t+∆t)

)
(19)

As the algorithm tends to converge within a few steps, using m ∈ [2, 5] is a good choice
for fixed iterations without the need to control convergence saving computational effort.

Integration of the Rotations

Integration of the rotations of the six DOF particles is carried out analogous to the
translation. The only difference is due to the use of quaternions at rotation-level.

2.4 Automatic Step Size Control

In order to allow the integrator to adapt its step size as well as number of iteration to
the current behaviour of the solution, a time step size control is implemented.
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Convergence of Corrector Loop

In order to allow the number of iteration to be controlled by convergence of the correc-
tor, the maximum relative error of the acceleration εit(t+∆t, n) between two iterations is
used. If εit(t+∆t, n) < ηrel is true, the corrector iteration cycle is converged. εit(t+∆t, n)
derives to:

εit(t+∆t, n) =
k∑

i=1


k∆t2 ·

max
(∣∣i�̈xc

n(t+∆t)− i�̈xc
n−1(t+∆t)

∣∣)

2 ·
(

k∑
i=1

∣∣i�̈xc
n(t+∆t)− i�̈xc

n−1(t+∆t)
∣∣+ ηabs

)


 (20)

with k the number of particles and ηabs an absolute tolerance value. This tolerance
especially accounts for zero error in free falling particles.

Control of Time Step Size

The time step size is either controlled by the actual error εr(t) of the acceleration
estimation during the current step or by lowering the step if the corrector loop did not
converge. The error is therefore derived to:

εr(t) =
k∑

i=1


k∆t2 ·

max
(∣∣i�̈xc

m(t)− i�̈xcd(t)
∣∣)

2 ·
(

k∑
i=1

∣∣i�̈xc
m(t)− i�̈xcd(t)

∣∣+ ηabs

)


 (21)

with i�̈xc
m(t) being the predicted acceleration of every particle i and i�̈xcd(t) the actual

acceleration derived at the beginning of the next step using neighborhood search and
contact force evaluation. εr(t) itself actually describes the effect of the acceleration error
on the accuracy of the calculated position at the end of the time step. The quotient ϡ(t)
of the relative tolerance ηrel and εr(t):

ϡ(t) =
ηrel
εr(t)

(22)

is then used as input for the step size control law. This yields in adequate increase in time
step in case of lower errors, i.e. lower number of changes in the contact neighbourhood.

3 APPLICATION & RESULTS

In order to verify the applicability of the integration scheme in DEM and contact
dynamics, two example applications are evaluated in this section - a simple bouncing
sphere and a piling experiment. Thereby the simple example will also be used in order
to analyze energy conservation of the scheme. Prior to those applications the used force
law is introduced. The integration scheme was also initially verified using the harmonic
oscillator, which will not be shown in this paper, as the focus is on worst-case examples.
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3.1 Contact Model

In order to show that the integrator does not only work for linear contact forces, but
also non-linear laws including damping, the widely used Hertzian contact law is utilized
instead of a linear law. Using the adaption for DEM shown in [5] the resultant force in
case of overlap evaluates to

�F nm
N =

(
2E

3(1− ν2)

√
rnmC |�δnm|3

)
�nn
c + knm

Nmin
�̇δnm (23)

with Young’s Modulus E, Poisson’s Ratio ν, rnmC the mean particle radius of particles

m and n and �δnm the overlap. �nn
c and knm

Nmin ≤ 0 are the contact normal for each particle
and the damping coefficient respectively. In the first tests, only the normal force will be
used. In the piling experiments shown later in the paper, frictional forces and rotational
DOFs are added in order to check the applicability of the proposed integrator for general
DEM problems. In order to model friction, the approach shown by Lichtenheldt [1] is
used:

�F nm
cT = cnmT · �δnmT · sign

(
�δnmT · �̇δnmT

)
+ knm

T · �̇δnmT (24)

�F nm
T =

{
�F nm
cT ∀ |�F nm

cT | ≤ |�F nm
N | · tan(φh) ∧ |�̇δnmT | ≤ vnmTmin

�F nm
N · tan(φg) · (�̇δnmT )0 ∀ |�F nm

cT | > |�F nm
N | · tan(φh) ∨ |�̇δnmT | > vnmTmin

(25)

whereas φg,h are the friction coefficients for sliding and sticking and cnmT , knm
T are the

regularization stiffness and damping respectively. For rotations a commonly used rolling
friction is added in order to provide proper rolling behaviour.

3.2 Bouncing Spheres

The first example models two spheres bouncing on each other perfectly centered. There-
fore the lower sphere is fixed, while the upper sphere is free to fall until it contacts the
second one. This example serves as benchmark in terms of energy conservation in cases
with opening and closing contacts. These situations are worst-case for the scheme, as the
impact and thus the sudden change in acceleration is not predicted beforehand, but only
the step after the impact occurred. This makes this simple example more delicate in terms
of verification compared to the harmonic oscillator. The example is fully conservative,
thus no damping or friction is present.
The integration scheme has been tested for different time step sizes and automatic time
stepping as shown in Fig. 1 (left). It can be seen, that even for large time steps in the
sense of contact mechanics, stable solutions are found, i.e. no energy is generated. Only
for a step size of ∆t = 10−3s there is a decrease in potential energy, as the integrator
tends to damp the system numerically for arbitrarily high step sizes.

Furthermore it is worth mentioning, that the Newmark reference scheme showed an
increase in energy for ∆t = 10−3s already.
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Figure 1: Normalized potential energy for the upper bouncing sphere for different time
step sizes (left), Piling scenario with box and tilted plane visualized (right)

3.3 Piling Experiment

The piling scenario has been chosen as it features both, dense and flow states of granular
matter making it an ideal test case for the proposed scheme. As shown in Fig. 1 (right),
the scenario consists of a particle package dropping on an inclined plane creating a particle
flow in the surrounding box until the pile is settled at the angle of repose. In the first test
only normal forces are applied and the damping is set to 20% of critical damping. The
same scenario is executed with the jolt-based and the reference integrator, whereas the
Newmark scheme runs with ∆t = 10−5s and three iterations. For the jolt-based scheme
both fixed step (three iterations) and variable step simulations are carried out dependent
on the scenario. In the second test case frictional forces and rotational DOFs are added.

Accuracy

In Fig. 2 the jolt-based integrator is represented by gray particles, the Newmark in-
tegrator by green particles (note that the particles are scaled down for visibility) meshed
via delaunay triangularization. Both results have been superimposed in Fig. 2 in order to
allow for proper comparison. As it can be seen in the pictures, most of the gray particles
are contained by the mesh, especially for the dense parts of the flow. Especially for the
upper portion of particles situated in the pile there is almost no visible deviation. These
qualitative findings are supported by the plotted total energy in Fig. 4 on the left. The
jolt-based integrator shows slightly higher dissipation compared to the Newmark refer-
ence, but shows 2.11% of energy error, while increasing simulation speed.
In order to proof the applicability of the introduced scheme, it is tested with frictional con-
tacts. Contact coefficients are chosen correspondent to [1]. Figure 3 shows the animated
comparison as for the non-frictional case for fixed step simulations using ∆t = 10−5s. It
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Figure 2: Piling for jolt-based (gray particles) and reference Newmark integrator (green
meshed particles) for non-frictional contact

can be seen that the gray particles are again well contained in the mesh, however in the
beginning the jolt-based integrator slightly lower volume in the upper pile and thus higher
volume flow to the surrounding box. Given these slight variations it is still possible to
capture the correct angle of the pile in every frame. The later frames with less particle
movement are in even better agreement regarding the pile and the dense areas. Especially
in the end of the simulation the same angle of repose is reached, i.e. the shear strength
is covered correctly. Similar to the non-frictional piling, the frictional scenario also shows
good agreement of the total energy compared to the reference integrator. Figure 4 shows
the fixed step, as well as the variable step case. It can be seen, that the fixed step version
is more precise, as the automatic time stepping tends to chose as high step sizes as possible
in order to improve computational efficiency (see Figure 5 left). Regarding the relative
error with respect to the reference scheme, both are well below 5% of error, whereas the
fixed version is even below 2.2%. This result has been a surprise, as the corrector part
of the scheme does not cover any kind of frictional or dissipative force but assumes a
stiffness only. The fact that the forces are accurately assumed can also be seen in Fig.
5 right. The graph shows the maximum relative error between the converged prediction
value �̈xm(t+∆t) of the last time step and the actual acceleration determined by contact
detection in the current step. Most of the values are in the range of the desired value of
10−8. All the values above have only minor influence on the results as they are in the
same order of magnitude as the desired value and correspond to single particles changing
their contact state. By activating back-stepping in the algorithm, these overshoots can
be omitted while sacrificing some of the performance gain.
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Performance

As in the previous section the new scheme showed sufficient accuracy, performance is
compared to the reference solver accordingly. Therefore the same set of simulations as
for the frictional piling case is used. Table 1 shows the results of the comparison. The

Table 1: Performance comparison of the integrators

Integrator step size [s] num. iterations normalized time used []

Newmark 10−5 3 1
Lichtenheldt-Jolt 10−5 3 0.5
Lichtenheldt-Jolt [10−6, 10−2] [1, 10] 0.481
Lichtenheldt-Jolt [10−6, 10−2] 3 0.254

simulation time has been normalized to the Newmark result to allow easier comparison.
The fixed step, fixed iteration jolt integrator is already two times faster than the reference.
Sacrificing single percents of accuracy performance can be increased up to four times
the speed of the reference integrator, by running step size controlled with fixed number

Figure 3: Piling for jolt-based (gray particles) and reference Newmark integrator (green
meshed particles) for frictional contact
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Figure 4: Total energy and relative energy error for the proposed and reference integrator
for non frictional piling (left) and piling featuring friction (right)

of corrector iterations. Given the negligible loss in accuracy and the correctly covered
shear strength of the material the integrator is a good alternative to the Newmark
scheme whenever it comes to performance or software architecture. Compared to explicit
integrators, both schemes showed great advantages as the time step could be chosen
several orders of magnitudes higher.

4 CONCLUSION

In this article a novel implicit integration scheme has been proposed. On the basis of the
Newmark integration scheme it uses a jolt-based approximation for the accelerations at
the next time step. It specially targets particle simulations, as renewed contact detection
and force evaluation at every corrector iteration are costly. Discarding these by using the
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Figure 5: Time step size as chosen by the controller (left) and relative force error of the
jolt-based prediction compared to the evaluated force (right)
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approximation, the scheme also simplifies the architectural aspects of the code, making it
easy to implement in any software featuring explicit integrators, which would not allow
for renewed force calculation otherwise. Hence the scheme will also be used in DLR’s
GPU based simulation framework [7].
In the first sample applications it was shown, that the scheme is numerically stable for
contact problems even up to arbitrarily high time steps and even for too large step sizes
the integrator shows numerical damping instead of instability, making it most suitable for
particle simulations. The scheme’s accuracy has been verified using piling simulations and
showed that for two times faster computation only 2.1% of error are arising. Tolerating
negligibly low 4.4% of error results in an even higher speed up of a factor of four.
Given the advantages in performance, stability, implementation, architectural aspects and
its direct applicability to GPU-computing paradigms, the Lichtenheldt-Jolt integration
scheme poses an interesting alternativ to both, common implicit and especially explicit
schemes in Discrete Element Method.
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Abstract. In this paper, the fluidization of 8 mm glass particles in water has been simulated 
using a new methodology developed within the DEM framework. In this methodology, 
random liquid fluctuating velocities are used as direct input into the drag model. The specific 
aim of this study is to directly compute the granular pressure in a liquid fluidized bed. The 
granular pressure is defined using the particle-wall collision frequency and the corresponding 
particle momentum transport during the collision. Initially, we validated our model by 
comparing the relationship between superficial fluid velocity and bed expansion against the 
well-known Richardson-Zaki [1] equation. The results demonstrated a good agreement of our 
model. The granular pressure and temperature, as well as the particle-wall collision frequency, 
in the liquid fluidized bed were determined for superficial fluid velocities in the range 
between 0.08 and 0.32 m/s. The granular pressure exhibited a maximum (between 0.3-0.4 
solid fraction) that matched the experimental measurements of Zenit et al. [2] for high inertia 
particles. The granular temperature also revealed a peak at a solid concentration of around 0.2 
which is in line with the experimental measurements of Zivkovic et al. [3] and the model of 
Gervin et al. [4]. The set of the results presented in this study suggests that the approach used 
here is valid for obtaining the granular pressure and temperature for a wide range of volume 
fractions in liquid fluidized beds.   

 
 
1 INTRODUCTION 

The granular pressure is defined as the pressure exerted on the containing walls of the 
fluidized bed due to the collisions of particles with those walls. Batchelor [5] established the 
formulation of the mean motion of particles in a fluidized bed using a one-dimensional 
control volume stability analysis. All the parameters within Batchelor’s model were correlated 
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with the local solid volume fraction 𝜀𝜀𝑠𝑠 as well as superficial liquid velocity 𝑢𝑢𝑠𝑠𝑠𝑠. Hence, the 
expression of granular pressure is defined as [5]: 

𝑃𝑃𝑝𝑝 = 𝜀𝜀𝑠𝑠𝜌𝜌𝑝𝑝𝐹𝐹(𝜀𝜀𝑠𝑠)𝑢𝑢𝑠𝑠𝑠𝑠2  

 

(1) 

where 𝐹𝐹(𝜀𝜀𝑠𝑠) is some function of the solid volume fraction for two limiting cases of 0 and 
packed bed solid volume fraction (𝜀𝜀𝑠𝑠𝑝𝑝 ≈ 0.62). Batchelor [5] suggested the simplest form of 
𝐹𝐹(𝜀𝜀𝑠𝑠) as: 

𝐹𝐹(𝜀𝜀𝑠𝑠) =
𝜀𝜀𝑠𝑠
𝜀𝜀𝑠𝑠𝑝𝑝

(1 − 𝜀𝜀𝑠𝑠
𝜀𝜀𝑠𝑠𝑝𝑝

) 

 

(2) 

Ding and Gidaspow [6] proposed a relation for the granular pressure based on the Kinetic 
Theory of Granular Flow (KTGF) as [7]: 

𝑃𝑃𝑝𝑝 = 𝜀𝜀𝑠𝑠𝜌𝜌𝑝𝑝𝜃𝜃[1 + 2(1 + 𝑒𝑒𝑛𝑛)𝑔𝑔0𝜀𝜀𝑠𝑠] 

 

(3) 

where 𝜃𝜃 and 𝑔𝑔0 are the granular temperature and radial distribution function, respectively. 
The granular temperature based on KTGF [7] for a three-dimensional flowing granular 
material is defined as: 

𝜃𝜃 = 1
3𝑣𝑣

2 

 

(4) 

where 𝑣𝑣2 is the mean value of the squares of fluctuating velocities. The coefficient of 
restitution, 𝑒𝑒𝑛𝑛, is the ratio of the impact velocity to the rebound velocity. The square of the 
restitution coefficient is directly proportional to the loss of kinetic energy during inelastic 
collisions due to damping effect [8]. The concept of the radial distribution function, 𝑔𝑔0, is like 
𝐹𝐹(𝜀𝜀𝑠𝑠) used by Batchelor [5] and some different representations of it are available in literature 
[9-11]. We determined the granular pressure using the form of the radial distribution function 
proposed by Bagnold [9] as: 

𝑔𝑔0 = [1 − ( 𝜀𝜀𝑠𝑠𝜀𝜀𝑠𝑠𝑝𝑝
)
1
3
]

−1

 

(5) 

 Wang and Ge [12] presented a mathematical model based on energy balance analysis to 
predict the granular pressure in fluidized beds of high particle inertia which is defined as: 

𝑃𝑃𝑝𝑝 = 2(1 + 𝑒𝑒𝑛𝑛)𝜀𝜀𝑠𝑠2𝜌𝜌𝑝𝑝𝜃𝜃𝑔𝑔0 

 

(6) 

where all parameters are the same and determined similarly as per Eq. 3. 
In this paper, we are aiming at the computation of the granular pressure in a liquid 

fluidized bed using DEM. We have developed a new methodology to simulate the random 
motion of the particles influenced by the random fluctuating liquid velocity field incorporated 
into the drag force. A methodology for directly defining of the granular pressure based on the 
momentum transport during the particle-wall collision and the corresponding frequency has 
been presented. The simulation results for the granular pressure has been compared to the 
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correlations available in the literature. The collision-wall frequency as well as the granular 
temperature in the liquid fluidized bed have also been reported here.  

 

2 MODELING 
Forces acting on the particle 𝑖𝑖 are gravity, buoyancy, contact and drag, as: 

∑𝐹𝐹𝑖𝑖⃗⃗ = 𝐹𝐹𝑔𝑔𝑔𝑔⃗⃗⃗⃗⃗⃗ + 𝐹𝐹𝑐𝑐⃗⃗  ⃗ + 𝐹𝐹𝑑𝑑⃗⃗⃗⃗  (7) 

The combined equation used for the gravity and buoyancy forces (in z direction) is:     

𝐹𝐹𝑔𝑔𝑔𝑔,𝑧𝑧 = 𝑔𝑔𝑉𝑉𝑝𝑝( 𝜌𝜌𝐿𝐿 − 𝜌𝜌𝑝𝑝)  

 

 

(8) 

 

 
where 𝑉𝑉𝑝𝑝 is the particle volume. In Eq. 1, 𝐹𝐹𝑐𝑐⃗⃗  ⃗ is the contact force. The soft sphere model was 

used to simulate particle-particle and particle-wall collisions [13]. The dominant fluid-particle 
interaction forces which are considered in this work are drag (𝐹𝐹𝑑𝑑⃗⃗⃗⃗ ) and buoyancy (𝐹𝐹𝑔𝑔⃗⃗⃗⃗ ). The 
drag model introduced by Di Felice [14] is used in Eq. 7 as it provides a smooth dependency 
of the drag force over the entire range of volume fractions [15].  

A finite difference form of Newton’s second law is used in DEM to determine particle’s 
position, velocity and acceleration in each time step [8]. The new position of the particle 
centre after each time step can be found as: 

𝑆𝑆𝑖𝑖⃗⃗⃗  (𝑡𝑡 + ∆𝑡𝑡) = 𝑆𝑆𝑖𝑖⃗⃗⃗  (𝑡𝑡) + 𝑣𝑣𝑖𝑖⃗⃗⃗  (𝑡𝑡)∆𝑡𝑡 + 0.5
∑𝐹𝐹𝑖𝑖⃗⃗ (𝑡𝑡)

𝑚𝑚𝑖𝑖
∆𝑡𝑡2 

(9) 

where 𝑣𝑣𝑖𝑖⃗⃗⃗  (𝑡𝑡) is the instantaneous particle velocity. 
The fluid instantaneous fluctuating velocity used in the drag model is defined as: 

�⃗�𝑢 (𝑡𝑡) = �⃗̅�𝑢 + �⃗́�𝑢 (𝑡𝑡) 
 

  (10) 

The local mean fluid velocity, �⃗̅�𝑢 , in radial (x and y) direction is zero due to cylindrical 
symmetry. However, the mean value for the axial direction is equal to the interstitial fluid 
velocity (𝑢𝑢𝑖𝑖) which is related to the local fluid volume fraction as: 

�̅�𝑢𝑧𝑧 = 𝑢𝑢𝑖𝑖 =
𝑢𝑢𝑠𝑠𝑠𝑠
𝜀𝜀𝐿𝐿,𝑧𝑧

 

 

(11) 

where 𝑢𝑢𝑠𝑠𝑠𝑠 is fluid superficial velocity and 𝜀𝜀𝐿𝐿 is the local liquid volume fraction. 
Based on the Kinetic Theory of Granular Flow (KTGF), particle velocity can take random 

values in fluidized beds in both direction and magnitude [16, 17]. It is also believed that those 
random velocities follow a Gaussian-type Probability Distribution Function (PDF) in any 
direction [18-20]. As the particle constantly exchange momentum with the surrounding, liquid 
velocity values should also be random and fluctuating and following a Gaussian PDF with a 
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mean value and standard deviation in any direction. The standard deviation of the fluctuating 
liquid velocity is the root mean squared of the instantaneous fluctuating velocity, 𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟. 

Based on turbulence theory [21], the influence of fluid turbulence on particle motion is 
described by [22]:  

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟
2 = (1 +

𝜏𝜏𝑝𝑝
𝑇𝑇𝐿𝐿

) 𝑣𝑣2̅̅ ̅ 

 

(12) 

where 𝑇𝑇𝐿𝐿 and 𝜏𝜏𝑝𝑝 are the time scale of the fluid and particles, respectively. In an isotropic 
turbulence, the fluid time scale can be defined as 𝑇𝑇𝐿𝐿 = 𝑙𝑙/𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟 where l is the turbulence length 
scale [23]. Therefore, Eq. 12 can be written as: 

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟
2 −

𝑣𝑣2̅̅ ̅𝜏𝜏𝑝𝑝
𝑙𝑙 𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑣𝑣2̅̅ ̅ = 0 

 

(13) 

A relation for the particle time scale (relaxation time) was proposed by Bel F’dhila and 
Simonin [24] as: 

𝜏𝜏𝑝𝑝 =
𝜌𝜌𝑝𝑝/𝜌𝜌𝐿𝐿 + 𝐶𝐶𝐴𝐴

(3/4)𝐶𝐶𝑑𝑑̅̅ ̅/𝑑𝑑𝑝𝑝 𝑢𝑢𝑡𝑡
 

 

(14) 

where 𝐶𝐶𝐴𝐴 is the added mass coefficient and equal to 0.5 [25].  
For the average particle speed Duris et al. [20] presented an empirical equation based on 

experimental measurements in a liquid fluidized bed: 

𝑣𝑣 = 𝑣𝑣𝑡𝑡 [8.486 (𝑅𝑅𝑅𝑅𝑡𝑡 ( 𝜇𝜇
𝜇𝜇𝑤𝑤

)
1.19

)
−0.636

(
𝑢𝑢𝑟𝑟𝑠𝑠 − 𝑢𝑢𝑟𝑟𝑠𝑠

𝑢𝑢 ) 𝜀𝜀𝑟𝑟
0.5]

2/3

 

 

(15) 

and based on KTGF, we have [7]:  

𝑣𝑣2̅̅ ̅ = (1.086𝑣𝑣)2 = 1.1794𝑣𝑣2 
 

(16) 

where 𝑣𝑣𝑡𝑡, 𝑅𝑅𝑅𝑅𝑡𝑡, 𝜇𝜇𝑤𝑤 and 𝑢𝑢𝑟𝑟𝑠𝑠 are particle terminal velocity, particle Reynolds number based 
on terminal velocity, viscosity of water and fluid minimum fluidization velocity, respectively. 
The terminal and minimum fluidization velocities are determined from the correlations 
proposed by Loli et al. [26] and Wen and Yu [27], respectively.  

As can be seen in Eq. 15, 𝑣𝑣 is a function of the superficial fluid velocity, 𝑢𝑢𝑟𝑟𝑠𝑠, and solid 
fraction, 𝜀𝜀𝑟𝑟 where the former is an input parameter and the latter can be defined using DEM. 
Therefore, the 𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟, which represents the level of liquid fluctuations, can be defined by 
solving the quadratic Eq. 13. 
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3 METHODOLOGY 

3.1 Numerical simulation 
Initially, particles were randomly positioned without overlapping in the simulation domain, 

which is a cylindrical column. The domain was divided into several cells (20-30 depending on 
bed height) along the axis of the column as shown in figure 1. Each cell height was always 
slightly larger than the smallest particle diameter in the system (1.5 times of particle 
diameter). The cells were used to determine the instantaneous and local volume fraction along 
the z direction. Initial values of the particle velocities were set to be zero. 

 

1Δz

m-1

m

m+1

Ncell-1

Ncell

Bed height
(Simulation domain)

 
Figure 1: The simulation domain discretised into axial cells 

 
A random fluid velocity drawn from the Gaussian PDF with the mean and standard 

deviation given by Eqs. 11-13 was associated to each particle at every updating interval which 
is defined following Crow et al. [28] approach and is about 0.01s. The standard deviation of 
the velocity distribution was a function of the fluid velocity and local volume fraction of the 
cell in which the particle centre was located. It is noted that based on PIV measurements, 
Reddy et al. [29] found that the axial fluid fluctuating velocity is 1.65 times that of the radial 
component and therefore we used that accordingly to find axial 𝑢𝑢2𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑢𝑢2𝑟𝑟𝑟𝑟𝑟𝑟,𝑟𝑟 + 𝑢𝑢2𝑟𝑟𝑟𝑟𝑟𝑟,𝑧𝑧. 
This random fluid velocity was used to define the slip velocity and finally the drag force 
acting on each particle. Then, using a force balance (Eq. 7) along with the finite difference 
integration method (Eq. 9), the new position of the particle was defined. The flow chart of the 
simulation algorithm is schematically shown in figure 2.     

 
 

313



H. Abbasfard, G. Evans and R. Moreno-Atanasio 

 6 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Schematic flow chart of simulation algorithm   
 
The solid volume fraction of each cell is determined at any interval when the fluid 

fluctuating velocity and the drag coefficient are updated. Table 1 shows the required input 
parameters in the DEM simulations.  

 
Table 1: Simulation input parameters 

Properties Value 
Initial particle velocity (m/s) 0 
Particle terminal velocity (m/s) 0.54 
Minimum fluidization velocity (m/s) 0.06 
No. of particles 201 
Cell height (mm) 12 
Liquid superficial velocity (m/s) 0.08-0.32 
Stiffness (N/m) 100 
Time step (s) 1×10-5 
Updating interval (s) 0.01 
Coefficient of restitution 0.90 
Richardson-Zaki index (n) 2.39 

   

3.2 Granular pressure 
In this paper, an attempt was made to numerically quantify the granular pressure in liquid 

solid fluidized beds using a method based on the KTGF definition of the granular pressure. In 
this method, the granular pressure was defined using the determination of particle-wall 
collision frequency and the corresponding particle momentum transport at the time of the 
collision. The momentum transport of the particles hitting the side wall of the cylindrical 
fluidized bed can be written as: 

Initial
particle
position

Find 𝜀𝜀 and
ui

Update
fluid

velocity

No

Force
balance

New
particle
position

If
t <

updating
interval

If t < tend

Yes

NoYes EndStart

314



H. Abbasfard, G. Evans and R. Moreno-Atanasio 

 7 

𝑀𝑀𝑝𝑝 = 𝑚𝑚�̅�𝑣(1 + 𝑒𝑒) 

 

(17) 

The particle-wall collision frequency per unit area of the bed can also be defined as: 

𝐹𝐹𝑝𝑝−𝑤𝑤 =
𝑓𝑓𝑝𝑝−𝑤𝑤
𝐴𝐴𝑠𝑠

=
𝑓𝑓𝑝𝑝−𝑤𝑤
𝜋𝜋𝐷𝐷𝑐𝑐ℎ𝑒𝑒

 

 

(18) 

where  ℎ𝑒𝑒 is the equilibrium bed height. Therefore, combining Eqs. 17 and 18, the granular 
pressure is defined as: 

𝑃𝑃𝑝𝑝 = 𝑀𝑀𝑝𝑝𝐹𝐹𝑝𝑝−𝑤𝑤 =
𝑚𝑚�̅�𝑣(1 + 𝑒𝑒)𝑓𝑓𝑝𝑝−𝑤𝑤

𝜋𝜋𝐷𝐷𝑐𝑐ℎ𝑒𝑒
 

(19) 

4 RESULTS 

4.1 Bed expansion 
The well-known empirical correlation of Richardson and Zaki [1] was used to define the 

velocity-voidage relationship as: 

𝑢𝑢𝑠𝑠𝑠𝑠 = 𝑣𝑣∞𝜀𝜀𝐿𝐿𝑛𝑛 

 

(20) 

where 𝑛𝑛 is the expansion index and 𝑣𝑣∞ is the bed settling velocity at infinite dilution. 
Richardson and Zaki [1] suggested that the ratio of the bed settling velocity at infinite dilution 
to the single particle settling velocity in an infinite medium (𝑣𝑣∞𝑣𝑣𝑡𝑡 ) is a function of 𝑑𝑑𝐷𝐷𝑐𝑐 as: 

𝑣𝑣∞ = 𝑣𝑣𝑡𝑡10
− 𝑑𝑑
𝐷𝐷𝑐𝑐 

 

(21) 

where 𝑣𝑣𝑡𝑡 and 𝐷𝐷𝑐𝑐 are the single particle settling velocity in an infinite medium and the 
column diameter, respectively. Figure 3 compares the simulation results of the liquid 
superficial velocity versus liquid volume fraction against the Richardson-Zaki [1] empirical 
equation. This figure illustrates that the simulation shows the same trend and in close 
agreement with the empirical correlation of Richardson and Zaki [1] for a wide range of liquid 
velocity and volume fraction. However, as can be seen, the behaviour of the fluidized bed in 
high voidage regions (approximately for 𝜀𝜀𝐿𝐿 > 0.85) is very complex [20, 30, 31]. As 
suggested by Eq. 21, 𝒗𝒗∞ < 𝑣𝑣𝑡𝑡 and this makes the deviation of the simulation results at higher 
liquid volume fractions where the DEM results predict more realistically.  
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Figure 3: 𝑢𝑢𝑠𝑠𝑠𝑠 vs. 𝜀𝜀𝐿𝐿; comparison of DEM simulation results to Richardson-Zaki [1] equation. 

 
 

4.2 Granular temperature and pressure 
Figure 4A and B shows the granular temperature and pressure versus solid volume 

fraction, respectively.  Figure 4A exhibits a maximum at 𝜀𝜀𝑠𝑠 ≈ 0.1 − 0.2. This also agrees 
with the experimental measurement of Zivkovic et al. [3] and simulation of Gervin et al. [4] 
that have reported the maximum granular temperature occurrence at 𝜀𝜀𝑠𝑠 = 0.175 and 𝜀𝜀𝑠𝑠 ≈
0.1 − 0.2, respectively.  

Figure 4 B compares the DEM simulation results for the granular pressure using Eq. 19 to 
those obtained using the models proposed by Batchelor [5], Ding and Gidaspow [6] and 
Wang and Ge [12]. Our DEM results, Ding and Gidaspow [6] and Wang and Ge [12] models 
predict a maximum value in granular pressure for solid fractions of around 0.30-0.35, which is 
well in line with the reported experimental data by Zenit et al. [2] for high inertia particles. 
However, as can be seen, the maximum granular pressure calculated using Batchelor [5] 
model occurs at lower solid fraction of around 0.2 which also has been observed by 
experimental measurements of Zivkovic et al. [3] for high inertia particles.  

Ghatage et al. [32] pointed out that this maximum value in the granular pressure might be a 
sign of a transition point from homogenous to heterogeneous regime. According to stability 
analysis, a fluidized bed can operate under either hydrodynamically stable or unstable 
condition depending upon the nature of dispersion [33].   
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 Figure 4: Granular temperature (A) and pressure (B) vs. solid volume fraction (𝜀𝜀𝑠𝑠). 

 
Figure 5 shows the DEM simulation results for the collision to wall frequency versus solid 

volume fraction. Zenit et al. [2] claimed that at low concentrations, the value of the particle 
pressure is low as the particles are free to move and collision frequency is also smaller as 
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shown in figure 5. On the other hand, at high solid fractions collisions are more likely to 
occur. However, very short mean free path of the particles causes these collisions to occur at 
very small velocities producing low-impulse collisions, which result in a low value of the 
particle pressure [2, 4]. Therefore, a combined effect of the higher impact velocity as well as 
the collision frequency results in higher granular pressure at intermediate concentrations (𝜀𝜀𝑠𝑠 = 
0.30-0.35).  
 

 

 
 Figure 5: Collision to wall frequency (𝒇𝒇𝒑𝒑−𝒘𝒘) vs. solid volume fraction (𝜀𝜀𝑠𝑠). 

 

7 CONCLUSION 
In this study, a new DEM simulation approach has been used to simulate a liquid fluidized 

bed. A methodology based on the momentum transfer at the collision event was introduced to 
directly determine the granular pressure knowing the particle collision to wall frequency and 
speed.  

In order to validate our DEM model, the bed expansion was compared to well-known 
Richardson-Zaki [1] equation where a good agreement was observed.  

The granular pressure obtained by the DEM simulation then compared to some models 
available in literature. The quantity as well as the quality of the DEM results for the granular 
pressure agreed well with the majority of the current models. Similar peaks were observed in 
the intermediate concentration region (𝜀𝜀𝑠𝑠 = 0.3-0.4) that is in line with the experimental 

0

400

800

1200

1600

2000

0.0 0.1 0.2 0.3 0.4 0.5 0.6

C
ol

lis
io

n 
to

 w
al

l f
re

qu
en

cy
 (1

/s
)

𝜀𝜀s

318



H. Abbasfard, G. Evans and R. Moreno-Atanasio 

 11 

observation of Zenit et al. [2] for the granular pressure in liquid fluidized beds. 
Further stability analysis needs to be carried out in order to come to a rational conclusion 

whether that peak observed in the granular pressure values is related to any possible transition 
from homogeneous to heterogeneous regime in liquid fluidized beds.  
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Abstract. The energy distribution inside a particle system can be used to study the 
mechanical properties of such a system and its response to external perturbations. In the 
present article, the energy terms for typical discrete element models are derived. The 
derivation considers both Euler and Verlet integration schemes. Exemplary simulations are 
shown to demonstrate the validity of the derived formulation. 

 
 
1 INTRODUCTION 

The discrete element model (DEM) [1] is a widely used discrete model to simulate 
granular flows and has found its way from academia to industry. The DEM calculates the 
interaction of particles that are represented as volume elements (mostly spheres). To compute 
the interaction forces between two particles different variations of spring-damper systems are 
generally employed. As shown by [2] these models might cause artificial energy dissipation. 
However, [3] showed that explicit tracking of the dissipative energy is required and 
highlighted mistakes in earlier energy formulae, providing corrected formulations for Euler 
schemes. [4] also investigated energy in granular flows for comparably simple DEM models. 

In the following the calculation of different energy terms in spring-damper systems is 
analysed using the standard Euler integration scheme. This is then followed by an extension 
to the velocity Verlet scheme, which is used in the LIGGGHTS® software. This will 
demonstrate the importance of the time integration scheme. Equipped with the general 
formulation several DEM models, from simple normal and lubrication models to a rather 
complicated bond model, will be reviewed. 

The theoretical developments will be applied to four distinct test cases that show the 
validity of the present formulation and potential application areas. The first such area is model 
development and the second being the gaining of insight into the bulk. The latter can, for 
example, be used in engineering applications to determine energy usage of processes such as 
dredging. 

2 DERIVATION 

2.1 Euler scheme 
Consider two particles that do not interact with each other at time 𝑡𝑡0 and have no history of 

previous contacts. Then the total energy, assuming zero potential energy, of one particle is 
given by 
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E0 = Ekin,0 + Epot,0 = mv02
2  . (1) 

The numeral subscripts denote the corresponding time step in the following and 𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘 and 
𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝 are the kinetic and potential energy. 𝑣𝑣 and 𝑚𝑚 denote the velocity and mass of a particle, 
respectively. The Euler integration scheme reads 

𝑣𝑣𝑘𝑘+1 = 𝑣𝑣𝑘𝑘 + Δ𝑡𝑡
𝑚𝑚𝑘𝑘

 𝐹𝐹(𝑥𝑥𝑘𝑘, 𝑣𝑣𝑘𝑘), (2) 

𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + Δ𝑡𝑡 𝑣𝑣𝑘𝑘 , (3) 

where 𝑥𝑥 represents a particle position, Δ𝑡𝑡 the time step size and 𝐹𝐹(𝑥𝑥𝑘𝑘, 𝑣𝑣𝑘𝑘) the forces 
computed based on the respective position and velocity. 

Let the particles at time 𝑡𝑡1 (with Δ𝑡𝑡 = 𝑡𝑡1 − 𝑡𝑡0) interact with each other. The time 
integration of the velocity can also be written as 

𝑣𝑣1 = 𝑣𝑣0 + Δ𝑡𝑡(𝐹𝐹𝑒𝑒,0 + 𝐹𝐹𝑑𝑑,0 + 𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝,0)
𝑚𝑚  , (4) 

where 𝐹𝐹𝑒𝑒,0, 𝐹𝐹𝑑𝑑,0 and 𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝,0 are the elastic, damping and external forces, respectively. The 
subscript 0 will be dropped for forces until the end of this section. The kinetic energy at 𝑡𝑡1 can 
be written, using Eq. (4), as 

𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘,1 = 𝑚𝑚𝑣𝑣12
2 = 𝑚𝑚

2 (𝑣𝑣0 + 𝛥𝛥𝑡𝑡
𝑚𝑚 (𝐹𝐹𝑒𝑒 + 𝐹𝐹𝑑𝑑 + 𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝))

2
. (5) 

Expansion of the right-hand side yields 

𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘,1 = 𝑚𝑚
2 𝑣𝑣02 + 𝑣𝑣0𝛥𝛥𝑡𝑡𝐹𝐹𝑒𝑒 + 𝑣𝑣0𝛥𝛥𝑡𝑡𝐹𝐹𝑑𝑑 + 𝑣𝑣0𝛥𝛥𝑡𝑡𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝 + 𝑚𝑚

2
𝛥𝛥𝑡𝑡2
𝑚𝑚2 𝐹𝐹02 , (6) 

where 𝐹𝐹0 is the sum of all forces acting on a particle. Shifting all terms from the left to the 
right, except for the kinetic energy one obtains 

𝑚𝑚
2 𝑣𝑣12 − 𝑣𝑣0𝐹𝐹𝑒𝑒Δ𝑡𝑡 − 𝑣𝑣0𝐹𝐹𝑑𝑑Δ𝑡𝑡 − 𝑣𝑣0𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝Δ𝑡𝑡 −

1
2𝑚𝑚Δ𝑡𝑡2𝐹𝐹02 = 𝑚𝑚

2 𝑣𝑣02 = 𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘,0 = 𝐸𝐸0. (7) 

Due to conservation of energy it is clear that the right-hand side is equal to 𝐸𝐸1, i.e. the total 
energy of the system at time 𝑡𝑡1. A DEM system is generally described using particles with a 
spring-damper interaction. Thus, the total energy can be split into four components: 

𝐸𝐸1 = 𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘,1 + 𝐸𝐸𝑒𝑒𝑒𝑒,1 + 𝐸𝐸𝑑𝑑,1 + Epot,1, (8) 

where 𝐸𝐸𝑒𝑒𝑒𝑒,1, 𝐸𝐸𝑑𝑑,1 and 𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝,1 are the elastic potential, dissipated and potential energy, 
respectively. The elastic potential energy 𝐸𝐸𝑒𝑒𝑒𝑒 at time 𝑗𝑗 is in general given by 

𝐸𝐸𝑒𝑒𝑒𝑒,𝑗𝑗 = −∑𝑣𝑣𝛼𝛼,𝑘𝑘𝐹𝐹𝑒𝑒,𝑘𝑘Δ𝑡𝑡
𝑗𝑗−1

𝑘𝑘=0
, (9) 

where 𝑣𝑣𝛼𝛼,𝑘𝑘 = 𝛼𝛼𝑣𝑣i+1 + (1 − 𝛼𝛼)𝑣𝑣i and 𝛼𝛼 ∈ [0,1]. A similar argument holds for 𝐸𝐸𝑑𝑑,j and so 
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the energy budget can be written as 

𝐸𝐸1 = 𝑚𝑚
2 𝑣𝑣12 − 𝑣𝑣𝛼𝛼𝐹𝐹𝑒𝑒,0Δ𝑡𝑡 − 𝑣𝑣𝛽𝛽𝐹𝐹𝑑𝑑,0Δ𝑡𝑡 − 𝑣𝑣𝛾𝛾𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒Δ𝑡𝑡. (10) 

Expanding the velocities yields 

𝐸𝐸1 = 𝑚𝑚
2 𝑣𝑣12 − 𝛼𝛼𝑣𝑣1𝐹𝐹𝑒𝑒Δ𝑡𝑡 − (1 − 𝛼𝛼)𝑣𝑣0𝐹𝐹𝑒𝑒Δ𝑡𝑡

                     −𝛽𝛽𝑣𝑣1𝐹𝐹𝑑𝑑Δ𝑡𝑡 − (1 − 𝛽𝛽)𝑣𝑣0𝐹𝐹𝑑𝑑Δ𝑡𝑡
                           −𝛾𝛾𝑣𝑣1𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒Δ𝑡𝑡 − (1 − 𝛾𝛾)𝑣𝑣0𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒Δ𝑡𝑡 , (11)

 

or 

𝐸𝐸1 = 𝑚𝑚
2 𝑣𝑣12 − 𝑣𝑣0𝐹𝐹𝑒𝑒Δ𝑡𝑡 − 𝑣𝑣0𝐹𝐹𝑑𝑑Δ𝑡𝑡 − v0𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒Δ𝑡𝑡

                                            −𝛼𝛼(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑒𝑒Δ𝑡𝑡 − 𝛽𝛽(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑑𝑑Δ𝑡𝑡 − 𝛾𝛾(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑑𝑑Δ𝑡𝑡. (12)
 

The previously derived equation for 𝐸𝐸0 = 𝐸𝐸1 (Eq. (7)) can be recast slightly to read 

𝐸𝐸1 = 𝑚𝑚
2 𝑣𝑣12 − 𝑣𝑣0𝐹𝐹𝑒𝑒Δ𝑡𝑡 − 𝑣𝑣0𝐹𝐹𝑑𝑑Δ𝑡𝑡 − 𝑣𝑣0𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒Δ𝑡𝑡 

                         − 1
2𝑚𝑚Δ𝑡𝑡2F0𝐹𝐹𝑒𝑒 −

1
2𝑚𝑚Δ𝑡𝑡2F0𝐹𝐹d −

1
2mΔt2F0Fext. (13)

 

Equating these two expressions and removing the identical terms yields 

− 1
2𝑚𝑚Δ𝑡𝑡2𝐹𝐹0𝐹𝐹𝑒𝑒 −

1
2𝑚𝑚Δ𝑡𝑡2F0𝐹𝐹𝑑𝑑 −

1
2𝑚𝑚Δ𝑡𝑡2F0𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒 = −𝛼𝛼(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑒𝑒Δ𝑡𝑡

                                                                                              −𝛽𝛽(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑑𝑑Δ𝑡𝑡
                                                                                                  −γ(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒Δ𝑡𝑡. (14)

 

Since one of these terms scales with 𝐹𝐹𝑒𝑒 and the other with 𝐹𝐹𝑑𝑑 they can be equated 
separately, i.e. 

− 1
2𝑚𝑚Δ𝑡𝑡2F0𝐹𝐹𝑒𝑒 = −𝛼𝛼(𝑣𝑣1 − 𝑣𝑣0)FeΔ𝑡𝑡. (15) 

With the applied time integration (Eq. (4)), the left-hand side can be recast into 

− 1
2Δ𝑡𝑡(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑒𝑒 =  −𝛼𝛼Δ𝑡𝑡(𝑣𝑣1 − 𝑣𝑣0)𝐹𝐹𝑒𝑒 , (16) 

showing that 

𝛼𝛼 = 1
2 . (17) 

An identical argument can be made to demonstrate that 

𝛽𝛽 = 1
2  and γ = 1

2 . (18) 

It can now be concluded that the elastic potential energy of the system at time 𝑡𝑡1 is given 
by 
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𝐸𝐸𝑒𝑒𝑒𝑒,1 = (𝑣𝑣0 + 1
2𝑚𝑚𝐹𝐹0Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,0Δ𝑡𝑡 . (19) 

For an arbitrary time 𝑡𝑡𝑗𝑗 the sum over all time steps needs to be taken, yielding, using 
identical arguments for the all energy types, 

𝐸𝐸𝑒𝑒𝑒𝑒,j = ∑(𝑣𝑣i + 1
2𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖Δ𝑡𝑡

𝑗𝑗−1

𝑖𝑖=0
,

𝐸𝐸𝑑𝑑,j = ∑(𝑣𝑣i + 1
2𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑑𝑑,𝑖𝑖Δ𝑡𝑡

𝑗𝑗−1

𝑖𝑖=0
,

𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝,j = ∑(𝑣𝑣i + 1
2𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝,𝑖𝑖Δ𝑡𝑡 + 𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝,0

𝑗𝑗−1

𝑖𝑖=0
. (20)

 

2.2 Verlet scheme 
The most commonly used time integration scheme in LIGGGHTS® is the so-called 

velocity Verlet scheme, which changes the time integration to 

𝑣𝑣𝑖𝑖+12
= 𝑣𝑣𝑖𝑖 + Δ𝑡𝑡

2 𝑚𝑚𝑖𝑖
 𝐹𝐹 (𝑥𝑥𝑖𝑖 , 𝑣𝑣𝑖𝑖−12

) , (21) 

𝑥𝑥𝑖𝑖+1 = 𝑥𝑥𝑖𝑖 + Δ𝑡𝑡 𝑣𝑣𝑖𝑖+12
, (22) 

𝑣𝑣𝑖𝑖+1 = 𝑣𝑣𝑖𝑖+12
+ Δ𝑡𝑡

2 𝑚𝑚𝑖𝑖
 𝐹𝐹 (𝑥𝑥𝑖𝑖+1,𝑣𝑣𝑖𝑖+12

) . (23) 

The goal is to extract the energy information at the end of each time step. To achieve this, 
one time step will be viewed as two half steps for the velocity. This is possible because the 
energy formulation is independent of the position. As each of these half steps are Euler steps 
we can reuse the results of the previous section. Due to the similarity of the different energy 
components only 𝐸𝐸𝑒𝑒𝑒𝑒 will be considered in the following. The change in elastic energy in a 
full Euler step is given by 

Δ𝐸𝐸𝑒𝑒𝑒𝑒,𝑖𝑖−1,𝑖𝑖 = 𝐸𝐸𝑒𝑒𝑒𝑒,𝑖𝑖 − 𝐸𝐸𝑒𝑒𝑒𝑒,𝑖𝑖−1 = (𝑣𝑣𝑖𝑖 + 1
2𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖Δ𝑡𝑡 , (24) 

as shown in Eq. (19). For the half Euler step that integrates 𝑣𝑣𝑖𝑖 to 𝑣𝑣𝑖𝑖+1/2 the change in 
elastic energy is thus 

Δ𝐸𝐸𝑒𝑒𝑒𝑒,𝑖𝑖,𝑖𝑖+12
= (𝑣𝑣𝑖𝑖 + 1

2𝑚𝑚𝐹𝐹𝑖𝑖
Δ𝑡𝑡
2 ) 𝐹𝐹𝑒𝑒,𝑖𝑖

Δt
2  . (25) 

Similarly, integrating 𝑣𝑣 from time 𝑖𝑖 + 1/2 to 𝑖𝑖 + 1 yields 

Δ𝐸𝐸𝑒𝑒𝑒𝑒,𝑖𝑖+12,𝑖𝑖+1 = (𝑣𝑣𝑖𝑖+12
+ 1

4𝑚𝑚𝐹𝐹𝑖𝑖+1Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖+1
Δt
2  . (26) 
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Thus, the change of elastic energy over the full Verlet time step becomes 

Δ𝐸𝐸𝑒𝑒𝑒𝑒,𝑖𝑖,𝑖𝑖+1 = (𝑣𝑣𝑖𝑖 + 1
4𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖

Δt
2 + (𝑣𝑣𝑖𝑖+12

+ 1
4𝑚𝑚𝐹𝐹𝑖𝑖+1Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖+1

Δt
2 . (27) 

Consequently, the energies at a time step j, for all different energy types considered, are 
given by 

𝐸𝐸𝑒𝑒𝑒𝑒,j = ∑(𝑣𝑣𝑖𝑖 + 1
4𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖

Δt
2 + (𝑣𝑣𝑖𝑖+1/2 + 1

4𝑚𝑚𝐹𝐹𝑖𝑖+1Δ𝑡𝑡) 𝐹𝐹𝑒𝑒,𝑖𝑖+1
Δt
2

𝑗𝑗−1

𝑖𝑖=0
,

𝐸𝐸𝑑𝑑,j = ∑(𝑣𝑣𝑖𝑖 + 1
4𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑑𝑑,𝑖𝑖

Δt
2 + (𝑣𝑣𝑖𝑖+1/2 + 1

4𝑚𝑚𝐹𝐹𝑖𝑖+1Δ𝑡𝑡) 𝐹𝐹𝑑𝑑,𝑖𝑖+1
Δt
2

𝑗𝑗−1

𝑖𝑖=0
,

𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝,j = ∑(𝑣𝑣𝑖𝑖 + 1
4𝑚𝑚𝐹𝐹𝑖𝑖Δ𝑡𝑡) 𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝,𝑖𝑖

Δt
2 + (𝑣𝑣𝑖𝑖+1/2 + 1

4𝑚𝑚𝐹𝐹𝑖𝑖+1Δ𝑡𝑡) 𝐹𝐹𝑒𝑒𝑒𝑒𝑝𝑝,𝑖𝑖+1
Δt
2 + 𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝,0

𝑗𝑗−1

𝑖𝑖=0
. (28)

 

3 DEM MODELS 
In Section 4, several example simulations will be shown using the DEM models described 

in the following. The model responsible for the normal force is the standard Hertz-Mindlin 
[D04] model which is given as 

𝐹𝐹𝑒𝑒 = 4
3𝑌𝑌

∗ √‖𝛿𝛿𝑖𝑖𝑗𝑗‖ 𝑟𝑟𝑖𝑖𝑗𝑗∗  𝛿𝛿𝑖𝑖𝑗𝑗 , (29) 

𝐹𝐹𝑑𝑑 = −2√5
6𝛽𝛽√𝑆𝑆𝑛𝑛𝑚𝑚

∗ 𝑣𝑣𝑖𝑖𝑗𝑗,𝑛𝑛𝑛𝑛𝑖𝑖𝑗𝑗 , (30) 

where 𝑌𝑌∗, 𝑟𝑟𝑖𝑖𝑗𝑗∗  and 𝑚𝑚∗ are the effective Young’s modulus, radius and mass, 𝛿𝛿𝑖𝑖𝑗𝑗 (> 0) and 
𝑛𝑛𝑖𝑖𝑗𝑗  the distance and normal vector between the contact points, 𝑣𝑣𝑖𝑖𝑗𝑗,𝑛𝑛 the relative normal 
velocity and 

𝛽𝛽 = ln(𝑒𝑒)
√ln(𝑒𝑒)2 + 𝜋𝜋2

 , (31) 

with 𝑒𝑒 being the coefficient of restitution. Finally, 

𝑆𝑆𝑛𝑛 = 2 𝑌𝑌∗√𝑟𝑟𝑖𝑖𝑗𝑗∗ ‖𝛿𝛿𝑖𝑖𝑗𝑗‖ . (32) 

The tangential model is the simplistic “no history” model [5], which assumes no spring in 
tangential direction, i.e. 𝐹𝐹𝑒𝑒 = 0, giving only a contribution to the tangential dissipative force 
via 

𝐹𝐹𝑑𝑑 = −2√5
6𝛽𝛽√𝑆𝑆𝑝𝑝𝑚𝑚

∗ (𝑣𝑣𝑖𝑖𝑗𝑗 − 𝑣𝑣𝑖𝑖𝑗𝑗,𝑛𝑛𝑛𝑛𝑖𝑖𝑗𝑗) , (33) 
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where

𝑆𝑆𝑡𝑡 = 8 𝐺𝐺∗ √𝑟𝑟𝑖𝑖𝑖𝑖∗ ‖𝛿𝛿𝑖𝑖𝑖𝑖‖  , (34) 

and 𝐺𝐺∗ is the effective shear modulus. Similarly, the lubrication model [6] also only 
defines a dissipative force given as 

𝐹𝐹𝑑𝑑 = − 6 𝜋𝜋 𝜇𝜇
𝑟𝑟𝑖𝑖𝑖𝑖2

‖𝛿𝛿𝑖𝑖𝑖𝑖‖
𝑣𝑣𝑖𝑖𝑖𝑖,𝑛𝑛 , (35) 

where 𝜇𝜇 is the fluid viscosity and 𝑟𝑟𝑖𝑖𝑖𝑖 is the harmonic mean between the two particle radii. 
This force is active only if 

2 𝑟𝑟𝑖𝑖𝑖𝑖
1000 <  ‖𝛿𝛿𝑖𝑖𝑖𝑖‖ < 2 𝑟𝑟𝑖𝑖𝑖𝑖. 

The bond model [7] is a combination of a normal and tangential spring-damper system that 
acts, even if overlaps are smaller than zero. The elastic force in normal direction is given as 

𝐹𝐹𝑒𝑒 = 𝑘𝑘𝑛𝑛𝐴𝐴 (𝑟𝑟0 − 𝑥𝑥𝑖𝑖𝑖𝑖) , (36) 

where 𝑟𝑟0 is the initial particle distance upon bond creation, 𝑥𝑥𝑖𝑖𝑖𝑖 is the distance between the 
particle centers, 𝑘𝑘𝑛𝑛 the normal bond stiffness parameter and 𝐴𝐴 the beam area, dependent on 
the beam radius which is a user defined multiple of the minimum particle radius. The elastic 
force in tangential direction is incrementally defined as 

𝐹𝐹𝑒𝑒,𝑖𝑖 = 𝐹𝐹𝑒𝑒,𝑖𝑖−1 + 𝑘𝑘𝑡𝑡  𝐴𝐴 (𝑣𝑣𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑖𝑖𝑖𝑖,𝑛𝑛𝑛𝑛𝑖𝑖𝑖𝑖) Δ𝑡𝑡 , (37) 

where 𝑘𝑘𝑡𝑡 is the tangential bond stiffness parameter. Instead of using a traditional damping 
mechanism based on the velocity, a dissipative model is used. It reduces the elastic force in 
normal and tangential direction each time-step, i.e. 

𝐹𝐹𝑒𝑒,𝑖𝑖 = 𝐹𝐹𝑒𝑒,𝑖𝑖 (1 − Δ𝑡𝑡
Δ𝑡𝑡𝑑𝑑

)  , (38) 

where Δ𝑡𝑡𝑑𝑑 is the dissipation time scale and it should be noted that 𝑟𝑟0 is adapted in normal 
direction, to reflect this dissipation. The dissipative force is then given as 

𝐹𝐹𝑑𝑑 = 𝐹𝐹𝑒𝑒,𝑖𝑖
Δ𝑡𝑡
Δ𝑡𝑡𝑑𝑑

 . (39) 

Finally, care must be taken when contacts end, e.g. bonds are broken, as in that case the 
elastic potential is instantaneously converted into dissipated energy. 

4 DEMONSTRATION 
In the following a few basic test cases are shown, demonstrating the exactness of the 

developed formulae. 
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4.1 Normal contact 
In this case two particles of identical radius 𝑟𝑟 and mass 𝑚𝑚 are placed 2.2 𝑟𝑟 apart. Their 

initial velocity is identical, except for the orientation. The coefficient of restitution is 1.0, i.e. 
no damping takes place and only the Hertz-Mindlin normal model will be active. In the 
following, all velocities and time scales are normalized with the initial particle velocity and 
radius. Figure 1 shows the kinetic, elastic and dissipated energy components over time. While 
the left pictures shows the whole time frame, the right shows the short period where the two 
particles overlap, i.e. when the normal model is active. It can be seen that the entire kinetic 
energy is converted to elastic energy until the point of maximum overlap. Afterwards, the the 
spring relaxes and the particles return to their original kinetic energy. Due to no damping, the 
dissipated is expected to remain zero. However, the elastic potential at the end of the contact 
is approximately 10−7, showing that this model does not conserve energy perfectly. As this 
remaining elastic energy is dependent on the time step size it is clear that a numerical error is 
at the core of this mismatch. Similar behaviour was observed by [8]. Note that this does not 

Figure 1: Energy balance for the normal contact of two particles 

Figure 2: Energy balance of a particle contact using a lubrication model 
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change the present energy computation as this remaining elastic energy gets assigned to the 
dissipated energy value. Thus, it should be appreciated that the dissipated energy contains 
energy from both physical as well as numerical dissipation. 

4.2 Normal contact with lubrication 
The setup is identical to the previous case, except for the additional activation of the 

lubrication model. Compared to Figure 1, Figure 2 now shows the clear influence of the 
dissipation model, which significantly removes kinetic energy from the system. There is also 
a brief overlap of the particles, which is shown in detail in the right-hand-side figure. The 
brief constant areas of dissipation before the actual contact show the cut-off value of the 
lubrication model. 

4.3 Bonded particles 

The setup for this case is similar to the one in Section 4.1. This time the bond model, 
including dissipative terms, is activated and the particles have a relative tangential velocity, 
which causes them to rotate. Figure 3a shows the initial state of the simulation with 
established bond. While rotations have not been treated in the derivation above, the extension 
is straightforward to include the angular kinetic energy and torques. The initial tangential 

Figure 3: a) Setup of bonded particle case; b)  Setup of case with bonded particles impacted by a wall 

Figure 4: Energy balance of two bonded particles 

a) b) 
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movement of the two particles causes the bond beam to rotate and induce an angular kinetic 
energy into the system as shown in Figure 4. The bond is designed such that the particles 
break when their distance is 1% larger than the initial distance. This is shown in detail on the 
right-hand-side of Figure 4, where the instantaneous conversion from elastic to dissipated 
energy takes place, followed by constant kinetic energies. Even though the dissipation model 
is active the effect during the time when the particles are bonded is rather low. Figure 5 shows 
the dissipated energy in a lin-log plot to demonstrate the effect of the model. 

4.4 Bonded wall impact 
The setup for this case can be seen in Figure 3b. Two particles are bonded with the right 

wall and the four particles are interconnected with bonds that can break if a stress magnitude 
is exceeded. The wall on the top left is a solid object with an initial velocity that has the 
freedom to accelerate in movement direction. Figure 6 shows the only 2 % of the total energy, 
as the kinetic energy of the wall fills the remainder. The light blue and green parts show the 

Figure 5: Dissipated energy during the interaction of two bonded particles 

Figure 6: Energy balance during the impact of a wall onto bonded particles 
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elastic and dissipated energy between particle-wall contacts, whereas the dark ones show the 
associated energies for the particle-particle contacts. The jumps in elastic energy clearly show 
the breaking of the particle-particle bonds and the dissipated energy between wall and 
particles show the large damping occurring between the two. It should be noted that for all the 
calculations performed in Section 4 the total energy is preserved up to numerical epsilon. 

5 CONCLUSION 
The discrete element method mostly uses spring damper systems to represent different 

physical particle-particle and particle-wall interactions. In this paper, the equations for the 
energy balance of such systems was described for standard Euler integration and velocity 
Verlet schemes. It was shown that the use of the correct velocity needs to be used in order to 
guarantee energy conservation. The developed formulae were then applied to standard DEM 
models, showing their practical applicability. Finally, four different test cases were shown to 
demonstrate the validity of the developments. The last case exhibited 7 different energy types 
when a wall collided with four bonded particles. 

The analysis of such a complex interplay in real-world applications will allow to gain 
further insight into the mechanics of particle systems. Examples are all types of particle-solid 
interactions, such as a stone impacting the seabed or the energy required to dredge the seabed. 
Additionally, the energies can be used as input into other models, e.g. the dissipated energy as 
source term for heat-conduction models. The test case with only a normal model has also 
shown that the present formulation allows to identify potential numerical energy losses in 
DEM models. This can allow model reformulations or development of correction terms. 
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Abstract. The lateral capillary force is of significant importance in liquid film coating 
processes [1]. This force, for particles much smaller than the capillary length, decays with the 
inverse of the separation distance between particles centres and is, thus, considered a long-
range force [2]. In this paper, we study the role of this long-range force on the final structure 
of a film containing partially submerged nanoparticles. 
 We have used computer simulations based on Discrete Element Method (DEM) to 
investigate film formation of mono and binary disperse particle systems. The particle radii were 
80 nm, 100 nm, and 120 nm with combinations of these particle sizes for the binary disperse 
system. To determine the nearest neighbours for the calculation of the lateral capillary force a 
Delaunay Triangulation method was used. The surface coverage of the partially submerged 
particles was 0.05, which coincides with a parallel experimental research. The forces included 
in the model are the lateral and vertical capillary forces, Brownian motion, contact forces, van 
der Waals attraction, fluid drag and hydrodynamic resistance. The structure of the aggregates 
formed was compared using three parameters, the isotropic ordering factor, non-dimensional 
boundary length and the pair (radial) correlation function. 
 The simulation results show that particles self-organise into isotropic aggregates due to 
lateral capillary forces. Particle size was shown to have little effect on final aggregate 
structures. Binary disperse systems were shown to have less ordered structures when compared 
to monodisperse systems as suggested by the decrease in peak sharpness of the pair correlation 
function. Increasing the particle size gap resulted in less ordering in the binary systems. 

1 Introduction 

 Lateral capillary forces play an important role in the self-assembly of partially immersed 
particles. By being able to control the lateral capillary forces it is possible to form complex 
structures such as hexagonal packing [1,3]. Bowden et al [4] used lateral capillary forces 
between hexagonal particles floating on liquid surfaces to form a range of structures depending 
on the wetting of the hexagon faces. Similarly, the aim of this work is to harness the strength 
of lateral capillary forces that exist between organic nanoparticles to optimise the film structure 
of organic photovoltaic layers, which can affect the device efficiency [5–7].  
 Lateral capillary forces occur between particles partially immersed in a liquid. Lateral 
capillary forces are due to deformation of the liquid surface meniscus and has been studied 
both experimentally and theoretically [2,8–14]. Bragg and Nye [15] experimentally used 
capillary interaction forces to create two-dimensional arrays of bubbles floating on the surface 
of a soap solution. The crystal structures were used to compare the defects in the bubble arrays 
to defects in metallic lattices. The first attempt to quantitatively describe the capillary force 
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between bubbles floating on a liquid surface was by Nicholson [16], which was valid for 
bubbles less than 3 mm where a linearised solution to the Young-Laplace equation is valid. 
 The capillary force has been studied for many different geometries, such as floating 
horizontal cylinders [17], flat plates [18,19], vertical cylinders [19], spheres [19], particles and 
walls [8,14,19] and cubes [20]. The capillary force is different for each of these due to the 
solution of the Young-Laplace equation being geometry dependent. A detailed review of 
capillary forces can be found in Ref [21]. 
 The Lattice Boltzmann numerical method has also been used to study lateral capillary forces 
[22,23], as well as several discrete element method (DEM) models [1,3,24,25]. Maenosono et 
al. [24] showed that over time particles, with diameters of 55 nm and 155 nm, form a cluster 
of hexagonal packing. They also found the presence of point defects, which occur is consistent 
their experimental research [26]. Nishikawa et al. [25] showed the formation of chain like 
structures at lower particle coverage, while at high coverage domains of hexagonal close 
packing were formed. 
 Fujita et al. [3] include other interparticle forces in their simulations. They showed that 
during evaporation the magnitude of the capillary, Brownian, electrostatic and van der Waals 
change and hence the concluded that all these forces played an important role on the self-
ordering of particles. Depending on the magnitude of these forces three types of structures were 
formed; isotropic crystals, non-isotropic aggregates and isotropic arrangements. Due to the 
computational time required to determine the lateral capillary force Uzi, Ostrovski & Levy [1] 
developed a new model to calculate the capillary force which did not require the calculation of 
the liquid surface deformation directly. They found that particle size did not affect the final 
structures obtained.  
This paper uses a DEM model to investigate the lateral capillary force on film formation. The 
previously mentioned DEM models [1,3,24] simulate similar systems with monodisperse 
particles. It is our intention to investigate the influence of particle size on the film formation 
due to lateral capillary forces. The simulations consists of binary dispersed particles systems 
and compare these to monodisperse systems. An important difference with previous studies in 
the literature is the use of binary particle distributions. These type of studies have never been 
carried out in the past.  

2 Methodology 

2.1 Discrete Element Method 

 DEM is a numerical computational technique that uses Newton’s second law of motion to 
describe the motion of individual particles. This method was first developed by Cundall and 
Strack to study the motion of rocks [27]. The motion equation used in our computational model 
involves capillary forces, Brownian motion, contact forces, short range attractive forces, drag 
and hydrodynamic resistance. The motion equation is given by 
 

𝑚𝑚𝑑𝑑𝑟𝑟2
𝑑𝑑𝑡𝑡2 = �⃗�𝐹𝑐𝑐𝑐𝑐𝑐𝑐 + �⃗�𝐹𝑏𝑏𝑏𝑏𝑏𝑏 + �⃗�𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + �⃗�𝐹𝑣𝑣𝑣𝑣𝑏𝑏 + �⃗�𝐹𝑣𝑣𝑏𝑏𝑐𝑐𝑑𝑑 + �⃗�𝐹ℎ𝑦𝑦𝑣𝑣 (1) 

where m is the mass, 𝑟𝑟 is the displacement, t is time and �⃗�𝐹 is the external force. The subscripts 
cap, brw, cont, vdw, drag and hyd refer to capillary forces, Brownian motion, contact forces, 
van der Waals interactions, fluid drag and hydrodynamic resistance respectively. 
 The capillary force is decomposed into vertical and lateral capillary directions. The vertical 
capillary force is given by Equation 2 [28]. 
 �⃗�𝐹𝑣𝑣𝑐𝑐𝑐𝑐𝑐𝑐 = −2𝜋𝜋𝜋𝜋𝜋𝜋 sin(𝜃𝜃) sin(𝜃𝜃 + 𝜑𝜑) (2) 

where γ is the surface tension, R is the particle radius, θ is the contact angle and ψ is the filling 
wetting angle. 
 The lateral capillary force is given by Equation 3 [29]. 
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 �⃗�𝐹𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = 2𝜋𝜋𝜋𝜋𝑄𝑄𝑖𝑖𝑄𝑄𝑗𝑗𝑞𝑞𝐾𝐾1(𝑞𝑞𝑞𝑞) (3) 

where Qi is the capillary charge 𝑄𝑄𝑖𝑖 = 𝑟𝑟𝑖𝑖 sin(𝜑𝜑𝑖𝑖), q is the inverse of the capillary length q=√𝜌𝜌𝜌𝜌
𝛾𝛾 , 

K1 is the modified Bessel function of the second kind and L is the lateral distance between 
particle centres. An asymptotic solution valid when qL>>1 can be used to avoid computation 
of the modified Bessel function which reduces to Equation 3 to Equation 4 [14]. 
 �⃗�𝐹𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 =

2𝜋𝜋𝜋𝜋𝑄𝑄𝑖𝑖𝑄𝑄𝑗𝑗𝑞𝑞
𝑞𝑞  (4) 

 The Brownian motion is given by a normal distribution with a mean of 0 and a standard 
deviation given by Equation 5 [30]. 
 

𝜎𝜎𝑏𝑏𝑏𝑏𝑏𝑏 = √12𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇𝑇𝑇
∆𝑡𝑡  (5) 

where kB is the Boltzmann constant, T is temperature, µ is the liquid viscosity and Δt is the 
time step. 
The contact is modelled by a linear spring dashpot, given by Equation 6 [27]. 
 �⃗�𝐹𝑙𝑙𝑐𝑐𝑐𝑐𝑐𝑐 = −𝑘𝑘𝑙𝑙𝛿𝛿𝑐𝑐, − 2𝛽𝛽�⃗�𝑣𝑐𝑐√𝑚𝑚𝑖𝑖𝑗𝑗 𝑘𝑘𝑙𝑙 (6) 

where kp is the spring coefficient, δn is the normal overlap, β is the damping coefficient and �⃗�𝑣𝑐𝑐 
is the normal velocity. 
 The van der Waals force is given by Equation 7 [31]. 
 �⃗�𝐹𝑣𝑣𝑣𝑣𝑏𝑏 =

𝐴𝐴𝑇𝑇𝑖𝑖𝑗𝑗
6𝑑𝑑2  (7) 

where A is the Hamaker constant, Rij is the reduced radii and d is the separation distance 
between particle surfaces.  
 The drag force is modelled with stokes drag in Equation 8. 
 �⃗�𝐹𝑣𝑣𝑏𝑏𝑙𝑙𝜌𝜌 = −6𝜋𝜋𝑇𝑇𝑇𝑇�⃗�𝑣 (8) 

 
 The hydrodynamic resistance is given by Equation 9 [32]. 
 

�⃗�𝐹ℎ𝑦𝑦𝑣𝑣 = −6𝜋𝜋𝑇𝑇
𝑇𝑇𝑖𝑖𝑗𝑗2
𝑑𝑑 𝑣𝑣𝑐𝑐⃗⃗⃗⃗⃗ (9) 

2.2 Screening of the lateral capillary force 

 The lateral capillary force decays with the inverse of the separation distance between particle 
centres as given by Equation 4 and can be dominant up to many particle radii as it is a long 
range force. This aspect makes the calculation of the force numerically expensive due to a large 
neighbour search range. Further complications occur due to the nature of the lateral capillary 
force. For other long range forces such as the electrical double layer, the total force on any 
given particle can be approximated using an Ewald summation [33].  
 The lateral capillary force occurs only between particles that are within the line of sight of 
each other and so techniques to scan and calculate other long range forces aren’t able to be 
used. Several authors have studied different screening methods [1,3,24,25,34]. These screening 
methods attempt to scale the capillary force by a ratio, which is dependent on the fraction of 
neighbouring particles that are within direct line of sight. Then, the nearest neighbours are 
selected by a cut-off distance with a Vertlet list constructed. 
 To determine the nearest particles for the lateral capillary force a Delaunay triangulation of 
particles at the liquid surface was computed. The neighbours are formed from the Delaunay 
triangulation and the particles are screened using the screening methods in [1]. 
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2.3 Characterisation of the particle aggregates 

 To quantify the structures that the particles form, three parameters have been used. The 
isotropic ordering factor (IOF), non-dimensional boundary length (NBL) and the pair (radial) 
correlation function. The IOF is the ratio of equilateral triangles to the total number of triangles 
from the constructed Delaunay triangulation. This parameter provides information about the 
isotropy of the system. The NBL is the ratio of the boundary length of the aggregate compared 
to the boundary length of a hexagonal packed structure and can be calculated by Equation 10 
[3]. 
 

𝑁𝑁𝑁𝑁𝑁𝑁 = 1
6𝑛𝑛∑(6 − 𝑘𝑘)𝑁𝑁(𝑘𝑘)

6

𝑘𝑘=0
 (10) 

where n is the number of particles, k is the coordinate number and N(k) is the number of 
particles with a coordinate number of k. 
 The IOF is close to 0 for a randomly distributed particle clusters and increases as the clusters 
become more hexagonally close packed (HCP), with a value of 1 for HCP. The NBL is equal 
to 1 when the system is randomly dispersed with no particle-particle contacts, and as the 
particles aggregate the value of the NBL drops reaching 0 when the system is HCP [3]. 
The pair correlation function g(r), is developed from creating a histogram with particle 
neighbours separation distance and normalised by Equation 11 [35]. 
 

𝑔𝑔(𝑟𝑟) = 1
𝑁𝑁∑ 𝐴𝐴0𝑛𝑛𝑖𝑖(𝑟𝑟)

𝜋𝜋(𝛿𝛿𝑟𝑟2 + 2𝑟𝑟𝛿𝛿𝑟𝑟)

𝑁𝑁

𝑖𝑖=1
 (11) 

 
where N is the number of particles, A0 is the average area per particle, ni(r) is the number of 
particles in the interval [r, r+δr]. The pair correlation function can be used to determine the 
degree of ordering for particle domains [35].      

2.4 Simulation Parameters 

 The particles were initially randomly distributed with a surface coverage of 0.05 (2-D 
packing). The particle radii were 80 nm, 100 nm and 120 nm, with binary dispersed systems 
consisting of a combination of these particle sizes. Table 1 lists the simulation parameters. 

Table 1: Simulation Parameters. 

Parameter Value Unit 
Number of particles 2000  
Temperature 25 °C 
Particle density 1250 kg/m3 
Hamaker constant 1×10-20 J 
Spring coefficient 1.0 N/m 
Restitution coefficient 0.5  
Time step 1×10-10 s 
Liquid density 1000 kg/m3 

Liquid viscosity 1.0 mPa s 

3 Results 

 Figure 1 shows the time evolution of the IOF and NBL for the monodisperse systems with 
radii of 80 nm, 100 nm and 120 nm. The IOF and NBL start at 0 and 1, respectively, as the 
particles are randomly dispersed with no contacts. During the first micro second of simulations, 
the change in the IOF and NBL were very fast with the IOF decreasing and the NBL increasing 
as time progressed. This clearly suggests that the particles were self-organising due to the 
lateral capillary force. After this sharp initial change in the IOF and NBL, the rate slows until 
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the particles are self-organised into one or more large aggregates. The final structure was a 
crystalline lattice as the final IOF was high while the final NBL was low as suggested by [3]. 
The final values of IOF and NBL are similar for each particle size suggesting that the particle 
size has little influence on the self-organisation process, which was also shown by [1]. Further 
the final value of IOF for all three cases is close to 1, which indicates the crystal shows good 
isotropic ordering. The difference in time reaching an equilibrium state was due to a larger 
capillary force between larger particles. 

 
Figure 1: IOF and NBL for monodisperse systems with particle radii of 80, 100 and 120 nm. 

The IOF and NBL for the binary particle distribution with particle radii of 80 nm and 100 nm 
is shown in Figure 2. The trends of the binary particle systems are consistent with the 
monodisperse systems (Figure 1). There was however little difference between the IOF and 
NBL of the three binary dispersed systems, despite a visually observable difference in 
crystalline structure. Therefore, the results for the other three cases have been omitted. 

 
 

Figure 2: IOF and NBL for binary disperse system with particle radii of 80 and 100 nm. 
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 In order to be able to compare the binary with the monodispersed systems the pair 
correlation function was used. The pair correlation function of the final structure for the 100 
nm particle radii simulation is plotted in Figure 3. The distance is normalised by the particle 
diameter. The sharp peak at g(r) 1 signifies the particles nearest neighbours. The two peaks 
between 1.5 and 2 are consistent with a HCP structure, similar to the peaks between 2.5 and 3. 
The sharpness of these peaks show that the structure has some degree of ordering, consistent 
with a value of IOF close to 1. The pair correlation for the monodisperse systems with 80 nm 
and 100 nm particle radii were very similar and omitted due to no observable differences. 
 

 
Figure 3: Pair correlation function for monodisperse system with particle radii of 100 nm. 

 The pair correlation functions plotted in Figure 4a-c are binary systems with particle radii 
80-100 nm, 100-120 nm and 80-120 nm respectively, the particle separation distance was 
normalised by the average radius of particles. The systems with 80-100 nm and 100-120 nm 
particle radii have the same particle distribution gap of 20 nm. Their pair correlation functions 
were also similar, further showing that particle size had little effect on the final structures. For 
Figure 4a-c g(r) had 3 distinct peaks at around a dimensionless distance of 1. However, the 
monodisperse systems only shown 1 peak. The first of these peaks represent neighbours of the 
two smaller particle sizes, the middle between the small and large particle and the third between 
two of the larger particles. 
 The subsequence dual peaks observed in Figure 3 (monodisperse system) are not present in 
Figure 4a-c, which signifies a more ordered structure for the monodisperse systems. Figure 4c 
shows the results for the 80-120 nm binary system, which has a larger particle size distribution 
of 40 nm. The lack of peaks after the multiple peak around 1 when compared to Figure 4a-b 
indicates that the difference in particle sizes in binary systems impact the final ordering. 
Therefore, a narrower size distribution or monodisperse system produces a more ordered 
structure. 
 

0

0.5

1

1.5

2

2.5

3

3.5

0 0.5 1 1.5 2 2.5 3

g(
r)

r/dave

337



 

 
Figure 4: Pair correlation functions for the binary disperse system; a) particle radii of 80 and 100 nm, b) particle 

radii of 100 and 120 nm and c) particle radii of 80 and 120 nm. 

4 Conclusion 

 The influence of particle size and particle distribution on the self-organisation of partially 
immersed nanoparticles in a thin liquid film due to lateral capillary forces was investigated 
using DEM simulations. The particles were found to form isotropic crystal aggregates, with 
domains of hexagonal packing. The size of particles in the mono and binary dispersed systems 
was shown to have little effect on the final crystal structure. The binary dispersed systems were 
found to have less ordered structures when compared to the monodisperse systems. Increasing 
the particle distribution gap in the binary dispersed system resulted in a less ordered crystalline 
structure. 
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Abstract. An inclined chute flow of rod-like particles is investigated both experimentally and 
analytically. The behavior of the particles is solved by the discrete element method (DEM). The 
rod-like particle model consists of a cylinder, capped at both ends by hemispheres whose radii 
are the same as the radius of the cylinder. The rod-like particles have three translational degrees 
of freedom, their rotational motion being described through quaternions, and the interparticle 
contact is described by a force that accounts for the elastic and dissipative interactions. The 
contact patterns for the rod-like particles are classified into six types. In the experiment, brass 
and acrylic resin cylinders of uniform size were used. The validity of the theory was confirmed 
by comparing the experimental and analytical results. In addition, the effect of the particle 
material on the flow pattern was examined. 

 
 
1 INTRODUCTION 

The discrete element method (DEM) has become established as the primary numerical 
technique for simulating many industrial granular flows. The main advantage of the DEM is 
that it makes it possible to consider the effect of granularity, such as the particle size, number 
of particles, and friction between two particles. It is known that the dynamics of granular 
materials are strongly affected by their shape. When examining the effect of the particle shape 
on granularity, rod-like particles are often used. This is because rod-like particles are widely 
used in chemical, pharmaceutical, and other industries [1, 2]. There is considerable descriptive 
detail available on the dynamics of rod-like particles. However, most previous theoretical 
analyses have focused on the multi sphere method since it is possible to ensure computational 
efficiency for contact detection and force calculations [3-5]. As the contact between two spheres 
is different from that between two cylinders, the latter should be calculated in order to consider 
the real contact. The authors have proposed a contact model on the basis of each contact pattern 
for rod-like particles [6]. It was found that the numerical approach is effective for estimating 
the vibratory conveyance of acrylic resin cylinders. More studies are required in order to apply 

341



M. Saeki and R. Arai 

 2

the numerical approach to many engineering problems related to the motion of rod-like particles. 
In this work, an inclined chute flow of rod-like particles is investigated both experimentally 

and analytically. The behavior of the particles is solved by the DEM. The rod-like particle 
model consists of a cylinder, capped at both ends by hemispheres whose radii are the same as 
the radius of the cylinder. The rod-like particles have three translational degrees of freedom, 
their rotational motion being described through quaternions, and the interparticle contact is 
described by a force that accounts for the elastic and dissipative interactions. The contact 
patterns for rod-like particles are divided into six types. In the experiment, brass and acrylic 
resin cylinders of uniform size were used. The validity of the theory was confirmed by 
comparing the experimental and analytical results. In addition, the effect of the particle material 
on the flow pattern was examined. 

 

2 COMPUTATIONAL MODEL 
Figure 1 shows the computational model. In this paper, the rod-like particle model consists 

of a cylinder with length L and two hemispheres with the same radius r. The translational 
motion of particle i is governed by Newton’s second law of motion: 

���� � ��� �
��

���
, (1)

where �� is the number of particles in contact with particle i, ��� is the force exerted by particle 
j on particle i, and m is the particle mass. 

Euler’s rotational equations of motion for particle i become 
���� �� � ��� � ��������� � ���
���� �� � ��� � ��������� � ���
���� �� � ��� � ��������� � ���

, (2)

where � is the principal moment of inertia, ω is the angular velocity, and T is the torque acting 
on particle i.  

 
Figure 1: Rod-like particle model 

3 PHYSICAL CONTACT MODEL 
The contact patterns for rod-like particles are divided into six types. There are two patterns 

of contact between a rod-like particle and a wall, as shown in Figure 2. In the case of 
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interparticle contact, there are four contact patterns, as shown in Figure 3. The contact forces 
are determined by Hertzian contact theory. 

 

(a) Cylindrical contact                        (b) Hemispherical contact 

Figure 2: A particle in contact with a wall 

 

Figure 3: Interparticle contact 

3.1 Cylinder in contact with wall 
Figure 2(a) shows the contact between a cylindrical part and a wall. If a cylinder and a wall 

are pressed into contact with force �, then the half-width w of the contact area is expressed as 

� � ������ �� � ���
�� � � � ���

�� � . (3)

The deformation δ� is given by 

�� � �
�� �

� � ���
�� � � � ���

�� � ��.���� � �� �
��� �

(4)

where E is the modulus of elasticity and ν is Poisson’s ratio [7]. Subscripts p and w denote a 
particle and a wall, respectively.  

Figure 4 shows the relationship between the deformation δ� and � in the case of contact 
between a cylinder and a wall. The conditions used in the calculation are given in Table 1. The 
length L and radius r of the cylinder are 117.04mm and 1.98mm, respectively. In this figure, � 

(a) Contact between     (b) Contact between a hemisphere  (c) Parallel Contact             (d) Nonparallel contact   
 two hemispheres               and a cylinder                                 between two cylinders         between two cylinders 
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is proportional to δ� and the coefficient of proportionality can then be determined from the 
slope k. 

 
Table 1: Values of parameters 

Modulus of elasticity Ep (GPa) Acrylic resin 3.14 
Modulus of elasticity Ep (GPa) Brass 103 
Modulus of elasticity Ew (GPa) ABS 2.65 

Poisson’s ratio �� Acrylic resin 0.35 
Poisson’s ratio �� Brass 0.35 
Poisson’s ratio �� ABS 0.35 

 
Supposing that the normal component �� of the contact force acting on the particles is given 

by the sum of the damping force and the elastic force, �� is given by  

 
Figure 4: Contact force vs. deformation in the case of contact between a cylinder and a wall 

�� � ��� � ���� , (5)

where the damping coefficient c [7] is  

� � 2√��
�� � ��������� .

(6)

The tangential force �� is given by  

�� � ����������� � , (7)

where ���  is the tangential velocity and � is the coefficient of friction between the particle and 
the wall.  
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3.2 Hemispherical part in contact with wall 
Figure 2(b) shows the contact between a hemispherical part and a wall. Supposing that the 

contact is the same as that between a sphere and a wall, the normal component �� of the contact 
force is given by 

�� � ������ � �√���������� . (8)

The spring constant k is given by 

� � 4√�
3 ∙ ����

�� � ������ � �� � ������ .
(9)

The damping constant α is determined from the coefficient of restitution  [8]. 

3.3 Contact between hemispherical parts 
Figure 3(a) shows the contact between two hemispherical parts. Supposing that the contact 

is the same as that between two spheres, the normal component �� of the contact force is also 
given by Eq. (8). The spring constant k is given by 

� � √2���
3�� � ���� .

(10)

3.4 Hemispherical part in contact with cylindrical part 
Figure 3(b) shows the contact between a hemispherical part and a cylindrical part. In the 

case of contact, the normal component �� of the contact force is also given by Eq. (8). The 
spring constant k [6] is given by 

� � �.�74���������27 ∙
��

� � ��� .
(11)

3.5 Contact between two cylinders with parallel axes 
Figure 3(c) shows the contact between two parallel cylindrical parts. If two cylinders are 

pressed together by force  �, then the half-width w of the contact area is expressed as 

� � � 4��
���� �� � ���� . (12)

The deformation δ� is given by 

�� � 2�
�� �

� � ���
�� � ��.���4 � �� �

2�� .
(13)

Figure 5 shows the relationship between the deformation δ� and the force � in the case of 
contact between two parallel cylinders. The conditions used in the calculation are given in Table 
1. The length L and radius r of the cylinder are 117.04mm and 1.98mm, respectively. In this 
figure, �is exactly proportional to δ� Therefore, in the case of contact, the normal component 
�� of the contact force is also given by Eq. (5). 
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Figure 5: Contact force vs. deformation in the case of contact between two parallel cylinders 

3.6 Contact between two cylinders with inclined axes 
Figure 3(d) shows the contact between cylinders with inclined axes. In the case of contact, 

the normal component �� of the contact force is also given by Eq. (8). The spring constant k [9] 
is given by 

� � 2
3√� �

2�
���

���/��
∙ ��
1 � ��� ,

(14)

where K and � are 

� � � ��
�1 � �������

�/�

�
, (15)

� � � 1
1 � �� ∙

2�
�

� .
(16)

In Eq. (16), S is given by 

� � � �1 � �������
�/�

�
�� , (17)

where a is the modulus of the elliptic integral. The contact angle θ is given by  
� � ������2�� � 1�/2 , (18)

where b is given by 

� � �2 � ���� � 2�1 � ����
��� . (19)

Figure 6 shows the relationship between the spring constant k and the contact angle θ for the 
contact between cylinders with inclined axes. 
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Figure 6: Spring contact vs. contact angle 

 
Figure 7: Experimental apparatus 

 

4 EXPERIMENTS AND NUMERICAL APPROACH 
Experiments were carried out to verify the validity of the numerical approach. In this study, 

the simulation code was developed using C++ language and OpenGL. 
Figure 7 shows the experimental apparatus. The inclined chute was made of ABS and the 

inclination angle was 30°. The behavior of the particles was observed with a high speed camera 
(Casio Exlim EX-100) at 240fps and their movements were obtained with an image processing 
system. Brass and acrylic resin cylinders of uniform size were used. 

Figure 8 shows the initial positions of six rod-like particles on the inclined chute. To examine 
the effect of interparticle contact, two particles were fixed firmly on the chute. 
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Figure 8: Initial positions of rod-like particles 

 

(a) Experimental results                                     (b) Calculated results 

Figure 9: Behavior of Brass particles 

5 RESULTS AND DISCUSSION 
Figures 9(a) and 9(b), respectively, show photographs of the experimental results and 

computer graphics created using the calculated results under the same conditions. It is found 
that the typical features of flow patterns of brass particles observed in the experimental results 
are well reproduced in the calculated results. 

Figures 10(a) and 10(b) show the effects of the initial position of the brass particles and the 
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particle material on the time history of the movement of the particles along the x-axis, 
respectively. These figures also show the analytical and calculated results. 
This experiment was carried out three times. It was found that the effect of the initial position 
on the movement is greater than that of the particle material. It was also observed that the 
calculated results are in reasonably good agreement with the experimental results. Therefore, 
the numerical approach is effective for estimating the dynamical behavior of rod-like particles. 

 

(a) Brass particles A and B                                        (b) Brass and acrylic resin (particle C) 

Figure 10: Time histories of the movement along the x-axis 

 

6 CONCLUSIONS 
An inclined chute flow has been modeled using the DEM for rod-like particles in order to 

understand the effect of the particle shape on such flows.  The contact patterns for rod-like 
particles was classified into six types. The behavior of the rod-like particles was observed with 
a high speed camera and their movements were obtained with an image processing system. 
From the time histories of the movements for rod-like particles, it was found that the calculated 
results agree with the experimental results. Therefore, the numerical approach in this study is 
effective for addressing the engineering problems of rod-like particles. 
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Abstract. Hoppers of different shape and angle are widely used in different industries 
particularly in handling of solids as storage units and in unit operations, e.g. mixing, tableting, 
etc. It is a challenge to choose a right hopper to achieve desired flow and insignificant 
segregation due to difference in material properties. General approach for the selection of 
optimum hopper for a given unit operation is based on the trial-and-error experimental 
approach. To address this optimum hopper selection, combined experimental and numerical 
approach is presented in this study. The objective of this study is to analyze the effect of 
mixture composition and hopper angle on the flow rate and segregation behavior. The 
numerical simulation of granular flow out of various conical hoppers was also performed 
using the discrete element method (DEM). The materials considered include different particle 
size glass bead particles in different proportions by mass. The experimental study is done to 
validate the DEM results, particularly, mass flow rate. The results analyzed include temporal 
development of mass fraction of a given particle size during discharge. In addition, the mass 
flow rate is also computed. The results indicate that fines percentage in the mixture, ratio of 
smallest particle size to largest in the mixture, and hopper angle plays significant role in 
determining the segregation and mass flow rate. The flow pattern found to be influenced by 
the hopper angle and mean particle size of mixture. The results of discharge rate from DEM 
are also compared with existing empirical correlations and finite element method based 
elastoplastic model. The DEM prediction shows a good agreement with the existing 
correlations for a wide range of hopper angles, and with the experimental data.  

1 INTRODUCTION 
The behavior of granular materials during discharge from hoppers or bins plays a 

crucial role in many industrial processes such as chemical, agricultural, food technology and 
pharmaceutical industries [1]. Granular flows can be extremely complex and in general are 
not well understood [2, 3]. The granular material cannot be considered as solid, liquid or gas 
to fully characterize their flow state. In fact they are characterized as the fourth state of matter 
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due to its puzzling nature and behaviour [3]. The gravity flow of bulk solids from bins and 
hoppers is a subject of considerable practical and theoretical interest. The key understanding 
towards the behavior of granular material in a hopper not only aids in obtaining the correct 
flow, but also to ensure that the hopper is properly designed to deliver quality product during 
processing time. The discharge dynamics from hopper depends upon several factors which 
include material properties, processing conditions and hopper geometry. The flow dynamics 
gets completely changed due to change in any one of these parameters, which may results in 
non-uniformity in product stream termed as segregation. The degree of segregation is greatly 
affected by factors such as particle size distribution width (span), mass fraction of individual 
components, mean particle diameter as well as the hopper angle. The different experimental 
and modeling studies were conducted in past owing to the importance of discharge dynamics 
of hopper. It includes flow mode identification i.e. funnel and mass flow as well as analysis of 
discharge rate and segregation behavior [4-8]. Apart from these, flows rate prediction from 
hopper attracted wide attention. The numbers of correlations have been proposed over many 
decades and are used to predict discharge rates of granular materials from hoppers of different 
angles. Some of them were based on the dimensional analysis and others on experimental 
results. From earlier investigations, a dimensional analysis suggests that flow rate is directly 
proportional to the bulk density of the system, gravitational acceleration, and outlet width of 
hopper. Beverloo et al. [4] performed experiments on mono-disperse particles. They presented 
the following empirical correlation for estimating the discharge rate out of a flat bottom 
hopper: m = Cρ g D − kd 2.5, where m  is the mass flow rate, C is a constant (~ 0.58), D is 
the outlet diameter, k is shape factor (= 1.5 for spherical particles), and d is mean particle 
diameter [4]. Rose and Tanaka (RT) [5] introduced a multiplicative correction factor (Fcorr) for 
the application of Beverloo correlation to the conical shape hoppers, and given as follow: 

Fcorr =  1;                                     tan θ tan χ ≥ 1
 tan θ tan χ −0.35;        tan θ tan χ < 1

  

where, θ is hopper angle from the vertical and χ is angle from the horizontal of the stagnant-
flowing boundary. It is suggested that when no information about χ is available, it may 
assumed to be 45° [5]. Kurz and Munz investigated the flow properties of limestone and 
concluded that the mean particle size alone cannot be the used in order to determine granular 
flow behavior [6]. There have been several attempts to improve the Beverloo correlation to 
include the effects such as fill height [7], friction between granular material and hopper wall 
[9, 10,11], hopper outlet diameter [12], mean particle diameter [4], material density, and 
hopper angle [13]. The effect of hopper half angle, particle-wall friction and material 
properties on Beverloo constant C, while calculating the discharge rate has always been a 
matter of debate for many decades [4,14]. In the latest study, Zheng et al. [14] used 
elastoplastic model to predict the flow rate in conical hopper using finite element method 
(FEM). Their study introduced the dependency of internal friction angle (φ), hopper half 
angle (α), wall friction coefficient (μ) and dilatancy angle (ψ) to predict the mass flow rate 
constant C in Beverloo equation [14]. The equation takes the form by FEM results as follows: 

C = 0.58  1−cos m α
sin 5/2α  (1.08 – 0.0164 ψ  
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where, m = 4.25 𝑒𝑒−0.1φ  + 0.44𝑒𝑒−8.5𝜇𝜇+1.31 

With increasing computacional resources, various simulation methods have been used to 
understand the flow dynamics inside hopper in addition to estimate the discharge rate. In this 
category, DEM [15] has become the widely adopted method for simulating particle behavior 
and seems to be an alternative method for use in the modeling the behaviour of bulk solids. 
DEM has been well established for simple flows for many years and was widely employed to 
study granular flow from hoppers [18, 19]. These investigations helped in the study of flow 
behavior, velocity distribution, segregation etc.during Hopper discharge.  

2 MATERIALS AND METHODS 
This section presents all the details about the materials and experimental setup. All the 
experiments are conducted at least in quintuple, unless otherwise mentioned, to provide mean 
and relative standard deviation (RSD). The details about numerical simulation are also given 
at the end of this section. 

2.1 Experimental Setup 
The experiments were performed using the spherical shaped glass beads. The glass beads 
particles with different sizes were grouped into three sets through sieving: (i) 0.71 mm < d1< 
0.85 mm (small size particles or fines), (ii) 1.0 < d2< 1.7 mm (medium size particles), and (iii) 
1.7 mm < d3< 2 mm (large size particles), and the mean particle diameters of these sets were 
0.78 mm, 1.35 mm, and 1.85 mm respectively. These sets were used to prepare binary and 
ternary mixture samples. The mixtures with different fines mass fraction were prepared by 
increasing fines amount by 10% successively, whereby coarse or medium size particles 
proportion was adjusted accordingly to achieve 100% mixture mass. Starting with binary 
mixture, which consists of coarse particles (mean diameter = 1.85 mm) and fines (mean 
diameter = 0.78 mm) as described above, was prepared by varying the fines amount by 10%, 
i.e. first binary mixture consisted of 10% fines and 90% coarse particles by mass (sample A, 
see Table 1). Similarly other samples were prepared as tabulated in the Table1. 

Table 1: Detail of sample preparation for binary mixture. 
Sample Glass beads diameter (mm) Mass percentage (%) 

 (d1) (d3) (d1) (d2) 
A 0.78 1.85 10 90 
B 0.78 1.85 20 80 
C 0.78 1.85 30 70 
D 0.78 1.85 40 60 

 

Similarly, the ternary mixtures were prepared by increasing fines mass percentage by 10% 
from one sample to other whereas remaining proportion is filled with equal mass percentage 
of coarse and medium size particles. For example, for ternary mixture 1, the fines mass 
percentage was 10 % whereas coarse and medium size particles mass % were adjusted to 45% 

Table 2: Detail of sample preparation for ternary mixture 
Sample Glass beads diameter (mm) Mass percentage (%) 
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 (d1) (d2) (d3) (d1) (d2) (d3) 
E 0.78 1.35 1.85 10 45 45 
F 0.78 1.35 1.85 20 40 40 
G 0.78 1.35 1.85 30 35 35 
H 0.78 1.35 1.85 40 30 30 

 
individually (sample E, see Table 2). The details about all the ternary mixture samples were 
presented in Table 2. The schematic of the experimental setups are given in Figure. 1. The 
setup consists of two conical shaped (at the bottom) hoppers which have hopper angle of 60° 
and 80°. These hoppers were custom built and made up of acrylic glass (see Figure. 1). The 
outlet diameter is same for both the hoppers and is equal to 10 mm. The outlet of these 
hoppers were designed in such manner that outlet can be closed while filling material, which 
can be easily opened during discharge rate measurement experiments without disturbing the 
hopper and filled material. 

 
Figure 1: Schematic of the experimental hoppers having different internal angle. 

A series of experiments using different mixture samples as shown in the Table 1 and 2, were 
carried out to study the mass discharge rate of the glass beads from the custom built hoppers. 
In all experiments, the same amount of sample (100 grams) was weighed and carefully filled 
into the hopper using consistent filling procedure to obtain the same degree of consolidation 
by closing the opening lid at the outlet. Once desired amount with consistency is filled into 
the selected hopper, the discharge rate measurement is performed by removing the outlet lid 
slowly and then recording the time for complete material discharge using a stopwatch. This 
procedure was repeated at least five times for selected hopper and selected material (Table 1 
and 2), and a mean RSD of the discharge rate is calculated. To reduce electrostatic charge 
during filling and discharging, static energy discharge gun (Milty Zerostat 3 Anti-Static Gun, 
China) was used. This device emits positive and negative ions to effectively neutralize static 
charge that may be built up on surface.  
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2.2 Numerical simulations using DEM 
The simulations are carried out using the three-dimensional DEM, which computes the 
trajectories of each and every particle using Newton’s second law of motion. This is a well-
established approach to study the granular material flow dynamics and the details about this 
method and theory can be found in [17]. Hertz and Mindlin & Deresiewicz theories are used 
to compute the normal and tangential forces, respectively. An open source DEM software 
known as LIGGGHTS (LAMMPS Improved for General Granular and Granular Heat 
Transfer Simulations) version 3.5.0 has been used to perform the simulations [16]. Refer to 
[16], to understand the implementation of different models in LIGGGHTS along with 
computational algorithms, and their validation. The material properties used in numerical 
simulations are given in Table 1, which corresponds to spherical glass-bead particles [18]. 

Table 3:Parameter considered in simulations. 

Properties Glass beads Hopper wall 
(acrylic) 

Glass beads – Hopper 
wall 

Density (kg/cm3) 2500 1800 - 
Young’smodulus,Y (GPa) 70 3 - 
Coefficient of restitution, e(−) 0.94 - 0.9 

Poisson’s ratio,v(−) 0.22 0.35 - 
Coefficient of friction,μ (−) 0.2 - 0.5 

3 RESULTS AND DISCUSSION 
The results and discussion are separated into the following three sections. At first the 
discharge rate of single component or pure component material in both the hoppers (60° and 
80°) were presented followed by the binary and ternary mixture’s results. Next, a comparison 
of experimental discharge data with that of DEM numerical results was presented. Towards 
the end, the comparison of numerical simulations with that of empirical correlations such as 
Beverloo, Rose and Tanaka, FEM, etc. was established. 

3.1 DISCHARGE RATE RESULTS 
The main focus of this study to evaluate the discharge rate of pure component materials as 
well as the binary and ternary mixtures listed in Table 1 and 2, respectively. The experiments 
were performed as described in section 2.1 to capture the total time to discharge a constant 
amount of selected material in a given hopper. The results are presented in the following sub-
sections.  

3.1.1 Pure Component Material 
The pure component material i.e., glass beads which were classified into three categories 
(refer section 2.1) were first analyzed to find the influence of particle size on the discharge 
rate for mono-sized particles (fines: 0.78 mm, medium-sized: 1.35 mm, coarse: 1.85 mm).The 
mass flow rate of each size glass beads having total mass of 100g was evaluated by recording 
the complete discharge time from hoppers. The mean mass discharge rate of these three 
mono-sized particles for both type of hoppers were depicted in Figure. 2. 
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Figure 2: Mass flow rate as a function of particle diameter (mm) in different angle hopper. 

The results are also tabulated along with RSD in Table 4 for these experiments. First of all, a 
low RSD (< 1%) indicates the reproducibility and reliability of these experiments. For both 
type of hoppers, the discharge rate decreases with increasing particle size as shown in the 
Figure 2 and Table 4, which is in agreement with the results reported in reference [6]. 

Table4: Mean discharge rate for single component in different angle hopper. 

Particle diameter 
(mm) 

Hopper angle 
(°) 

Mean discharge rate 
(g/s) 

Relative Standard Deviation 
(RSD) (%) 

0.78 60 24.51 0.92 

0.78 80 21.67 0.95 

1.35 60 21.16 0.95 

1.35 80 18.53 0.51 

1.85 60 19.25 0.80 

1.85 80 16.43 0.71 

 
With 60° hopper, the discharge rate decreases from 24.51 g/s to 21.16 g/s, when the particle 
size was increased from 0.78 mm to 1.35 mm. The discharge rate further decreased to 19.25 g 
/s when the particle size was increased to 1.85 mm from 1.35 mm. Similar trend was observed 
for 80° hopper, where mass flow rate was decreased from 21.67 g/s to 18.53 g/s and further to 
16.43 g/s with increase in diameter from 0.78 mm to 1.35 mm and from 1.35 mm to 1.85 mm 
respectively. Comparison of 60° with that of 80° revealed that the steeper the hopper (or in 
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other words the lower the hopper angle) higher the flow rate, which is independent of the 
particle size (see Figure 2 and Table 4), which is also in agreement with literature data [5]. 
The correlation between discharge rate and mean particle size used in these experiments were 
also shown in Figure 2 with very good correlation coefficient. Thus, for a fixed outlet 
diameter of hoppers, the flow rate exhibits a linear relationship with respect to particle 
diameter. Furthermore, the effect of hopper angle on flow rate was also observed in the Figure 
2, showing decrease in mass flow rate by 10% as hopper angle was changed from 60° to 80°. 
These results indicate that small particle diameter (0.78 mm) granular material, particles 
exhibits very little resistance and behave more like a fluid, while large particle diameter 
experiences substantial amount of resistance and it becomes more difficult to get the particles 
to flow as the ratio between particle diameter to hopper outlet diameter increases. 

3.1.2 Discharge Behaviour of Multicomponent Mixture Samples 
The real particulate solids are composed of various sizes of particles and are more commonly 
encountered in industrial applications unlike single component granular materials. For this 
reason, binary (sample A to D, Table 1) and ternary (sample E to H, Table 2) mixtures were 
prepared, and the flow rates were measured as explained in section 2.1. The particle diameter 
of the mixtures was represented by the mean particle diameter. First, the mass flow rate of 
binary mixture having different percentage of fines (sample A to D, Table 1) was measured. 
The mass discharge rate of binary mixtures from both the 60° and 80° hoppers as a function 
of fine percentage was shown in the Figure. 3. 
 

     

 

 

 

 

 

 

 

 

Figure 3: Mass flow rate as a function of fine percentage (binary mixture) in different angle hopper. 

The flow rate of granular material increases linearly as the fines mass percentage increases for 
both types of hoppers as seen in the Figure 3. The good correlation between the flow rate and 
fines percentage with the correlation coefficient R2 as high as 0.99 was observed. In addition 
to fine percentage, the effect of hopper angle on flow rate was also observed clearly. For 
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every 10% increase in fine particles amount, the flow rate was increased by a factor of 0.8 and 
0.7 for 60° and 80° hopper respectively (Figure 3).The increase in flow rate in 80° hopper is 
less than that for 60° hopper, which could be due to steeper hopper walls in 60° hopper to 
ensure better particle movement compared to 80° hopper. Anand et al. [19] reported that with 
increasing mass fraction of fines in granular system mass discharge rate tend to increase. This 
increase in flow rate was attributed to the increase in flowing density during discharge [20]. It 
is evident that decrease in flow rate with increasing fines % was due to the particle 
distribution generated by changing fines mass %. A similar behavior was reported, wherein 
increase in mean diameter resulted in decrease in the flow rate [21]. Ternary mixtures were 
prepared by addition of a particles of intermediate size (as described in section 2.1) to study 
the effect of multicomponent mixture on the flow rate. Similar to the binary mixture the effect 
of mass % of fines on discharge rate was investigated by changing the fine % (samples E to 
H, Table 2). The effects of fines mass percentage on discharge rate is shown in the Figure 4. 

 

Figure 4:Mass flow rate as a function of fine percentage (ternary mixture) in different angle hopper. 

In comparison to the binary mixture, the mass flow rate of the ternary mixture shows an 
improvement, which is attributed to the decrease of mean particle diameter due to addition of 
intermediate particles to binary mixture. Also, as the fine percentage was increased, the 
maximum mass flow rate corresponds to ternary mixture for same percentage of fines. This is 
explained based on the fact that better particles packing could be achieved when mixture was 
changed from binary to ternary results into increased flowing density during discharge. The 
effect of increase in fine content on discharge rate was reduced in ternary mixture compared 
to binary mixture, which can be clearly seen by comparing the slopes of Figure. 3 and Figure. 
4. The mass flow rate increased by factor of about 0.07 with ternary mixtures whereas for 
binary mixtures the mass flow rate increases by a factor of about 0.08 for 60° hopper.  
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3.2 Mass Flow Rates Comparison with Different Correlations 
 
The discharge flow rates obtained by experiments were validated using well-established 
correlations reported in literature as well as with DEM simulations. The basic equation to 
calculate the theoretical flow rate was published by Beverloo et al. [4]. This formula is for 
cylindrical orifices with flat bottom and thus does not consider the hopper angle. A correction 
factor based on the Rose and Tanaka [5] equation can be applied to improve Beverloo 
equation, which is a function of the hopper angle as described in section 1. In the latest study, 
Zheng et al. [14], developed an empirical correlation for predicting the mass discharge rate of 
conical hoppers based on FEM with elastoplastic model (refer to section 1). In this context, 
the measured data of flow rates for binary (samples A to D, Table 1) and ternary (samples E-
F, Table 2) mixtures with both the hoppers (60°and 80°) were calculated using Rose and 
Tanaka (RT) correlation, DEM, and FEM based empirical correlation. The Figures 5(a) and 
5(b) show the comparative prediction of these correlations along with DEM simulations and 
experimental data for binary mixture (samples A to D) in 60° and 80° hopper, respectively.  

Figure 5:Comparison of mass flow rate between experiment, Rose and Tanaka, DEM and FEM based 
elastoplastic model for binary mixtures (samples A to D) in (a) 60° hopper (b) 80° hopper. 
 
The results indicate that the flow rate increases with increasing fines content and this profile is 
very well captured by all the correlations and DEM results. The good agreement between the 
results obtained by DEM and experiments was observed for cases with lower fines content (< 
30% by mass), whereas the empirical correlations (RT and FEM) underestimate the flow rates 
in these cases. One of the possible reasons for overprediction in DEM results for cases with 
fines content above 30 %  may be due to the size difference between particles in simulations 
and experiments. Basically, simulations takes into account the exact sizes of particles whereas 
the actual glass beads used in experiments had a distribution in the sizes and hence were 
grouped into three sizes as described in Section 1. On the other hand, RT and FEM 
correlations underpredicts the experimental results by less than 10%. It was also found that 
the RT and FEM deviation with experimental flow rate were increase with decrease in fines 
content. Thus, it may be concluded that the fines fraction in mixture probably had a greater 
impact on predicting discharge rate. Furthermore, with the increase in internal angle of the 
hopper, the predicted discharge rates by FEM and those by RT correlations were improved 
with the experimental discharge rates. 
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3.3 Segregation Results 

Figure.6 shows segregation results for 60° and 80° hoppers for sample D (𝑥𝑥f- 40%). The first 
10% discharged material contain a lesser amount of fines due to filling process. Generally, 
larger particles roll down to the bottom of the Hopper during filling and this effect seems to 
be  greater for 80° Hopper due to wide angle at bottom. For both 60° and 80° hoppers, almost 
equal proportion of fines were discharged until M/Mtotal ≈ 0.55. 

 
Figure 6:Experimental segregation results for sample D (𝑥𝑥f- 40%) in different angle hopper. 

At approximately 60% mass discharged (M/Mtotal = 0.6), the behavior of granular material 
inside both hoppers vary significantly. For 80° hopper, the discharged mass was depleted in 
fines between 60 % to 80 % discharged mass. But after 80 %, discharge mass collected 
contain excess of fines due to segregation. Generally, after M/Mtotal≈0.5, coarse particles tend 
to occupy most of the centerline channel resulting in accumulation of fines at side walls of 
hopper and hence discharged material was depleted in fines approximately between 0.55 
<M/Mtotal<0.8. During end discharge, the resulting accumulated fines were discharged. On the 
other hand, 60° Hopper attained fairly uniform fines mass fractions discharge as compared to 
80° Hopper during initial discharge mass until M/Mtotal≈ 0.7. This might be due to increase in 
wall steepness as the Hopper wall angle was decreased to θ=60°. After M/Mtotal≈0.7, the 
discharge material was depleted in fines and during end discharge, material rich in fines was 
collected. Ketterhagen et al. [18] in their work also observed a similar behavior and concluded 
that as the internal angle of Hopper increases, the segregation of the granular material 
increases.  

CONCLUSIONS 
Firstly, the hopper angle is found to be significantly impacting the flow rate where it is shown 
that the steeper the hopper the better the flow rate out of the hopper. Next, with pure 
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component materials, it is reported that while keeping the outlet diameter constant, the larger 
the particle diameter the lesser the flow rate. The experimental data of these mixtures shows 
that presence fine particle in addition to coarse improves the overall flow rate where the fines 
particle imparts fluidity effect thereby increasing the flow rate. The observations made in this 
study are in agreement with the literature data. The comparison of experimental data with that 
of the well-known correlations and DEM results indicate that overall DEM results are better 
predicting the flow rates than the empirical correlations or FEM based correlations. However, 
it found that the DEM results are slightly over predicting especially in the higher fines content 
mixtures which attributed to the fact that there is slight difference between glass-bead particle 
sizes used in experiments and the ones used in DEM simulations. With this study it is possible 
to provide a first estimate of the discharge rates out of a given hopper without actually 
performing experiments. The focus of the future study is to investigate segregation behavior 
as mass is discharging which is currently ongoing. Some of these results will be presented at 
the Particles 2017 meeting.  

REFERENCES 
[1] Roberts, A. W. Particle technology - reflections and horizons: an engineering 

perspective. Chem. Eng. Res. Des. (1998) 76:775-796. 

[2] Campbell, C. S. Rapid granular flows. Ann. Rev. Fluid Mech. (1990) 22:57-92. 

[3] Jaeger, H. M., Nagel, S. R. Physics of the granular state. Science. (1992) 225:1523-

1531. 

[4] Beverloo, W. A., Leniger, H. A., Van de Velde, J. The flow of granular solids through 

orifices. Chem. Eng. Sci. (1961) 15:260-269. 

[5] Rose, H., Tanaka, T. Rate of discharge of granular materials from bins and hoppers. The 

Engineer. (1959) 208:465-469. 

[6] Kurz, H. P., Munz, G. The influence of particle size distribution on the flow properties 

of limestone powders. Powder Technol. (1975) 11:37-40. 

[7] Brown, R. L., Richards, J. C. Profile of flow of granules through apertures. Trans. Inst. 

Chem. Eng. (1960) 38:243-250. 

[8] Arteaga, P., Tüzün, U. Flow of binary mixtures of equal-density granules in hoppers-

size segregation, flowing density and discharge rates. Chem. Eng. Sci. (1990) 45 (1): 

205-223. 

[9] Williams, J. C, The rate of discharge of course granular materials from conical mass 

flow hoppers. Chem. Eng. Sci. (1977) 32:247-255. 

361



RAJ KUMAR, CHETAN M. PATEL, ARUN K. JANA AND SRIKANTH R. GOPIREDDY 

 12 

[10] Tüzün, U., Nedderman, R. M. Experimental evidence supporting kinematic modelling 

of the flow of granular media in the absence of air drag. Powder Technol. (1979) 24: 

257-266. 

[11] Tüzün, U., Nedderman, R. M. An investigation of the flow boundary during steady-state 

discharge from a funnel-flow bunker. Powder Technol. (1982) 31(1):27-43. 

[12] Khanam, J., Nanda, A. Flow of granules through cylindrical hopper. Powder Technol. 

(2005)150:30-35. 

[13] Nedderman, R. M., Tuzun, U. The flow of granular materials-I: discharge rates from 

hoppers. Chem. Eng. Sci. (1982) 37 (11):1597-1609. 

[14] Zheng, Q. J., Xia, B. S., Pan, R. H., Yu, A. B. Prediction of mass discharge rate in 

conical hoppers using elastoplastic model. Powder Technol. (2017) 307:63–72. 

[15] Cundall, P. A., Strack, O. D. L. A discrete numerical model for granular assemblies. 

Geotechnique. (1979) 29 (1):47-65. 

[16] Kloss, C., Goniva, C., Hager, A., Amberger, S., Pirker, S. Models, algorithms and 

validation for opensource DEM and CFD-DEM. Prog. Comput. Fluid Dy. An Int. J. 

(2012) 12:140-152. 

[17] Zhu, H. P., Zhou, Z. Y., Yang, R. Y. and Yu., A. B. Discrete particle simulation of 

particulate systems: Theoretical developments. Chem. Eng. Sci. (2007) 62 (13):3378- 

3396. 

[18] Ketterhagen, W. R., Curtis, J.S., Wassgren, C.R., Hancock, B.C. Modeling granular 

segregation in flow from quasi-three-dimensional, wedge-shaped hoppers. Powder 

Technol. (2008) 179:126-143. 

[19] Anand, A., Curtis, J. S., Wassgren, C.R., Hancock, B.C., Ketterhagen, W. R. Predicting 

discharge dynamics from a rectangular hopper using the discrete element method 

(DEM). Chem. Eng. Sci. (2008) 63:5821-5830. 

[20] Dias, R. P., Teixeira, J. A., Mota, M.G., Yelshin, A. I. Particulate binary mixtures: 

dependence of packing porosity on particle size ratio. Ind. Eng. Chem. Res. (2004) 

43:7912-7919. 

[21] Humby, S., Tuzun, U., Yu, A. B. Prediction of hopper discharge rates of binary granular 

mixtures. Chem. Eng. Sci. (1998) 53:483-494. 

362



Mechanical behavior of boundary layer in discrete models based on Voronoi tessellation

V International Conference on Particle-based Methods – Fundamentals and Applications
PARTICLES 2017
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Veveř́ı 331/95, Brno, 602 00, Czech Republic
jan.elias@vut.cz; http://www.fce.vutbr.cz/stm/elias.j/

Key words: discrete model, boundary layer, wall effect, concrete, elasticity, fracture

Abstract. The contribution introduces 2D and 3D discrete static model of concrete
based on Voronoi tessellation. Attention is focused on the boundary region where, due
to presence of boundaries, the orientation of contacts exhibits strong bias. The bias has
consequences in mechanical behavior of the boundary region in both elastic and inelastic
regimes. The boundary layer is typically weaker and more brittle compared to the interior
and also stiffer or more compliant depending on macroscopic Poisson’s ratio and straining
direction.

1 INTRODUCTION

This contribution is a promotion of the recent journal paper [1], particular results and
conclusions of the paper are shown in this contribution.

Solid matter occupies spatial domains defined by boundaries. It is known that there
exists a layer in the vicinity of the boundary where the material properties might differ
from the interior. The boundary layer might be result of several effects, for example
actions of external environment. In concrete, the boundary layer typically differs also in
grain size distribution having increased amount of small grains and mortar compared to
the interior material [2]. The boundary layer of different material properties compared to
interior affects mechanical behavior of concrete solids.

When simulating the concrete members, the boundary layer is typically not explicitly
addressed (but exceptions exist, see e.g. [3]). However, it might be imposed by the nature
of the model. This can be seen for example when using nonlocal models [4], which natu-
rally create boundary layer of different behavior. The contribution shows that this is also
the case of discrete models. Their mechanical behavior relies on discretization of a solid
domain into particles with random irregular composition, but presence of the bound-
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aries affects the irregularity and produces some boundary layer with different statistical
distributions of geometrical variables.

However, the contact constitutive behavior of discrete models can also be developed
to become completely independent on the geometry of the rigid bodies. It has been
achieved both for elastic behavior [5, 6, 7] and inelastic behavior [8]. In such a case,
the boundary layer has no mechanical consequences. In majority of the discrete models,
the contact behavior take into account the geometry of the contact in both linear and
nonlinear regimes and therefore the boundary layer is active.

Comparison of the boundary layer and interior tessellation geometry and stress is
presented in the contribution. Due to unbiased behavior of the interior, analytical formulas
can be developed for its macroscopic elastic behavior. The real mechanical behavior of the
discrete system is compared with these analytical predictions. Most of the comparison is
done via statistical characteristics called the mean value and standard deviation. Having
some function G = g(γ) dependent on random variable γ with probability density function
f(γ), the mean value, µG, and standard deviation, δG, is defined as

µG =

∞∫

−∞

g(γ)fγ(γ)dγ δG =

√√√√√
∞∫

−∞

(g(γ)− µG)
2fγ(γ)dγ (1)

2 GEOMETRY OF THE DISCRETE STRUCTURE

The studied model is a discrete system of rigid bodies connected at common facets by
linear or nonlinear contacts. Both the 2D and 3D versions of the model are used here.

The algorithm for construction of the discrete model geometry is controlled by param-
eter lmin. The domain of the simulated solid is filled with nuclei with random location
in a sequential process. New nucleus is accepted only when its distance to all previously
placed nuclei is lower than lmin. The filling is terminated after a large number of subse-
quent rejections is detected, i.e. when the domain is saturated. Voronoi tessellation is
performed to divide the domain into rigid bodies. According to [9], the nuclei are mirrored
across the boundaries before performing the Voronoi tessellation. The tessellation then
creates the boundaries of the rigid bodies exactly coinciding with the boundaries of the
specimen (Fig. 1a).

In order to perform comparison with models without a boundary, periodic boundary
conditions are used. During random placement of nuclei, every nucleus is periodically
repeated twice in the y and z directions. The tessellation is then performed on a periodic
structure that is 3× larger in both the y and z directions. When solving the mechanical
system, periodic images of nuclei have dependent DOFs and only one periodic image of
each contact contributes to the strain energy and is therefore included in the stiffness
matrix. This approach completely removes boundaries and creates ideal directionally
unbiased geometry. The boundaries can be also inserted into the periodic structure., The
nuclei in the central part of the prismatic specimen are mirrored across the xy and xz

2
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Figure 1: a) Boundary region and Voronoi tessellation on randomly placed nuclei in 2D; b) one 3D rigid
body and one contact facet; c) periodic structure without and with the boundary in 2D.

plane. After tessellation, the planes xy and xz behave in the same way as the specimen
boundary with directionally biased geometry in its vicinity. An example of the periodic
boundary free and periodic bounded structures in 2D is shown in Fig. 1c.

Voronoi faces, here referred to as facets, represents the bonds between two bodies. The
orientation of the contact facet is described by its normal direction, n; the length of the
contact is denoted L = ‖xa − xb‖, its area is A and centroid is c (Fig. 1b).

3 CONTACT CONSTITUTIVE BEHAVIOR

The constitutive equations are taken from [10] and simplified. A full description of
both linear and nonlinear constitutive equations and model kinematics is provided in [11].

Each body has three degrees of freedom in two dimensions (2×translation u, 1×rotation
θ), and 6 in three dimensions (3×translation u, 3×rotation θ). Translations and rotations
of the rigid bodies give rise to a displacement jump, ∆, measured at the centroid of the
contact facets. The strain is measured by a scalar in the normal direction (N) and by
a vector in the shear direction (T )

eN =
n ·∆
L

eT =
∆

L
− eNn (2)

The shear strain is perpendicular to the normal direction n. The stress is then calculated

3
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based on the strain and two elastic parameters of the model, E0 and α

sN = (1−D)E0eN sT = (1−D)E0αeT (3)

Variable D is a measure of integrity loss of individual contacts called damage. When
D = 0, the contact is intact and exhibits elastic behavior. Completely damaged element
would have D equal to 1. The evolution of D is dependent on straining direction and is
governed by additional model parameters, the tensile strength ft and the fracture energy
GF. The more shear is involved, the higher the strength and energy dissipation at the
facet, see [11] or directly the original model [10].

In elastic regime, one can derive simple formulas relating contact elastic parameters,
E0 and α, to the elastic parameters of isotropic homogeneous continuum, elastic modulus
E and Poisson’s ratio ν.

ν =
1− α

3 + α
E = E0

2 + 2α

3 + α
2D, plane stress

ν =
1− α

4
E = E0

(1 + α)(5− α)

8
2D, plane strain (4)

ν =
1− α

4 + α
E = E0

2 + 3α

4 + α
3D

The derivation is based on a theory provided in [12] and its detail step-by-step expla-
nation can be found in [1]. Three fundamental features of the tessellation are used in
the derivation: (i) the normals are parallel to lines connecting two nodes in contact; (ii)
there are no holes in the discrete structure, the solid is filled by the rigid bodies without
any overlapping or gap; (iii) there is no directional bias in the geometry, i.e. all normal
directions are equally probable and contact areas and lengths are independent on normal
directions.

The first two features are automatically guaranteed by the Voronoi tessellation, while
the third one depends on the process of placing the nuclei into the solid domain. It will
be shown in the next section, that it is valid for the interior, but the boundary layer
exhibits, due to mirroring of the nuclei in the boundary region, strong directional bias
and deviation from the third assumption.

It is worth noting that equations (4) establish limitations in Poisson’s ratio for discrete
models. Using theoretical meaningful limits 0 and ∞ for parameter α, the maximum and
minimum Poisson’s ratio can be calculated as

(
−1, 1

3

)
for 2D plane stress,

(
−∞, 1

4

)
for

2D plane strain and
(
−1, 1

4

)
for 3D model. Fortunately, representation of concrete with

Poisson’s ratio around 0.2 is possible in all cases.

4 DIRECTIONAL BIAS IN THE VICINITY OF BOUNDARIES

The elemental direction in the boundary layer is strongly biased towards normals
aligned with the boundary. It is simply caused by the effort to create the boundary

4
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Figure 2: 2D and 3D specimens, dimensions, definition of the angular deviation γ and symmetric half
or quarter of the cross-section in red.
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Figure 3: Probability distribution of the angular deviation from the x direction in 2D & 3D.

by the tessellation and there is no way known to the author how to reduce the effect or
even get rid of it completely. The directional bias is demonstrated by variable γ, the
angular deviation of the contact normal from the direction of the x axis, see Fig. 2.

The angular deviation, γ, is calculated in 2D and 3D model of prism shown in Fig. 2.
In the ideal case where all the directions have the same probability, γ should have the
following probability density

2D 3D

fγ(γ) =

{
2/π for γ ∈ (0, π/2)

0 otherwise
=

{
sin(γ) for γ ∈ (0, π/2)

0 otherwise

(5)

The specimens from the Fig. 2 were generated 500× in 2D and 3000× in 3D and angular
deviation γ was extracted. Two regions were distinguished – the boundary layer where
distance from the contact centroid to some boundary (parallel with the x axis) was lower
than lmin and the interior containing all other contacts. The probability distributions of
γ in these two groups are plotted in Fig. 3 together with the theoretical ideal distribution
from Eq. (5). One can see that the interior has no directional bias while the boundary
layer prefers elements aligned with the boundary.
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0 2 4 6 8 10
y axis [×lmin]

0

π/8

π/4

3π/8

π/2

γ
[r
ad
]

µγ ± δγ (Eq. 6)
µγ (Eq. 6)

mean value
standard deviation mean value of γ

0.50 0.75 1.00
[rad]

µγ (Eq. 6)

standard dev. of γ

0.24 0.32 0.40
[rad]

δγ (Eq. 6)

Figure 4: Statistical characteristics of the angular deviation from the x direction in 2D (left) & 3D
(right) on symmetrical cross-section half or quarter, respectively.

To calculate the theoretical mean and standard deviation of γ, the distributions from
Eq. (5) can be inserted into Eq. (1) and integrated for g(γ) = γ.

µγ =

{π

4
2D

1 3D
δγ =




π

4
√
3

2D
√
π − 3 3D

(6)

These numbers are compared to an estimation of the mean and standard deviation
calculated on the actual discrete systems in specimens from Fig. 2. Fig. 4 (left hand side)
shows one symmetrical half of the cross section in the range y = 0 (center of the cross
section) up to y = 10lmin (boundary). The boundary layer exhibits a strong decrease
in the mean indicating yet again that the elements are more aligned with the boundary.
In 3D, Fig. 4 (right hand side) shows a symmetrical quarter of the cross section ranging
from y, z = 0 (center of the cross section) up to y, z = 5lmin (boundary). The bias in the
boundary layer is similar to what was seen in 2D; it gets strongly emphasized in corners,
where two perpendicular boundaries intersect.

5 ELASTIC BEHAVIOR

The prisms from the previous section were loaded by straining in the x direction (ε11),
while deformations in the y and z direction were unconstrained. Such loading results in
a single tensorial stress component σ11 and the following strain components

3D & 2D plane stress ε11 =
σ11

E
ε22 = ε33 = −νσ11

E
= −νε11

2D plane strain ε11 =
σ11(1− ν2)

E
ε22 = −σ11(ν + ν2)

E
=

ν

ν − 1
ε11

(7)

A simple assumption about the displacements and rotations of the bodies in the system
when subjected to macroscopic uniform strain is now used. It is assumed that all the
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Figure 5: Average and standard deviation of normal stress (sN , first row) and shear stress (sT , second
row) on a half cross section under tensile loading; 2D model, α = {1/3, 1, 5/3}.
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Figure 6: Average and standard deviation of the normal and shear stress on quarter cross-section; 3D
model, α = 0.29.

rotations are null (θ = 0) and the difference in displacements between any two nodes is

ub − ua = ε · (xb − xa) (8)

Using assumption (8) and perpendicularity of the facet area to the element, the displace-
ment jump is determined by the strain tensor

∆ = Lε · n (9)

Combining Eqs. (2)-(4), (7) and (9) the normal and tangential stress magnitude can be

7
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evaluated

sN = ε11E0

(
cos2 γ − 1− α

3 + α
sin2 γ

)
(10)

‖sT‖ = ε11E0α sin γ cos γ
4

3 + α
(11)

The expression for the stress magnitudes is the same for both 2D simplifications and
3D. Now, the theoretical unbiased mean and standard deviation can be integrated with
g(γ) = sN and g(γ) = ‖sT‖ using Eq. 1

µsN =




ε11E0

1 + α

3 + α
2D

ε11E0
1 + 3α

3(3 + α)
3D

δsN =





ε11E0

√
2

3 + α
2D

ε11E0
8

3
√
5(3 + α)

3D
(12a)

µ‖sT ‖ =



ε11E0α

4

π(3 + α)
2D

ε11E0α
4

3(3 + α)
3D

δ‖sT ‖ =




ε11E0α

√
2(π2 − 8)

π(3 + α)
2D

ε11E0α
4

3
√
5(3 + α)

3D
(12b)

A comparison with a real discrete system behavior is shown for 2D and 3D in Figs. 5
and 6 for selected α parameters. The value α = 0.29 has been chosen for 3D model because
it is typical for concrete. The normal and shear stresses are normalized by ε11E0. One
can see reasonable approximation of the stresses by analytical formulas (12a) and (12b) in
the interior, the difference are caused by only approximate validity of the assumption (8).
In the boundary layer, the normal stress increases while the shear stress decreases.

6 INELASTIC BEHAVIOR

A typical constitutive behavior, applied also here, is weaker and less ductile in tensile
loading than in shear. Therefore, the boundary layer with a tendency of elements to
be parallel to the boundary becomes weaker and more brittle under straining along its
direction than the interior part.

The results are reported only for the 3D model with material parameters: E0 = 60GPa,
α = 0.29, ft = 2.2MPa and Gt = 35 J/m2. These parameters were obtained in [11] by
fitting a large experimental series [13] for lmin = 10mm. A periodic prisms of 200mm in
length (x axis) and square cross section of size 50mm, 100mm and 200mm periodic in y
and z directions are strained in uniaxial tension along the x direction.

The periodicity is used to remove the boundaries and the directional bias in its vicinity.
To compare it with the bounded specimen, the boundaries are also introduced into the
periodic structure by mirroring the nuclei across the xy and xz planes (Fig. 1c).

The nominal stress and elongation of the prisms are calculated 30 times with different
geometry of the discrete structure and averaged. The averaged responses are shown in
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Figure 7: Averaged responses of periodic 3D model with (bounded) and without (free) boundaries loaded
in pure tension

Fig. 7. The difference between the bounded and boundary free model decreases with size
as the weak boundary layer occupies a lower portion of the specimen. In the worst case
(the smallest specimen), the strength decreases by 4% and energy dissipation by 24%
when boundaries are added.

7 CONCLUSIONS

The static discrete models with geometry of rigid bodies generated by Voronoi tessel-
lation on randomly placed nuclei are studied. The standard elastic and inelastic contact
behavior is applied.

• The contribution demonstrates the bias in the orientation of elements in the bound-
ary layer. Contacts parallel to the boundary are represented with higher probability
than what an unbiased model shall exhibit.

• Consequence of the orientation bias is that the elastic behavior of the boundary
layer differ from the interior. When straining parallel to the boundary, the shear
components are more relaxed while the normal components are loaded more com-
pared to the elastic behavior of the interior. Therefore, for positive Poisson’s ratios,
the boundary layer becomes stiffer and vice versa.

• When the inelastic behavior has a typical form having both strength and fracture
energy in the normal direction lower than in shear, the boundary layer becomes also
weaker and less ductile.
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[11] Eliáš, J. Adaptive technique for discrete models of fracture. Int. J. Solids Struct.
(2016) 100-101:376–387.

[12] Kuhl, E., D’Addetta, G.A., Herrmann, H.J. and Ramm, E. A comparison of discrete
granular material models with continuous microplane formulations. Granul. Matter
(2000) 2:113–121.
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Abstract. In the growing field of bulk solids handling, automated optical sorting systems are 
of increasing importance. However, the initial sorter calibration is still very time consuming 
and the precise optical sorting of many materials still remains challenging. In order to 
investigate the impact of different operating parameters on the sorting quality, a numerical 
model of an existing modular optical belt sorter is presented in this study. The sorter and particle 
interaction is described with the Discrete Element Method (DEM) while the air nozzles required 
for deflecting undesired material fractions are modelled with Computation Fluid Dynamics 
(CFD). The correct representation of the resulting particle–fluid interaction is realized through 
a one–way coupling of the DEM with CFD. Complex shaped particle clusters are employed to 
model peppercorns also used in experimental investigations. To test the correct implementation 
of the utilized models, the particle mass flow within the sorter is compared between experiment 
and simulation. The particle separation results of the developed numerical model of the optical 
sorting system are compared with matching experimental investigations. The findings show 
that the numerical model is able to predict the sorting quality of the optical sorting system with 
reasonable accuracy.    
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1 INTRODUCTION 
The handling and sorting of bulk solids is of increasing importance due to continuously 

growing material streams [1]. Automated optical sorters can be used in addition to conventional 
separating processes like screens [2], which separate the material depending on physical 
properties like the size. Optical sorters are employed in a variety of industrial applications and 
are able to separate agricultural products or particulate chemical/pharmaceutical substances 
based on optical criteria [3]. The material stream is transported and isolated by chutes, slides or 
vibrating feeders and bypasses an optical sensor, before the bulk solids are separated into at 
least two fractions by pneumatic air nozzles. The nozzles are triggered based on the optical 
properties of the material. 

Studies investigating the influence of optical sorter design and operation on sorting quality 
are still relatively scarce. De Jong and Harbeck [4] investigated the maximum throughput of an 
optical sorter based on different particle sizes in 2005, with the conclusion that the separation 
efficiency decreases if a minimum distance between adjacent particles is below a certain 
threshold. Pascoe et al. [5] developed a model for predicting the efficiency of their sorting 
system depending on the belt loading and the number of particles to be ejected. In a further 
study [6], the authors investigated the influence of special particle distribution on the sorting 
efficiency with the help of a Monte Carlo simulation. Particle ejection by compressed air has 
been investigated with a coupled DEM–CFD approach by Fitzpatrick et al. [7]. However, only 
the ejection stage with the resulting particle–fluid interaction was analyzed. In a previous study, 
we have shown that the DEM is able to correctly model the effect of different operating 
parameters on particle movement within an optical sorter [8].  

In this study, a modular optical belt sorter consisting of a vibrating feeder, conveyor belt, 
compressed air nozzles for particle separation and a particle container is modelled with a 
coupled DEM–CFD approach. A sorting task is defined and an experiment on a fully 
operational modular sorting system is conducted. The particle separation results of the 
experiment are compared with those of the corresponding numerical setup.  

2 METHODOLOGY 

2.1 DEM-CFD approach 
The Discrete Element Method (DEM) [9] is used to describe the modular optical belt sorter 

as well as the bulk solids investigated in this study. The DEM allows the detailed analysis of 
particle–particle and particle–wall interactions within the sorting system. Newton’s and Euler’s 
equations of motion are used to calculate the translational and rotational motion of every 
particle and can be written as 

𝑚𝑚𝑖𝑖
𝑑𝑑2𝑥𝑥𝑖𝑖
𝑑𝑑𝑡𝑡2 = �⃗�𝐹𝑖𝑖𝑐𝑐 + �⃗�𝐹𝑖𝑖

𝑔𝑔 + �⃗�𝐹𝑖𝑖
𝑝𝑝𝑝𝑝, (1) 

𝐼𝐼𝑖𝑖
𝑑𝑑�⃗⃗⃗⃗�𝑊𝑖𝑖
𝑑𝑑𝑡𝑡 + �⃗⃗⃗⃗�𝑊𝑖𝑖 × (𝐼𝐼𝑖𝑖�⃗⃗⃗⃗�𝑊𝑖𝑖) = 𝛬𝛬𝑖𝑖

−1�⃗⃗⃗�𝑀𝑖𝑖, 
(2) 

 
where 𝑚𝑚𝑖𝑖 is the particle mass, 𝑑𝑑2�⃗�𝑥𝑖𝑖/𝑑𝑑𝑡𝑡2 the particle acceleration,  �⃗�𝐹𝑖𝑖𝑐𝑐 the contact force,  �⃗�𝐹𝑖𝑖

𝑔𝑔 the 
gravitational force and �⃗�𝐹𝑖𝑖

𝑝𝑝𝑝𝑝 is the particle–fluid force. The second equation gives the angular 
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acceleration 𝑑𝑑�⃗⃗⃗⃗�𝑊𝑖𝑖/𝑑𝑑𝑑𝑑 as a function of the angular velocity �⃗⃗⃗⃗�𝑊𝑖𝑖, the external moment resulting 
from the contact forces �⃗⃗⃗�𝑀𝑖𝑖, the inertia tensor along the principal axis 𝐼𝐼𝑖𝑖 and the rotation matrix 
converting a vector from the inertial into the body fixed frame 𝛬𝛬𝑖𝑖

−1. The utilized contact forces 
as well as the applied rolling friction model are presented in [8]. The non–spherical particles 
employed in this study are modelled with a multi–sphere approach. Here, spheres of different 
sizes are merged to form a cluster to accurately approximate complex particle shapes [10]. The 
general contact force laws remain equal to the ones used for spherical particles [11]. 

The compressed air nozzles used to separate undesired particles from the material stream are 
modelled with Computational Fluid Dynamics (CFD), solving the Navier Stokes equation 
based on a Finite Volume Method. This is achieved with the help of a detailed and locally 
refined hexagonal cell mesh. Both the fluid field as well as the enclosed nozzle are considered. 
The equation of continuity and the equation of momentum are solved 

𝜕𝜕𝜌𝜌𝑓𝑓
𝜕𝜕𝑑𝑑 + ∇(𝜌𝜌𝑓𝑓�⃗⃗�𝑢𝑓𝑓) = 0, (3) 

𝜕𝜕(𝜌𝜌𝑓𝑓�⃗⃗�𝑢𝑓𝑓)
𝜕𝜕𝑑𝑑 + ∇(𝜌𝜌𝑓𝑓�⃗⃗�𝑢𝑓𝑓�⃗⃗�𝑢𝑓𝑓) = −∇𝑝𝑝 + ∇(𝜏𝜏̿) + 𝜌𝜌𝑓𝑓�⃗�𝑔, 

(4) 

where �⃗⃗⃗�𝑢𝑓𝑓 is the fluid velocity, 𝜌𝜌𝑓𝑓 the fluid density, 𝑝𝑝 the pressure and �̿�𝜏 the fluid viscous stress 
tensor. The stress tensor can be written as 

 𝜏𝜏̿ = 𝜇𝜇𝑒𝑒 [(∇�⃗⃗�𝑢𝑓𝑓) + (∇�⃗⃗�𝑢𝑓𝑓)−1],  (5) 

where 𝜇𝜇𝑒𝑒 is the effective viscosity determined from a k-ε model, which is widely used to model 
turbulent gas flows from nozzles [12-14].   

 To save computational time and due to the short activation duration of the nozzles a “one–
way” coupling is performed between CFD and DEM to realize the particle–fluid interaction in 
the optical sorter. “One–way” coupling means that the fluid field is affecting the particle motion 
but not vice versa. The fluid velocity is averaged in every CFD cell and the resulting fluid 
velocity field is transferred to the DEM upon initialization. The particle–fluid force described 
in eq. (1) equals the sum of all individual particle–fluid forces. A popular model also suitable 
for complex shaped particles is the approach devised by Di Felice [15], where the respective 
force reads 

�⃗�𝐹𝑖𝑖
𝑝𝑝𝑓𝑓 = �⃗�𝐹𝑖𝑖

𝑑𝑑 + �⃗�𝐹𝑖𝑖
∇𝑝𝑝 = 1

2 𝜌𝜌𝑓𝑓|�⃗⃗�𝑢𝑓𝑓 − �⃗⃗�𝑢𝑝𝑝|𝐶𝐶𝐷𝐷𝐴𝐴⊥𝜀𝜀𝑓𝑓
1−𝜒𝜒(�⃗⃗�𝑢𝑓𝑓 − �⃗⃗�𝑢𝑝𝑝). (6) 

Here, �⃗⃗⃗�𝐹𝑖𝑖
𝑑𝑑

 is the drag force, �⃗⃗⃗�𝐹𝑖𝑖
∇𝑝𝑝

 the pressure gradient force, �⃗⃗⃗�𝑢𝑝𝑝 the particle velocity, 𝐶𝐶𝐷𝐷 the drag 
coefficient, 𝐴𝐴⊥the cross-sectional area perpendicular to the flow, 𝜀𝜀𝑓𝑓 the local fluid porosity and 
𝜒𝜒 a correction factor. 𝜒𝜒 is a function of the particle Reynolds-number  

𝑅𝑅𝑒𝑒 = 𝜀𝜀𝑓𝑓𝜌𝜌𝑓𝑓𝑑𝑑𝑝𝑝|�⃗⃗�𝑢𝑓𝑓 − �⃗⃗�𝑢𝑝𝑝|/𝜇𝜇𝑓𝑓 (7) 

 
 
 
and is calculated as 
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𝜒𝜒 = 3.7 − 0.65 exp (−
(1.5 − log(𝑅𝑅𝑒𝑒))2

2 ), 
(8) 

where 𝑑𝑑𝑝𝑝 is the particle diameter and 𝜇𝜇𝑓𝑓 the fluid viscosity. The drag coefficient is derived from 
a correlation proposed by Hölzer and Sommerfeld [16] and is written as 

𝐶𝐶𝐷𝐷 = 8
𝑅𝑅𝑒𝑒

1
√𝜙𝜙⊥

+ 16
𝑅𝑅𝑒𝑒

1
√𝜙𝜙

+ 3
√𝑅𝑅𝑒𝑒

1
𝜙𝜙3/4 + 0.42 × 100.4(− log(𝜙𝜙))0.2 1

𝜙𝜙⊥
, (9) 

where 𝜙𝜙⊥ is the crosswise sphericity, which is defined as the ratio between the cross-sectional 
area of a volume equivalent sphere and the projected cross–sectional area of the considered 
particle perpendicular to the flow. 𝜙𝜙 is the sphericity, namely the ratio between the surface area 
of a volume equivalent sphere and the surface area of the particle considered. 

2.2 Experimental and numerical setup 
A modular optical belt sorter is used to conduct the experiments presented and as a baseline 

for the numerical model and the simulations performed. The modular optical belt sorter 
combines all major components of a regular full size sorter with the advantage of being easy to 
adjust, handle and operate. The experimental and numerical setup is shown in Figure 1. Both 
setups consist of a vibrating feeder, a conveyor belt and the particle separation stage with 
compressed air nozzles, as well as a separation container. The vibrating feeder operates at a 
frequency of 50 Hz and at an angle of 25°. The amplitude of the feeder can be regulated. The 
conveyor belt runs at a constant velocity of 1.1 m/s and a total of sixteen air nozzles are 
employed for particle ejection.  

 
Figure 1: Experimental (top) and numerical (bottom) setup of the optical belt sorter 
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The sorting task in both the experiment and the simulation is to separate 10 g of colored 
peppercorns from 40 g of uncolored ones in batch operation. At the start of the process, the two 
particle fractions are mixed and a total of 50 g of peppercorns are randomly filled in a container, 
which is then placed on top of the already vibrating feeding system. The container is lifted and 
the particles are transported towards the conveyor belt by a slide. In the experimental 
investigation a line scan camera is located at the end of the belt. The color of passing particles 
is detected and depending on the y-location of the peppercorn, a specific nozzle is activated. 
The delay between particle detection and nozzle activation is calculated by assuming that the 
particle is moving with belt velocity. Particle movement orthogonal to the belt is neglected.  

2.3 Investigated bulk solids and DEM operating parameters 
The bulk solids chosen for the presented study are green peppercorns. They are selected due 

to their easy accessibility, importance in the optical sorting industry and irregular movement on 
the conveyor belt. The latter makes the sorting task especially difficult and allows a detailed 
analysis of the influence of different operational parameters.  

In order to determine the particle properties and to model the peppercorns within the DEM 
a size, volume and density investigation is conducted. Based on a shadow projection of different 
peppercorns, five particle shape types are created using particle clusters. The approximation is 
performed with a MATLAB script by filling the depicted particle outline with 8–10 spheres, 
depending on the complexity of the shape. This can be seen in Figure 2. A volume–based size 
distribution with five different particle sizes is implemented to ensure a correct representation 
of the packing structure and local solid fraction distribution within a particle packing and 
therefore the overall approximation quality. 

  
 

 

Figure 2: Peppercorn approximation for the DEM 

Apart from the particle shape and size, important DEM parameters describing the particle–
particle as well as particle–wall interaction have to be defined. The coefficients of normal 
restitution, Coulomb friction and rolling friction are initially determined experimentally on a 
single particle scale according to the procedures described by Höhner et al. [17] and Sudbrock 
et al. [18]. For the particle–wall contacts, the steel used for the vibrating feeder and slide of the 
sorter and the material of the conveyor belt are considered.  

In order to optimize the resulting parameters, further tests are conducted and compared 
between experiments and simulation. To analyze the parameters in a dynamic scenario, a rotary 
drum with a steel/belt material outline is filled with peppercorns to account for one third of the 
drum volume. The drum is then rotated with a constant velocity and the resulting angle of repose 
is compared between simulation and experiment. A comparison can be seen in Figure 3. 

  

x-y  x-y  x-z  y-z  y-z  x-z  x-y  x-z  y-z  

shadow projection  filling outline with spheres  resulting particle cluster  
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Figure 3: Angle of repose compared between a) experiment and b) simulation, dynamic scenario 

In a second step, a static scenario is investigated, where a defined mass of peppercorns is 
filled into a stationary cylinder. The cylinder was previously placed on a steel/belt material 
base. Once the particles settle, the cylinder is lifted upwards with a defined velocity and the 
particles form a pile on the respective surface material. A second, wider ring prevents the almost 
spherical peppercorns from rolling off the test rig. Similar to the dynamic investigation the 
resulting angle of repose is compared between simulation and experiment, see Figure 4. Both 
sides of the pile are considered and the two angles are combined to calculate a total angle of 
repose. 

 

 
Figure 4: Angle of repose compared between a) experiment and b) simulation, static scenario  

After comparing the angles between the experiment and the simulation, the initial DEM 
particle parameters are slightly adjusted and another dynamic and static simulation is 
performed. The established angles are compared again and the process is repeated until the 
parameters employed result in matching angles of repose both for the static and dynamic 
scenario. The final particle parameters for the peppercorns are presented in Table 1. The rolling 
friction coefficient is considered to be equal for all contact forms.  

 

a)  b)  

a)  b)  
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Table 1: Particle properties of the peppercorns required for them DEM simulations 

Particle property Value 
Average mass [g] 0.0271 
Average density [kg/m²] 551.47 
Restitution coefficient PP [-] 0.627 
Restitution coefficient PW sorter [-] 0.721 
Restitution coefficient PW belt [-] 0.701 
Friction coefficient PP [-] 0.4 
Friction coefficient PW sorter [-] 0.326 
Friction coefficient PW belt [-] 0.336 
Rolling friction coefficient [-] 0.00008 

 
The DEM simulations are performed with a time step of 1 · 10-5 s and a maximum particle 

overlap of 0.5 % of the particle diameter is ensured. The spring stiffness 𝑘𝑘𝑛𝑛 and 𝑘𝑘𝑡𝑡 as well as 
the damping coefficient 𝛾𝛾𝑛𝑛 are calculated from the chosen time step and the respective 
coefficient of restitution. 

2.4 Air nozzle model and implementation within the numerical setup 
To simulate the fluid flow within the air nozzle and in the resulting flow field forming at the 

nozzle outlet, a hexagonal mesh of the air nozzle interior and the adjacent airspace is created. 
A CAD model of the nozzle bar employed in the modular optical belt sorter (Figure 5 a) is used 
for generating the basic nozzle geometry, see Figure 5 b). Only one of the sixteen nozzles is 
utilized. The nozzle has one inlet and splits up into four nozzle outlets to cover the entire width 
of the conveyor belt.  

 
Figure 5: Air nozzle mesh b) derived from a CAD model of the sorting system nozzle bar a) and resulting fluid 

field c) 

a)  

b)  c)  
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A pressure inlet is defined at the nozzle inlet and pressure outlets at the outer edges of the 
modelled airspace, see Figure 5 c). A gauge pressure of 1.25 bar is applied at the pressure inlet 
and the adjacent room is filled with quiescent air. The calculation is performed stationary and 
the fluid is assumed as incompressible. A standard k–ε turbulence model is employed. The air 
has a density of 𝜌𝜌𝑓𝑓 = 1.225 kg/m², viscosity of 𝜇𝜇𝑓𝑓 = 1.7894 ·10-5 kg/(m·s) and a temperature of 
𝑇𝑇𝑓𝑓 = 293.15 K. 

Once the CFD calculation has converged, the resulting fluid data is prepared for utilization 
within the DEM. As the resolution of the fluid grid is very fine with 1.86 million cells and 
would result in very long simulation durations when used in the DEM, the fluid properties are 
averaged to larger cells. In addition, the fluid field is trimmed to fit the air jet contours, which  
also reduces the amount of fluid cells and therefore the required calculation time. The new fluid 
cells have a dimension of 2 × 2 × 2 mm³ and cover a volume of 20 × 50 × 150 mm³. To model 
the entire nozzle bar, the fluid cell zone calculated for a single nozzle is duplicated sixteen times 
and joint together to form one large grid, now consisting of 159,375 cells.  

When a particle enters the zone where the fluid cells are coupled with the DEM, the fluid 
properties of every fluid cell that lies within the particle boundary are averaged and used to 
calculate the particle–fluid force described in Section 2.1. If a particle enters a zone in which 
the fluid fields of two nozzles overlap, there are three different possibilities regarding which 
fluid properties are assigned to the fluid cells and used for calculation. Depending on the nozzles 
activated by the prediction algorithm at the particle detection stage, either nozzle 1, nozzle 2 or 
both nozzles are activated. In the first two cases, the fluid properties of the respective nozzle 
are considered. If both are activated, the fluid properties of the nozzle with the higher absolute 
velocity at the cell position are assigned to the fluid cell.  

3 RESULTS AND DISCUSSION 

3.1 Comparison of mass flow between experiment and simulation 
To ensure that the particle approximation as well as the determined particle parameters are 

correct and suitable to model the particle behavior within the optical sorter, the mass flow of 
peppercorns is measured both experimentally and numerically. As the mass flow rate is highly 
dependent on the vibrating feeder amplitude, a high–speed camera is used to analyze the 
amplitude, angle and frequency of the induced vibration in detail. Results show that the 
frequency and vibration–angle are constant with values of 50 Hz and 25° respectively. The 
amplitude can be regulated with a transformer and three amplitudes of a1 = 0.402 mm, 
a2 = 0.278 and a3 = 0.236 were measured and then used for the comparison.  

To measure the exiting particle mass flow in the experimental setup, a scale with a collecting 
container is positioned at the end of the conveyor belt and connected to a computer. Both the 
air nozzles as well as the separation container are removed during the procedure. At the start of 
the experiment, the same procedure used for the separation investigation described in 
Section 2.2 is employed. 100 g of peppercorns are used in all iterations and the measurement is 
repeated three times for each investigated amplitude setting. The results are shown in Figure 6. 

The figure shows that there is good agreement between the DEM simulations and the 
conducted experiments. Slight offsets can be seen at the end of the process, especially for small 
amplitudes. Here, the peppercorns in the simulation exit the system at a faster pace. Further 
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investigation showed that this is likely due to small irregularities and dents on the surface of 
the vibrating feeder of the experimental setup. These imperfections cause particle movement to 
slow down, especially when the peppercorns no longer move in bulk. 

 
Figure 6: Exiting mass of peppercorns for different operating amplitudes compared between experiment and 

simulation 

3.2 Comparison of separation results  
For both the experimental and numerical investigation of particle separation, the operation 

procedure described in Section 2.2 is applied. The experiment is carried out first and important 
system parameters vital for efficient particle separation like valve activation duration, distance 
between particle detection and separation stage, applied nozzle gauge pressure and orientation 
of the separation container are defined and noted for the DEM–CFD Simulations. It is important 
to keep in mind that the goal of the conducted experiment is not to achieve a perfect separation 
quality, but to ensure that defined system parameters are used that can be transferred to the 
numerical setup. The system was deliberately run under difficult operating conditions and with 
a high particle feed rate in order to properly test the numerical accuracy. The experiment is 
conducted three times. 

After the sorting process is complete, the peppercorns are extracted from the separation 
container and the separation quality is assessed by weighing the different particle fractions. This 
is of course not necessary for the simulation where the sorting result is directly written to a text 
file.  

The findings of the conducted experimental and numerical sorting process and its 
comparison are presented in Figure 7. The error bars represent the standard deviation of the 
three conducted experiments. The results show that there is generally good agreement between 
the experiment and simulation. Figure 7 a) shows the percentage of the colored peppercorns 
ejected and not ejected from the material stream. The amount of particles ejected is only slightly 
higher for the simulation, which is most likely due to the fact that a small amount of particles 
is not correctly identified by the line scan camera. This is of course not the case in the 
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simulation. The separation results of the uncolored particles can be seen in Figure 7 b). Only a 
small amount of by–catch is produced and the simulation differs from the results obtained from 
the experiment only by a very small margin. The percentage of missing particles (particles that 
wrongly exit the sorting process, mostly at the separation stage) is shown in Figure 7 c). Here, 
the percentage of missing particles is significantly higher for the simulation compared to the 
experimental results. However, as already very few particles have a very high impact on this 
result and the standard deviation of the three experiments is fairly high, additional simulations 
and evaluation need to be performed.      

 
Figure 7: Comparison of particle separation results between experiment and simulation for a) ejected/not ejected 

colored particles, b) ejected/not ejected uncolored particles and c) colored/uncolored missing particles 

4 CONCLUSION 
A fully automated optical belt sorter was numerically modelled with a coupled DEM–CFD 

approach. Complex shaped particles were approximated with the help of particle clusters and 
DEM parameters were derived by experimental and numerical investigations. Particle mass 
flow through the optical sorter was analyzed for different vibrating feeder amplitudes in 
matching numerical and experimental setups. The compressed air nozzles of the sorter were 
modelled with CFD and the resulting fluid field coupled with the DEM upon initialization in a 
“one–way” coupling approach. An experiment with a defined sorting task was conducted on 

Experiment  

Simulation  

Experiment  

Experiment  

Simulation  

Simulation  

a) b) 

c) 
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the modular sorting system and separation results were compared to those of corresponding 
DEM–CFD simulations.    

- The particle approximation of peppercorns by particle clusters and the DEM parameter 
definition shows good results when comparing the particle mass flow through the sorter 
between experiment and simulation. At low vibrating feeder amplitudes, the simulation 
shows a slightly higher mass flow rate compared to experimental findings, which is 
most likely explained by small imperfections on the surface of the vibrating feeder, 
causing the peppercorns’ velocity to slow down.  

- The comparison of the separation results shows good agreement between conducted 
DEM–CFD simulations and experiments. The presented modelling approach seems 
promising and suitable for further investigation.  

- Additional research analyzing different operating parameters of the optical sorter is 
planned, where other particles like maize grains or coffee beans are employed. Altering 
other important system parameters like material composition, valve activation duration 
or conveyor belt velocity is also planned for future investigation. 
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Abstract. The morphology of two-dimensional cohesionless composite granular media 
obtained from thermoelastic stress analysis (TSA) experiments and molecular dynamics (MD) 
simulations is methodically compared by using the statistical analysis through the 
distributions of the hydrostatic stress in the particles and of the geometrical contact orientation 
between particles. Two different particles with a stiffness ratio of four between them are 
employed to prepare the numerical composite samples under study. Under a confined vertical 
compression in static conditions, experimental and numerical results are in good agreement in 
terms of the distributions of the hydrostatic stresses and of the contact directions.  

 
 
1 INTRODUCTION 

Sand, soil, and rock play a significant role in civil and geotechnical engineering to 
construct many infrastructures in our daily life, e.g. bridges, water dams, foundations, 
residential buildings, highways, etc. These are examples of granular materials, which are 
plentiful around us. In this context, a collection of solid particles, whose macroscopic 
mechanical behavior is governed by the inter-particle forces between contacts, is referred to 
as granular materials. They are composed from grains with a variety of sizes, shapes, and 
types of constitutive material. Due to a great diversity in grains, the behaviors of granular 
media are generally complex which cannot differentiate from those ordinary solids, liquids, 
and gases [1, 2]. Although this complexity remains far from well understood for researchers 
in many areas, there has been a significant effort for researchers describe and understand 
behaviors of granular materials during the past thirty years. Previous studies on granular 
mechanics mainly focus on mechanical behaviors of “non-composite” granular media, i.e. 
made of only one type of constitutive material, despite the fact that granular materials in 
engineering and industrial fields are prepared from various particles that their physical 
properties are different. That is why there is a lack of knowledge on mechanics of 
“composite” granular materials. Nonetheless, a few numerical and experimental studies 
pertaining to composite granular media can be found in the literature [3-6]. Recently, 
thermoelastic stress analysis (TSA) based on infrared (IR) thermography was experimentally 
performed to measure the hydrostatic stresses in the particles of two-dimensional composite 

385



Pawarut Jongchansitto and Itthichai Preechawuttipong 

 2

granular media [7]. This composite was prepared from two materials with different rigidity. 
Since the first pioneering work performed more than the past four decades by Cundall ans 

Strack [8], the discrete or sometimes known as distinct element method (DEM) has proven to 
be a powerful and useful approach that provides a relationship between micromechanical data 
to macromechanical data by means of statistical mechanics [9]. The DEM was widely applied 
to investigate the mechanical behavior of non-composite granular media, e.g. the effects of 
the particle size and shape [10-12], the coefficient of friction [13], the surface energy [14] on 
contact force networks. From the authors’ point of view, the DEM offers an effective way to 
investigate the mechanical behavior of composite granular materials. In this study, the 
molecular dynamics (MD) simulations which belong to the DEM are therefore applied to 
systematically model the two-dimensional non-cohesive composite granular system. 
Numerical results and experimental results obtained by thermoelastic stress analysis (TSA) 
experiments [7] are then statistically compared by using the granular texture in terms of 
distribution of the hydrostatic stress in the particles and contact orientation between particles. 
It must be noted that hydrostatic stresses provided by TSA experiments are used in this 
analysis instead of contact forces 

The paper is organized as follows. Section 2 describes the theoretical aspects of MD 
simulations in terms of model for interaction forces, the details of numerical samples, and 
derivation of stress from contact forces. Section 3 is devoted to the statistical analysis and the 
comparison with experimental results. 

2 THE MOLECULAR DYNAMICS MODELING 
The molecular dynamics (MD) method relies on an explicit algorithm, which considers all 

particles of granular medium as rigid bodies with non-conforming surfaces [15]. The motions 
of each particle with respect to time are governed by Newton’s equations of motion. These 
motion equations are numerically integrated using a predictor-corrector scheme with Gear’s 
set of corrector coefficients [16].  

2.1 Interaction force model 
The interaction force model for contacting particles is an important part of the MD 

simulations. The interaction force is divided into a normal force and a tangential force. A 
variety of most commonly used force models in MD simulations was mentioned by Schäfer et 
al. [17]. In fact, local deformation in continuum mechanics occurs when two solid bodies are 
in contact [18]. Due to rigid bodies considered in the MD method, this deformation is easily 
modeled by using a virtual overlap  at the contact point without change in the particle shape. 
The contact force is therefore calculated as a function of this virtual overlap (). In the case of 
circular disks, the virtual overlap between particles can be directly calculated from their 
vector position of the particle centers xi and xj and radii ri and rj: 

 i j i jr r x x      (1)

In the case of  > 0, a simple model so-called the “linear spring-dashpot” [17-20] was 
employed to calculate the normal force between two particles in contact. The normal contact 
force can be separated into two components. The first component is an elastic repulsive force, 
which plays a role to withstand the deformation due to an external compression. It is simply 
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modeled as a linear spring. The second component is energy dissipation, which is relevant to 
an intrinsic characteristic of granular materials. It is represented through a viscous force. The 
expression of the normal force amplitude Fn can be written by 

n eff n nF k v    (2)

where keff is the effective contact stiffness, n is a normal damping coefficient, and vn is the 
normal velocity (time derivative of the virtual overlap). 

Due to the fact that the Coulomb’s law of friction is a non-smooth function, we cannot 
directly apply this friction law to MD simulations. It can be additionally explained that the 
integration of Newton’s equations of motion requires a smooth (mono-valued) friction law in 
such a way that the friction force can be mathematically expressed as a linear function of the 
sliding velocity vs. As a consequence, the tangential force Ft in this study can be simply 
implemented by using a “regularized” form of the exact Coulomb’s law [11, 17, 20], which 
can be computed by the following expression: 

   min , signt s s n sF v F v    (3)

where s is the tangential viscosity coefficient and  the coefficient of friction. It must be 
noted that the rotational motion due to the tangential force is allowed to be free in this study. 

2.2 Preparation and simulation of numerical samples 
Three similar composite configurations that used in the TSA experiments [7] were selected 

to prepare the two-dimensional numerical composite sample. This composite system was 
made of two constitutive materials with different rigidities as shown in Fig. 1a: 
polyoxymethylene (POM) appearing in black is termed a “stiff” particle, and high-density 
polyethylene (HDPE) appearing in white is a “soft” particle in the following. The stiff particle 
is approximately four times stiffer than the soft particle [7]. Table 1 gives the ratio of 
diameters Dstiff/Dsoft and number of particles Nstiff/Nsoft for each of the three configurations 
tested. Sample#1 is a monodisperse medium (Dstiff/Dsoft = 1), whereas the others are 
bidisperse. It must be noted that in practice we aimed at analyzing only the effect of the 
Dstiff/Dsoft ratio. This is a reason why the Nstiff/Nsoft ratio for sample #1 and #2 are nearly close 
to 1, excluding sample #3. In addition, our analysis in the framework of 2D homogenization 
requires at least 300 particles to obtain relevant statistical values. This corresponds to the 
report in ref. [21] which mentioned that the linear scale of statistical homogeneity in a 2D 
assembly is a few tens of particle diameters. This criterion is reasonably satisfied for the three 
configurations under the study (see the last column in Table 1). 

For each sample, the locations of particles were extracted from the optical image of real 
composite granular system from experiments (Fig. 1a). Such extracted positions were then 
employed to prepare the numerical samples inside a nearly square box consisting of four rigid 
plane walls. Fig. 1b presents an example of numerical preparation for sample #1. Under quasi-
static conditions, a compressive vertical force of 60 kN was incrementally applied on the 
granular samples at the lower wall, while the other walls were still fixed during the test. The 
gravitational force was also considered during the simulations, even though it can be 
negligible compared to the magnitude of the external applied loading. It must be noted that all 
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described by using a grain-by-grain approach based on the internal moment tensor Mi of each 
particle p [25]. The symmetric second-order stress tensor ij can be related to the interaction 
forces inside a granular assembly of volume V in the following way: 

1 1p c c
ij ij i j

p V c V
M f l

V V


 

    (4)

where the contact forces f1
c
, f2

c
,…, fi

c
 act at the contact point c between the particles due to the 

external applied loading, and the vector lj
c
 is the branch vector connecting the centroids of 

two particles in contact at point c. It is worth mentioning that the first summation in Eq. (4) is 
done over all particles, whereas the second summation is performed over the whole set of 
contacts within the volume V. 

Next, the definition of the stress tensor at the macroscopic scale in Eq. (4) is developed at 
the particle scale to provide the stress tensor σp in an individual particle. The stress tensor at 
the particle scale is calculated by the sum of the interaction forces and the radius vector of the 
particle at the contact point c along the particle perimeter over the particle volume Vp: 

1

p

p c c
ij i j

c Vp

f r
V




   (5)

The list of normal and tangential forces obtained from the simulations is then employed to 
determine the stress tensor in each particle using Eq. (5). Under an assumption of plane stress 
satisfied in the present study, the eigenvalues of the stress tensor are used to compute the two 
in-plane principal stresses 1 and 2 of σp. The hydrostatic stress or average stress in each 
particle [24] is then determined by: 

 1 2

2hyd

 



  (6)

3 SIMULATION RESULTS AND COMPARISON WITH EXPERIMENTS 
In this section, the numerical results obtained from MD simulations in this study and the 

experimental results obtained by thermoelastic stress analysis [7] are statistically analyzed by 
using the granular texture in terms of distribution of the hydrostatic stress in the particles and 
of the contact orientation between inter-particle contacts. Note that the results obtained by 
TSA experiments are fully described and discussed in a recent published paper (see ref. [7]). 

3.1 Normalized hydrostatic stress networks 
The simulations provide the network of normal contact forces for each sample as 

illustrated in Fig. 2a. The normal forces were represented by the red lines, whose thickness is 
proportional to the magnitude of the normal force. By comparing the three configurations, it is 
interesting to note that the larger particle size in granular system transmits the stronger force. 
Although the contact stiffnesses play a role in distribution of the force magnitude, the 
influence of polydispersity (in terms of particle size) on composite granular materials is still 
similar to what is observed in granular media made of only one type of constitutive 
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2b) and experiments (Fig. 2c) are anticipated. Indeed, it is not feasible to get precisely the 
same stress pattern between the experiment and the simulation at the particle scale. This may 
due to an inherent variation of parameters in any experiment: variation in terms of diameters, 
roundness, physical material properties, etc. A technical problem in the sense of particle 
locations may be also included. As a result, a micromechanical analysis of the experimental 
and numerical results is now performed through the granular texture. 

3.2 Angular distribution of contact directions 
In this section, the angular distribution of the contact directions is deduced from the 

experimental and numerical results. This is a useful statistical quantity to characterize the 
probability of contact orientation in each direction of the space. The angular distribution of 
the contact directions is relevant to the fabric tensor [27, 28], which enables us to understand 
the geometrical orientation of the particles and reveals a development of anisotropic structure 
of the granular system. 

In the 2D representation, we characterize the angular distribution of contact directions by 
using the polar diagrams of the probability distribution P(θ) of the contact directions θ along 
the normal direction n as illustrated in Fig. 3. In this context, a definition of the function P(θ) 
is the ratio of the number of contacts in normal directions within an angular interval between 
θ - dθ/2 and θ + dθ/2 [28] to the total number of normal contacts in the system. There are 18 
angular sectors lying between the angular range [0, 180], which is plotted in the upper part of 
the diagram, while the bottom part corresponding to the range [0, -180] is physically 
equivalent to the upper part. The contact between two particles in both the simulation and the 
experiment is detected when the distance between their centroids is lower than the sum of 
their radii. Four different types of contacts were analyzed by considering: all the contacts 
(Fig. 3a), only the stiff-stiff contacts (Fig. 3b), only the soft-soft contacts (Fig. 3c) and only 
the stiff-soft contacts (Fig. 3d). It must be noted that the term “all contacts” means all types of 
contact are considered: stiff-stiff, soft-soft, and stiff-soft. From Fig. 3, several comments can 
be made as follows: 

 The contact directions in the monodisperse case (sample #1) are logically distributed 
along specific directions, i.e. 0, 60, and 120, for whatever the type of contact 
considered: see the left column of Fig. 3. The polydisperse cases in samples #2 and #3 
are taken into account. The contact directions are oriented in a quasi-homogeneous 
(isotropic) manner when the whole set of contacts are considered as shown in Fig. 3a. 
Considering the contact network between stiff-stiff particles in Fig. 3b, it can be 
clearly observed that the contacts are preferentially arranged along the axis of 
compression, i.e. the vertical axis, except for sample #3. In contrast, the other types of 
contact, i.e. soft-soft contacts in Fig. 3c and stiff-soft contacts in Fig. 3d, seem to be 
oriented along the specific directions as found in monodisperse case. These contact 
networks only play a role to maintain the granular system in equilibrium. In other 
words, the anisotropic structure of contacts between stiff-stiff particles is supported by 
such contact networks. 

 The stiff-stiff contact network for sample #3 in Fig. 3b is considered. For both the 
experiment and the simulation, it is interesting to note that the distribution of the stiff-
stiff contacts in sample #3 is inclined at about 45 from the vertical axis. This can be 
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From these several comments, it can be said that the results of the buildup of anisotropic 
structure owing to the mechanical loading obtained from the TSA experiments [7] and the 
MD simulations are good correlated from macroscopic point of view. 

3.3 Statistical analysis of the hydrostatic stress distributions 
In order to clearly characterize the distributions and correlations of the hydrostatic stresses 

in composite granular media, the probability distribution function P of the normalized 
hydrostatic stresses norm for each sample is used in this section. As performed in the analysis 
of contact forces [29], we are able to separate the hydrostatic stress networks into two 
complementary networks by considering the average hydrostatic stress: the strong network 
and the weak network. The hydrostatic stresses which is greater than the average stress over 
the whole set of considered particles (norm  ≥ 1) referred to as the “strong network”, while the 
“weak network” consists of the particles carrying the hydrostatic stresses lower than the mean 
stress. The present work intends to analyze only the “strong network”, because the high 
stresses are of great interest with regard to the breakage of granular materials in terms of 
particle crushing [30, 31]. The probability distribution functions of the normalized hydrostatic 
stresses in the strong network for each sample are plotted with normal scale (Fig. 4a) and with 
semi-logarithmic scale (Fig. 4b), respectively. Results provide three different analyses by 
considering only stiff particles, only soft particles, and then considering the whole set of the 
particles. It should be noticed that P(norm) is determined by the ratio between the number of 
particles in the strong network and the total number of particles under the considered types of 
particle (stiff, soft, or both). 

Let us now consider the whole set of the particles in Fig. 4, it is obvious that the functions 
P(norm) are distributed as an exponential decay for both experiments and simulations. This 
distribution is characterized by the coefficient β, which can be written by the following 
expression: 

 1 normP e   (7)

This property corresponds to the well-known force distribution laws [20]. It is interesting 
to note that the exponential stress distribution law is also discovered in the strong network 
when only stiff particles and only soft particles are taken into account. In other words, the 
exponential distribution is a general characteristic of granular media in the strong network for 
both distributions of the contact force and the hydrostatic stress. This distribution shape is 
independent of the material types of the particle. Considering the value P(norm = 1) for all the 
particles in Fig. 4a, it is worth mentioning that the experimental and numerical percentages of 
particles in the strong network are mostly lower than 50%, i.e. P(1) < 0.5. This value is also 
observed for most of the experimental and numerical samples when only the stiff particles and 
only the soft particles are considered with respect to the total number of their own type. From 
these results in the sense of the stress distribution, it can be seen that both the experiments and 
the simulations are in good agreement. 

Next, let us analyze the coefficient β in the semi-logarithmic plot as shown in Fig. 4b by 
means of the linear regression. This quantity can be used to compare the samples in terms of 
the probability to carry high stresses in the particles. There is high probability of a reaching 
significant hydrostatic stress in the granular media when the value of │β│ is low, while the 
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the distribution law of the hydrostatic stress in the strong network exhibits an exponential 
decay for all types of particle considered in the analysis (stiff, soft, or both), which is 
consistent with the well-known force distribution law [21]. In this network, there are less than 
50% of particle numbers transmitting the stress greater than the average value. Considering in 
terms of geometrical orientation of the particles and their contacts in space, the anisotropic 
structure with an effort to arrange itself parallel to the direction of the external applied loading 
is evidently observed for the contact network between stiff and stiff particles. On the contrary, 
the equilibrium of the granular system is sustained by the other contact networks, i.e. soft-soft 
contacts and stiff-soft contacts. 

Based on the global good agreement between experiments and simulations, it is important 
to notice that this study provides useful information obtained from the MD simulations in 
regard to composite granular materials. These numerical data are validated by the 
experimental data. In this manner, it can be said that the numerical simulations can be a 
supplementary tool to the experiments, in order to offer further information (difficult to obtain 
from the experiments) with regard to the mechanical behavior of composite granular media. 
Indeed, the optimum design of new composite granular systems could be done by using the 
simulations. Several parameters must be concerned in the design: constitutive material choice, 
proportion of particle number and size, and placement of particles in the system, for instance. 
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Abstract. Simulation of extrusion processes represents a large challenge for commonly
used numerical methods. In our application for example, a hot melt is extruded whilst be-
ing rapidly cooled. Under these conditions of quenching, spinodal phase separation occurs
which causes the formation of a characteristic micro-structure of the extrudate, consisting
of solid and liquid phases. We model this process using a variant of the Material Point
Method (MPM) [4], namely the Affine Particle-In-Cell (APIC) method [13]. Its hybrid
particle/grid character is advantageous for simulating both fluid and solid behavior: pure
Eulerian particle methods, such as classic SPH, fail for simulating solids, particularly in
tension, whereas pure Lagrangian methods generally cannot cope with large deformations
caused by material flow. APIC improves upon the original MPM method by using a
so-called locally affine velocity representation [13] which allows the conservation of linear
and angular momentum without the need of potentially unstable Fluid-Implicit-Particle
(FLIP) techniques [3]. We analyze the convergence behavior of APIC and compare its
accuracy against a traditional MPM variant, the Generalized Interpolation Material Point
Method (GIMP).

1 INTRODUCTION

Our case of study consists of an extrusion process, where a pressurized hot melt passes
through a nozzle into a long channel, where the extrudate is gradually cooled. While

1
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cooling, the melt starts separating into solid-like and fluid-like phases/structures. At the
end of the process a product with solid-like characteristics is obtained. To numerically
model this extrusion process we require a method able to describe material flow in form
of plasticity and phase separation, both requiring of history variables that have to be
advected along with the material flow.

While the liquid part of this process could be well simulated using established Eulerian
mesh-based methods such as CFD [10], the solid mechanics would constitute a problem
with such an approach. The same argument holds for traditional Eulerian Smooth Particle
Hydrodynamics, which cannot accurately describe solid bodies. Lagrangian mesh-based
methods on the other hand, are well suited for solid body mechanics, but cannot cope
with the large deformations during liquid flow.

Material-Point methods however, incorporating both Eulerian mesh-based aspects and
Lagrangian particle aspects, are known to be able to successfully simulate both liquid and
solid behavior [9] . Broadly speaking, these methods interpolate the velocity and stress
field from Lagrangian particles onto a rigid grid, and then solve the dynamic problem on
the grid. At the end, the updated velocity field is transferred from the grid back to the
particles. At the completion of a time step the entire grid is discarded, which underlines
the meshfree character of these methods.

To avoid confusion, it is important to outline the family tree of particle/mesh methods.
All of these methods derive from the original Particle-In-Cell (PIC) formulation [1], which
uses a δ-distribution to interpolate values between grid and particles. The MPM method
due to Sulsky [4] improved on this using linear interpolation. Today, GIMPmethods [7] are
commonly employed. GIMP uses higher-order polynomials, typically with a continuous
first derivative of field values across neighboring cells on the grid. It is common in the
literature to refer to all hybrid particle/mesh methods as MPM, regardless of the degree of
smoothness of the interpolation function. We adopt the same approach here, but specify
the details of the interpolation function where required.

A problem in MPM is the lack of conservation of angular momentum. Depending
on how the equations of motion are integrated in time, this angular rotation is more or
less severely dampened. The classic, PIC-style update uses interpolated grid velocities
to advance the particles, while the more modern FLIP approach [3] interpolates only the
grid accelerations back to the particles and performs the time integration in a Lagrangian
manner. This approach is capable of conserving angular momentum, however, it is also
severely unstable. To resolve this issue, linear combinations of FLIP and PIC updates are
used in practice, which allow for a somewhat moderate dampening of rotational motion.

Recently, a promising evolution of the MPM, named APIC was published [13]. This
method exhibits exact conservation of linear and angular momentum while employing
true PIC-style updates. This is achieved by an enhanced interpolation scheme for the the
velocity field whenever it is transferred to and from the grid. The enhancement consid-
ers gradients in the velocity field instead of assuming piecewise constant character. This
greatly improves the MPM scheme, which does not conserve linear or angular momen-
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tum by default. A number of visually compelling examples in the Computer Graphics
community was already published using APIC [13, 14]. However, when it comes to engi-
neering applications, a more detailed quantification of the accuracy has to be carried out.
As to the author’s knowledge, no formal study has been done regarding the convergence
properties of APIC. In this work we study the convergence of APIC in terms of viscosity
and velocity field by means of benchmark simulations of fluid flow: Couette flow and
Hagen-Poiseuille flow.

In Sec. 2.2 we will give a brief description of the general aspects of MPM and APIC.
We proceed by detailing our implementation of APIC. In Sec. 3 two convergence studies
by means of fluid flow benchmark simulations are presented. There, the accuracy and
convergence rate of APIC applied to Couette and Hagen-Poiseuille flows is analyzed and
compared to MPM. In Sec. 4 we show how APIC can successfully simulate extrusion
with a strong pressure drop, while classic MPM fails due to its unstable time integration
approach. We draw conclusions in Sec. 5 and also indicate remaining challenges.

2 THEORY AND IMPLEMENTATION OF MPM AND APIC

MPM is a numerical method intended for solving the differential equations of continuum
mechanics. The mass flow is discretized using particles, and a background grid serves as
a scratch pad to compute the gradients. As in other numerical methods for the solution
of continuum mechanics problems, a solution to the equation of motion is obtained by
multiplication with a set of test functions, as shown below in its integral or so called weak
form: ∫

Ω

δu · ρü dΩ +

∫

Ω

∇δu : σ dΩ =

∫

Ω

δu · ρb dΩ (1)

ρ is the density, ü the acceleration vector, ∇u the deformation gradient, σ is the
Cauchy stress tensor, b is a field of body forces, and δu are the test functions (for simplic-
ity, the boundary forces are ignored). The key idea of MPM is to solve the constitutive
equations (strain-stress relationship) on the particles and the dynamics (forces and veloc-
ities) on the grid. For this purpose we need a set of test functions wip = w(xp − xi), in
MPM usually referred to as kernel or weight functions, where xp and xi are the positions
of the particle p and the grid-node i respectively. These functions transfer information
from particles to grid nodes and from nodes back to particles, The transfer from particles
to grid nodes of a material property A and its gradient ∇A reads:

Ai =
∑
p

Apwip (2)

∇Ai =
∑
p

Ap∇wip (3)

One way to define the kernel functions is to define first two sets of interpolation func-
tions, the particle characteristic functions χp(x) = χ(x−xp), and the grid shape functions
Si(x) = S(x− xi). Such functions have to meet the condition

3
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∑
p

χp(x) =
∑
i

Si(x) = 1 ∀ x (4)

so that any material property can be interpolated in space as f(x) =
∑
p

fpχp(x) =
∑
i

fiSi(x), where fp = f(xp) and fi = f(xi) are the values of material property of particle

p and node i respectively. The original MPM scheme is obtained when the characteristic
function χp(x) is taken as the Dirac delta function:

χ(x− xp) = δ(x− xp)Vp (5)

In contrast, for the GIMP method the characteristic functions can be arbitrarily chosen [7],
which will determine the smoothness and accuracy of the solution. The kernel functions
can then be derived as the convolution of both sets of functions in the form

wip =
1

Vp

∫

Ω

χ(x− xp)S(x− xi)dx (6)

Substituting the kernel functions Eq. 6 into Eq. 1 we obtain:
∑
p

ρpüpwip +
∑
p

Vpσp∇wip =
∑
p

mpbwip (7)

The above line is rewritten using equations 2 and 3 to obtain a balance of forces on the
grid as:

q̇i = f ext
i − f int

i . (8)

Here, f int
i =

∑
p

Vpσp∇wip and f ext
i =

∑
p

mpbwip are the vectors of internal and external

forces, respectively, and q̇i =
∑
p

ρpüpwip is the rate of change of momentum. For a more

detailed derivation, see [8, 7].
To complete the balance of forces, the state of stress is required. The Cauchy stress

tensor σt+∆t
p can be determined from the constitutive relations as a function of the

deformation gradient F t+∆t
p , which is obtained from integrating the velocity gradient

F t+∆t
p = e∆tLt

pF t
p . The velocity gradient itself, Lt, is obtained using Eq. 3 as:

Lt
p = ∇u̇t

p =
∑
i

u̇t
i∇wip (9)

4
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2.1 Implementation of MPM

At the beginning of every time step at time t the following information is located at each
particle: mass mp, volume V t

p , position xt
p, velocity u̇t

p, and stress σt
p. Note that with

the exception of mass all quantities have a superscript indicating the time step. This is
because all but the particle mass are evolved in time throughout a series of steps, see
Fig. 1.

First, the mass and current state of the velocity field is transferred to the grid. To
conserve linear momentum, particle velocity is multiplied by the mass.

mt
i =

∑
p

mpwip, qt
i = mt

iu̇
t
i =

∑
p

mpu̇
t
pwip (10)

Now the deformation gradient can be computed using Eq. 9. In the next step, the stresses
are calculated using the constitutive model. Here is where the practical qualities of the
MPM arise , since every particle can have different material model. Thus the interaction
between different phases e.g. fluids and solids can be automatically handled.

With known particle stresses, Eq. 8 yields the rate of momentum on the grid nodes,
which can be integrated in time to get the new grid momenta

qt+∆t
i = qt

i + q̇t+∆t
i ∆t (11)

This completes the dynamic evolution of the grid. Updated particle velocities are
obtained according to the PIC algorithm by transferring the grid velocity back to the
particles:

u̇t+∆t
p =

∑
i

u̇t+∆t
i wip =

∑
i

qt
i + q̇t+∆t

i ∆t

mi

wip (12)

The alternative FLIP update transfers only the change in velocity from grid to particles:

u̇t+∆t
p = u̇t

p +∆t
∑
i

q̇t+∆t
i

mi

wip (13)

In standard MPM implementations, a typical combination of 99% FLIP and 1% PIC
is used to achieve a compromise between dissipation and stability. Particle positions are
updated by integrating the particle velocities:

xt+∆t
p = xt

p +∆t
∑
i

qt
i + q̇t+∆t

i ∆t

mi

wip (14)

The grid may subsequently be deleted, since a completely new grid can be created at
the next time step and there is no need for storage of the old grid values.

5
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Figure 1: General algorithm of the MPM corresponding to the update-stress-first (USF) version.

2.2 APIC

MPM uses a piecewise constant interpolation in the particle/grid transfer of the velocity
field. Particle mass mp and momentum qt

p = mpu̇
t
p are transferred to grid nodes and then

momentum is divided by mass at every node to obtain the velocity, see Eq. 10. Up to
here, linear and angular momentum are conserved as long as the kernel functions meet the
condition 4. However, particle velocity null modes (interpolated motions of particles which
sum to zero on a grid node) can not be transferred to the grid due to lack of grid degrees
of freedom. After the grid state of momentum is updated, velocities are transferred back
to particles. In this process all velocity null modes which were not transferred to grid are
lost, what causes loss of angular momentum. In a PIC transfer, old particle velocities are
directly replaced with new interpolated velocities from grid, what can be seen as a filter
of null modes, giving PIC its excessively dissipative characteristics. With FLIP, particle
velocities are advanced, rather than overwritten, by interpolating only changes of grid
velocities. This is what prevents complete loss of null modes on the particles. Thus FLIP
avoids excessive dissipation but causes significant instabilities.

A solution to this problem was proposed in [13] which augments from the piecewise
constant to a piecewise affine representation of particle velocity, while conserving the
original PIC transfer from grid to points. The main concept of APIC is to store an
additional matrix per particle which is used in the velocity transfer from particles to
nodes in the form

qt
i =

∑
p

mp(u̇
t
p +Ct

p(x
t
i − xt

p))wip (15)

where Ct
p = Bt

p(D
t
p)

−1. The matrices Dt
p, which is similar to an inertia tensor, and

Bt
p are defined as:

6
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Dt
p =

∑
i

(xt
i − xt

p)(x
t
i − xt

p)
Twip (16)

Bt+∆t
p =

∑
i

u̇t+∆t
i (xt

i − xt
p)

Twip (17)

2.2.1 Aspects of our Implementation

Certain particularities of our implementation need to be addressed. First, we used a
staggered rather than a collocated grid in order to avoid the even-odd instabilities of usual
MPM implementations, which manifest themselves as checkerboarding of stress fields. [2].
Further, we calculate the velocity gradient directly on the grid using finite differences
and transfer the grid velocity gradient back to particles using standard interpolation.
We have observed that this approach yields a smoother velocity gradient, less prone to
numerical instabilities due to noise in the velocity field. Apart from these aspects, our
implementation follows the work flow illustrated in Fig. 1, incorporating the velocity
representation and transfer scheme of APIC.

3 CONVERGENCE STUDY

In our case of study we want to describe the velocity field of a hot melt which is extruded
and passed throughout a long channel where it is cooled. Here the velocity profile of the
fluid along the channel is the great interest for us. To determine how accurate we can
simulate/model that flow, we set up a numerical experiment in which we can compare our
simulation results with the exact solution of a benchmark problem. Hagen-Poiseuille flow
is a well known problem in fluid mechanics for which an exact solution has been already
derived. Next, we describe the convergence study with respect to the space discretization
we carried on of both, MPM and APIC using the above mention benchmark problem.

3.1 Hagen-Poiseuille Flow

Hagen-Poiseuille flow describes the behavior of a fluid flowing along a channel formed
by two stationary, infinite parallel walls separated by a distance H. Due to the no-slip
boundary conditions at the channel walls a characteristic velocity profile develops and
evolves over time. An (almost exact) accurately approximated solution for this prob-
lem can be obtained by means of a series method. A set of APIC-simulations of this
flow were carried out using different discretization varying the amount of particles which
consequently changes the particle and grid-cell size. Afterwards, we determined the con-
vergence of the method based on the error between the numerical results with a series
solution from [5].

For the simulation a square lattice was used of N by N number of particles and one
particle per grid cell maintaining a height channel H = 5 constant. At time t = 0 the

7
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a) MPM (1.0 % PIC)
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Figure 2: Velocity profile of a Hagen-Poiseuille flow at different time states. Continuous lines represent
the exact solution obtained with a series method from [5]. Symbols represent the numerical results
obtained with a) MPM with 1% PIC contribution (left) and b) APIC (right) using a cell size of 0.20 and
particle radius of 0.10.

velocity is set to zero for all particles and for t ≥ 0 a body force of 0.01 mm/ms2 is set in
x direction. No-slip boundary conditions with zero velocity are applied at the boundary
grid nodes located at the bottom y = 0 and top y = H of the channel. To emulate an
infinitely long channel, periodic boundary conditions are applied at the left x = 0 and
right x = H sides of the lattice. The material properties used in this case were a density
ρ = 10−6 kg/mm3, a bulk modulus K = 1.4×10−4 kN/mm2 and a viscosity η = 0.5×10−6

GPa·ms.
In Fig. 2, the velocity profile at three different time plotted. The exact series solution

is represented with continuous lines and numerical results using MPM with 1%PIC(left)
as well as APIC (right) are represented with symbols. We observe that, although a good
accuracy is obtained with MPM, significant numerical noise, or instabilities, deteriorate
the velocity profile. The APIC solution, on the other hand, comes very close to the exact
solution and without showing any instability.

To determine the convergence of both MPM and APIC, we measure the error of both
methods obtained in a simulation of Hagen-Poiseuille flow with respect to an analytic
series solution [5] using different discretization sizes. We defined the error as the velocity
deviation of the numerical solution with respect to the series solution at the particle’s
position ep = vp − vs(xp), where vp is the is the particle position and vs(xp) the series
solution of the velocity evaluated at the particle position xp. Then the total error of the
whole simulation was computed as an L2 norm defined as follows:

E =
1

N

√√√√
N∑
p=1

e2p (18)
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a) MPM (1.0 % PIC)

10
-6

10
-5

10
-4

10
-3

10
-2

10
-3

10
-2

10
-1

10
0

1.01

lo
g

1
0
 e

rr
o
r

log10 h

b) APIC

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-3

10
-2

10
-1

10
0

1.99

lo
g

1
0
 e

rr
o
r

log10 h

Figure 3: Convergence study for Hagen-Poiseuille flow using a) MPM with 1 % PIC contribution (left)
and b) APIC (right). Simulations were performed with different cell sizes and the whole error was
calculated as the L2 norm of the difference between the series and the numerical solutions of velocities
obtained at the particle positions. The logarithm of the L2 norm of the error is plotted versus the
logarithm of the cell size. The slope of the solid line which is a function fit of the error corresponds to
the convergence order of the numerical method.

Fig. 3 shows a double-logarithmic plot of error versus discretization size obtained for
the simulation of the Hagen-Poiseuille flow using MPM (left) and APIC (right). The
solid line is the fit function of the error and its slope represents the order of convergence.
The order of convergence close to unity obtained in the present study agrees well with
previous studies such as [9]. Our new finding is, that APIC exhibits convergence of almost
second order (1.99). This makes APIC a much better choice for studying viscous flows
than conventional MPM methods.

4 EXAMPLE: EXTRUSION OF A HOT MELT

Having determined the accuracy and convergence of APIC against standard MPM, we
now present a rather qualitative comparison of the simulation of an extrusion process of
a highly viscous liquid. Modeling extrusion processes is a challenging task, as the strong
pressure gradient of the converging flow tests the stability of the numerical code. A set
of 2D simulations using APIC and MPM with different PIC-FLIP ratios were carried out
to test the capabilities of both methods.

The simulation setup is based on the geometry of an extruder for meat surrogates
based on vegetable proteins. It consists of a double screw extruder which moves material
througho a nozzle into a long cooling channel, with a vertical flow height reduction from
25.4 mm up to 5.0 mm. The following material properties were used: Newtonian viscosity
of 138.9 Pa·s, bulk modulus of 1.0 GPa and density of 1000 kg/m3. An inflow boundary
condition realizes a constant mass flow with a velocity of 2.7 mm/s. A cell size of 0.1 mm
was used for the grid and a particle radius of 0.025 mm, which means 4 particles per grid
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cell. The simulated time was 15 seconds. Mass scaling was used to achieve a practical
time step of 0.6 ms.

Fig. 4 shows snapshots from the simulations using MPM with 1% and 20% PIC and
APIC. At 1% PIC, the simulation becomes immediately unstable. With 20 % PIC, the
solution already becomes severely damped, as can be inferred from the homogeneous flow
profile immediately after the cross section reduction. In contrast, APIC shows a much
more pronounced conical convergent flow after the nozzle. Thus, APIC improves the
stability of the simulation whilst preserving characteristics of the flow.

5 CONCLUSIONS AND OUTLOOK

This work compares the recently published APIC [13] variant of MPM against the more
commonly used GIMP variant. APIC’s improves upon GIMP by employing a velocity field
which conserves linear and angular momentum. APIC also maintains the stability asso-
ciated with PIC-style updates of the velocity field, without being excessively dissipative
as demonstrated in [13, 15]. Here, we study the Hagen-Poiseuille problem of viscous flow
through a channel. We find that APIC exhibits an increased order of convergence in this
case: while normal GIMP converges with 1st order, APIC converges with second order.
This makes APIC an ideal candidate for our application, which considers an extrusion
process of a pressurized highly viscous melt with simultaneous thermal quenching. The
challenge here is that the material behavior changes from liquid to solid, which calls for
special methods such as MPM to numerically describe this process.

APIC originates from the field of computer graphics, where aesthetically pleasing visual
effects are obtained by simulating physical processes. For these applications, a trade-
off between computational speed and convincing physical accuracy is optimal. We are
confident, however, that APIC can also be used for simulations in engineering applications,
where physical accuracy is a fundamental requirement. With the present work we start
to investigate the applicability of APIC for the solution of engineering systems. Future
work will address the accuracy and convergence behavior of this new method for solid
body mechanics problems.
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Abstract. Powders used in Particle Bed Fusion (PBF) process are spread onto compact
layers and then are sintered. This process is repeated layer by layer to form the final prod-
ucts. The author has recently characterised the process and it is found that spreading the
particles with a counter-rotating roller produces a bed with higher qualities, i.e. lower void
fractions and surface roughness [Powder Technology, 306 (2017) 45–54]. This is related
to a particle dragging effect caused by the small contact area between powder grains and
the blade. Therefore, here, it is postulated that changing the blade profile at the blade-
bed contact point can significantly influence the contact dynamics and hence increase the
blade's effectiveness as a spreading device for PBF. A set of computer simulations using
Discrete Element Method (DEM) are performed at device scales to optimise the geometry
of blade spreaders to yield the lowest void fraction and surface roughness. The blade pro-
file is parametrised using a super-ellipse with three geometrical parameters. It is firstly
demonstrated that geometric optimisation of a blade profile is an effective alternative
to using more complex spreading devices. Secondly, for the proposed parametrisation,
the optimum values are found using computer simulations which can generate very high
quality powder beds with volume fractions close to the critical value.

1 INTRODUCTION

Powder Bed Fusion (PBS) is a promising Additive Manufacturing (AM) technology
where polymeric or metallic particles, heated to just below their melting temperature are
spread on a fabrication piston to form a thin powder bed (typically in the order of 0.1
mm) using a counter-rotating roller or a blade. Different technologies may then be used
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to fuse the material powder. For example, in a Laser Sintering (LS) process, a laser beam
is used to fuse the powder grains. After this stage, the fabrication piston lowers the part
slightly and a new layer of powder is applied. The process is repeated until the product
is fabricated [1].

Undoubtedly, the characteristics of individual particles have a significant effect on the
success of PBF processes [2, 3, 4, 5]. In particular, Ziegelmeier [6] focused on under-
standing the bulk and flow behaviour of polymer powders in relation to the properties of
produced parts in LS. They mainly concluded that the tensile strength and elongation at
break are enhanced by increasing φs. Therefore, the discrete nature of particles cannot be
ignored in any numerical technique used for design, prediction and understanding of PBF
processes. The Discrete Element Method (DEM) is a particle based approach relying
only on the first principles and is receiving significant attention recently for simulation
of such systems. This is due to the capability of DEM to directly include the effects of
grain characteristics such as material properties, size distribution and morphology. DEM
was first proposed in late 1970s [7] and there is a large body of research on the method
in geomechanics literature (see [8] for a modern introduction).

Application of DEM to PBF was pioneered by Zohdi [9, 10, 11] with regards to the
development of laser heat sources and particle sintering models. Xiang et al. [12], simpli-
fied the process by considering an assembly of 4000 particles undergoing three processes
in their DEM simulations: random packing, layering and compression. They showed that
the solid volume fraction increases by increasing the layer thickness. Steuban et al. [13]
also proposed a new framework for modelling the full process including a laser heat source
and powder sintering. Lattice-Boltzmann models are also developed very recently to sim-
ulate the melting-solidification processes [14, 15]. However, they start from a random
collection of spheres, rather that considering the full spreading process.

Haeri et al. [1] on the other hand provided DEM simulation of spreading process
at device scales and used high φs and layer’s surface roughness values as a measure of a
successful powder spreading process (i.e. a high-quality bed). This is known to be directly
correlated with the quality of final parts [6]. In their extensive parametric studies, Haeri
et al. [1] investigated the effects of spreader type, its translational velocity, particle shape
(and its distribution) and layer thickness on the bed quality. They parametrised elongated
particles using their aspect ratios Ar and showed that the highest φs can be achieved at
Ar = 1.5. They also analysed the micro-structures of elongated particles to explain the
relation between various process parameters and the bed quality. They investigated two
different types of spreading devices: rollers and blades. The consensus in the community
is that the rollers generally produce higher quality powder beds which was confirmed in
this study. Haeri et al. [1] however, related this to a particle dragging phenomenon and
a small contact area between a blade spreader and the bed.

In this paper, it is postulated that since a low-quality bed generated using a blade is
essentially a result of its geometry – as was suggested in [1] – it can be rectified purely
by geometric modification of the blade. Therefore, a new class of blades is proposed with
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a modified head profile. The suggested profile is a supper-ellipse with three adjustable
parameters. It is shown that simple geometrical modifications can significantly affect the
bed quality and then using a series of computer simulations the best values for the these
parameters are identified and reported.

2 Methodology

2.1 Discrete Element Method

The Large-scale atomic/molecular massively parallel simulator (LAMMPS) code [16] is
used for all the DEM simulations. A linear Hookean spring-dashpot contact force model
is applied to each pair of particles p and q whenever the two particles overlap, i.e. when
δpq = Rp + Rq − rpq > 0, where rpq = ‖rp − rq‖, and ‖ · ‖ represents the Euclidean norm
(magnitude) of any vector. In addition, Rk, k ∈ {p, q}, is the radius of the kth spheroid
and rk is the position vector of its centre of mass (CoM). The normal and tangential
components of spring-dashpot force are given by

Fn = κnδpqnpq − γnm
∗vn

pq (1)
Ft = −κtu

t
pq − γtm

∗vt
pq, (2)

where κn, γn, κt and γt are spring elastic and damping constants in normal and tangen-
tial directions respectively. In addition, vn

pq and vt
pq are relative normal and tangential

velocities. The effective mass is defined as m∗ = mpmq/(mp +mq) where mk, k ∈ {p, q},
is the mass of kth particle. The unit normal vector in the direction of the line connecting
a pair of spheroid centres is presented by npq and elastic shear displacement by ut

pq. The
tangential force is limited to ‖Ft

pq‖ ≤ µc‖Fn
pq‖ where µc is the Coulomb friction coefficient

which is set to 0.5 in this study [1]. Similarly, a normal Fn
pw and a tangential force Ft

pw

are defined between particle p and the bottom wall w.
Shape effects are considered in this paper and hence, a versatile multi-sphere technique

is used [1]. In this paper, rod-shaped particles are considered which can be parametrised
using an aspect ratio Ar. This is chosen since elongated particles with a similar aspect
ratio distribution and round edges can be considered as approximations to a population of
impact-milled PEEK particles [1]. In addition, rod-shaped particles with required aspect
ratios of Ar = 1.5, 2.0, 2.5 could be generated with 2, 3 and 4 spheroids, considerably
reducing the costs of the computations. Therefore, these are used as approximations to
the real particles for the optimisations stage where a large number of simulations are
required.

The simulation set-up is depicted in Figure 1b. The bottom boundary is a rigid wall
that exerts a normal and a tangential force on the particles (equivalent to assuming an
infinity large sphere in Eqs. (1) and (2)). To prevent unbounded rotation of particles on
the bottom wall, a rolling friction model is implemented [17, 18, 19]. The elastic spring
constant κn, in Eq. (1) is set according to [20]. The coefficient of restitution is set to 0.5
and the values of Young's modulus, Poisson ratio and particle density are set to 3.7 GPa,
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(a)

(b)

Figure 1: The device simulation set-up and initial preparations presented for a modified
blade profile. (a) The initial bed preparation using a rain fall technique is presented;
particles are coloured with their velocity magnitudes and diameters are not to scale for
better presentation. (b) The rod-shaped particles with different aspect ratios Ar are pre-
sented using a multi-sphere approach. Also, the particles are coloured in a representative
simulation with vy (velocity in y-direction). Only a section of the spreader with a width
Lx is simulated by choosing periodic boundary conditions in x-direction and in y-direction
neutral walls are used (no interaction with particles).
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0.4 and ρrod = 1.3 gr/cm3 for all particles which are typical values for PEEK polymeric
powders [21]. The spring constant κn is calculated from the Young's modulus and Poisson
ratio using a characteristic velocity Vc = V T

blade [22, 1]. The tangential force constants κt

and γt are respectively set to 2/7κn and 1/2γn respectively [22].

2.2 Simulation set-up and post-processing

The rods with various aspect ratios Ar = 1.5, 2.0, 2.5 are created by overlapping
spheres with � = 0.5 (Figure 1b) and number densities of NAr = 0.5, 0.3, 0.2 respectively.
The initial configuration (before the spreading starts) is prepared by pouring randomly
generated particles on the bottom wall (see Figure 1a). This is done within a simulation
box with dimensions Lx = 2.46 × 10−3, Ly = 0.04 and Lz = 0.03. The geometric
parameters Lx, Ly and Lz are the width, length and height of the simulation box (red
boundaries in Figure 1b). Note that all values are in SI units except otherwise stated. The
preparation method is different from the delivery system in LS devices; nevertheless, since
the powder is not compacted in the delivery piston and rests under its natural weight,
this method of initiating the simulation, is adequate for the current purpose.

The box size in the flow-direction Ly changes to accommodate all the particles as they
are spread and the corresponding walls exert no force on the particles (walls labelled
neutral in Figure 1b). The number of particles in each simulation is adjusted to supply
an initial thickness of δinit ≈ 10Dsph for all particle types, where Dsph is the diameter of
spheres used to generate the rod-shaped particles. In addition, the blade displacement
from the bottom wall, δblade is set to 5Dsph which is the profile’s minimum distance to the
bottom wall and essentially sets the powder bed thickness.

The solid volume fraction, φs, is calculated and its maximum value is used as the
objective function – which means a more effective spreading process – to optimise the
blade profile. The φs values are calculated using a Voronoi tessellation technique [23] and
only a section of the bed away from the edges are considered to suppresses the end effects.
This is, in fact, a reasonable assumption since the full extent of the bed in not normally
used for fabrication; see [1] for further details.

3 The new blade design

Haeri et al. [1] argued that an “effective” bed-spreader contact, determines the quality of
a prepared powder bed (a high φs and low ε), where ε is a measure of roughness. Based on
visualisations of the bed-spreader contact dynamics they related this to a particle dragging
phenomenon which distorts the bed if a spreader type did not provide an effective support
for the particle heap that forms in front of the spreader (see Figure 1b). This suggests
that a geometric modification of the spreader should in principle, significantly improve
the bed’s quality.

By modifying the spreader’s head profile a new class of spreading devices is suggested.

5

413



S. Haeri

Figure 2: Different spreader profiles used for the optimisation. Only a subset of all designs
are presented to show the effects of changing parameters as, bs and ns. Only half of the
widest blade with as = 100Dsph is presented.

A super-elliptic profile with three parameters ns, as and bs is proposed here:
∣∣∣∣
y

as

∣∣∣∣
ns

+

∣∣∣∣
z

bs

∣∣∣∣
ns

= 1. (3)

The parameters ns, as and bs respectively, control the overall shape, width and height of
the profile. The blade thickness is ws = 2as and its height is hs � bs. Note that the blade’s
height is longer than bs and remains a straight line for z > bs+δblade, its value is chosen to
be larger than the maximum height of the powder heap formed in front of the blade during
the spreading process and has no effect on the optimisation results. In Figure 2 various
profile shapes proposed for the optimisation are presented. Three values (10, 25, 100)Dsph

and (10, 20, 50)Dsph are chosen for as and bs respectively. The parameter ns determines
the overall shape of the profile. Initially, five different shapes ns ∈ {0.5, 1.0, 1.5, 2.0, 5.0}
are considered (see Figure 2), however, after the initial optimisation a few more values
are considered to show that the best identified ns is in fact the optimum value.

3.1 Optimisation results and discussions

The results of 48 simulations with different optimisation parameters are presented in
Figure 3. Before analysing the results any further, it is clear that the blade's geometry
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is indeed a major parameter for controlling the bed quality. Figure 3 clearly shows the
variation in φs from low values of φs ≈ 0.4 to values as high as φs ≈ 0.58. This proves the
effectiveness of geometrical modification of the blade's head profile to maximise φs and
indicates the validity of the initial hypothesis.

For comparison with a straight edge blade, the data from [1] are used. They performed
simulations with mono-sized (Ar = 1.0 · · · 2.5) particles at similar operating conditions.
However, they showed that the characteristics of poly-sized beds (with small variation in
the aspect ratio) could be approximated by a number density weighted averaging. To find
an approximate value for the poly-sized case considered here, a number density average of
the mono-sized simulations of [1] is calculated. This can be written by φs =

∑
Niφs(Ar,i)

which yields a value of φs = 0.4 for straight edge blade spreader of a mixture of particles
with number densities considered in this paper.

The effects of overall profile shape are demonstrated in Figures 3a to 3e. In these
figures, the value of the parameter ns is changed which characterises the overall shape of
the profile. A value of ns = 0.5 generates a concave profile and the results are presented
in Figure 3a. Evidently, this profile does not improve the compaction significantly, nev-
ertheless, some improvement is observed especially for the lowest value of blade width of
5Dsph.

A linear profile can be generated by setting ns = 1. The simulation results for this
profile and different width and height parameters as and bs are presented in Figure 3b.
The bed quality – as expected – is a function of both profile height and also the spreader
width. Generally, shorter (smaller bs) and wider (larger as) profiles generate higher volume
fractions φs. The sensitivity of the linear profile to height is higher for wider designs but
almost no dependence on height is observed for narrow designs (as = 5Dsph). It is also
interesting to note that φs dependence on as for the concave profile (ns = 0.5) is opposite
to that of the linear profile and all the other convex profiles. It is believed that for a
concave profile (ns = 0.5) some particles may get clogged in the hollow region between
the blade's head profile and the bottom surface (or the previous layers). Therefore, wider
profiles generate smaller volume fraction for the ns = 0.5 case whereas increasing as
improves the quality for all other convex profiles (with ns ≥ 1).

Figures 3c to 3e show as the value of ns increases from ns = 1.5 to ns = 5.0, for all the
corresponding values of bs and as the volume fraction increases indicating a better quality.
In addition, the sensitivity to bs also decreases such that for ns = 5.0 the volume fraction
is practically independent of bs. This perhaps is not surprising since larger ns values
cause a condensation of curvature very close to the edges and the remaining sections of
profile away from the edges are essentially straight lines. Therefore, changing bs does
not significantly change the profile characteristics. For all values of ns ≥ 1 wider profiles
generate beds with larger φs. The current results show that optimisation of the profile is
highly successful and φs for ns = 5.0, as = 100Dsph and bs = 10Dsph approaches a value
of φs = 0.58. This value is close to the critical volume fraction of spherical frictional
particles (with µc = 0.5) determined as φc = 0.587 by Chialvo et al. [24]. Therefore, any
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(a) ns = 0.5 (b) ns = 1.0

(c) ns = 1.5 (d) ns = 2.0

(e) ns = 5.0 (f) Optimum ns

Figure 3: Variations in solid volume fraction φs with different optimisation parameters.
The values on bs axis correspond to (10, 20, 50)×Dsph.

8

416



S. Haeri

further compaction without significant compression of the bed is not expected.
For the particular powder considered here (with the specified material and morphology

characteristics) a larger φs is obviously not anticipated and hence further optimisation is
redundant. Nevertheless, since the φs monotonically increased during the optimisation
process (see Figure 3a to Figure 3e), a valid question is whether φs versus ns curve has a
plateau and one can choose an arbitrarily large ns, or an optimum ns value actually exists.
It is important to note that as n → ∞ the profile will approach a typical rectangular
shape which as demonstrated in [1] significantly degrades the bed quality. Therefore,
the existence of an optimum value for ns is certain. To show that ns = 5.0 is in fact
that optimum value and generates the highest φs a series of the simulations with 3 other
values of ns ∈ {7.5, 10.0, 15.0} are performed. The results are presented in Figure 3f which
proves that ns = 5.0 (noting the resolution of the current parametric study) must be the
optimum profile shape.

In this section, the profile with parameters ns = 5.0, as = 100Dsph and bs = 10Dsph is
identified as the optimum profile. A value of bs = 10Dsph (= 1mm) may not be feasible to
manufacture. However, noting the independence of φs from bs in Figure 3e, one can choose
a larger value of bs to manufacture a spreader with more realistic physical dimensions.

4 Conclusion

In this paper it is first demonstrated that geometric optimisation of a blade type
spreader can significantly improve the quality of a powder bed (a higher φs) that is gen-
erated by spreading for Particle Bed Fusion (PBF) processes. A new class of spreading
devices is proposed by assuming a super-elliptic edge profile with three different parame-
ters controlling width, height and the overall shape of the profile. A set of 48 device-scale
DEM simulations are performed and the optimum values for these parameters are identi-
fied. It is shown that this optimisation is highly effective and packings close to the critical
volume fraction is achievable. Therefore, the optimised blade is as effective as a roller.
This could greatly reduce the production and maintenance costs of the PBF devices by
obviating the need for significantly more expensive and complex spreading devices.
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Abstract. The paper is devoted to the theoretical investigation of the peculiarities of 
material flow taking place in friction stir welding (FSW). The investigation was based on 3D 
computer simulation by the movable cellular automaton (MCA) method, which is a 
representative of the particle methods in mechanics of materials. Usually, material flow in 
FSW is simulated based on computational fluid mechanics, which assumes that the material is 
a continuum and does not take into account the material structure. MCA considers a material 
as an ensemble of bonded particles. Breaking of inter-particle bonds and formation of new 
bonds enables simulation of crack nucleation and healing, as well as mas mixing and 
microwelding. The simulation results showed that using pins of simple shape (cylinder, cone, 
pyramid) without shoulder results in small scattered displacements of the plasticised material 
in the workpiece thickness direction. Nevertheless, the optimal ratio of the longitudinal 
velocity to the rotational speed allows transporting of the welded material around the pin 
several times and producing the joint of good quality. Applying additional ultrasonic vibration 
to the pin may lead to better mixing of the plasticized material behind the pin.  

 
 
1 INTRODUCTION 

The structure of the modern materials may be very complex and have hierarchical nature 
starting from the nanoscale. The most of the modern materials are heterogeneous composites 
and may include so called soft components. One of the main properties of soft matter is its 
ability to change functional properties of the material which includes it. This primarily refers 
to heterogeneous contrast materials. The high mobility of soft matter and their low shear 
stiffness leads to intensive elastic energy dissipation in the system even at low applied stress. 
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The involvement of dissipation mechanisms induced by the redistribution of soft components 
results in a strong and nonlinear dependence of mechanical properties of the contrast material 
on the strain rate. The strain rate range where the change of the integral properties of the 
material occurs is determined by the time range of elastic energy dissipation and by the 
amplitudes of the contribution of dissipative constituents associated with the redistribution of 
soft components in the material volume.  

The wide use of modern materials in technological and medical application causes new 
requirements for their joining. One of the hardest of them concerns keeping the material 
structure to be unchanged. A necessary requirement for the problem solving approach is the 
possibility to widely vary characteristic loading rates and time range of elastic energy 
dissipation in the material, mechanical properties of the components, and special features of 
the internal structure of contrast materials. These studies should be conducted in a wide range 
of spatial scales (from nanoscopic to macroscopic) and take into account the possibility of 
fracture of solid components accompanied by contact interaction of the crack surfaces and 
local stirring of fragments.  

An important achievement of the last decades in the field of material joining is the 
development of friction stir welding (FSW) [1–4]. Recent studies have shown that FSW is an 
effective way to obtain high quality joints for structures of various dimensions and shapes. 
The main feature of the FSW is the ability to weld without melting of the joined materials, 
which allows avoiding changes in material properties due to hot temperatures and joining 
dissimilar alloys and materials including those that impossible to join by traditional welding 
technology [2, 3]. 

The main problem in the industrial application of FSW technology consists in finding the 
correct technological parameters of the process (such as the tool shape and size, rotation and 
travel speed, etc.) [2]. It is impossible to define the optimal technological parameters without 
full understanding the fundamental processes occurring in the material during FSW. The main 
fundamental problem here is to understand the mechanisms of severe plastic deformation that 
enable plastic flow, mass mixing and material coalescing behind the tool (i.e. plasticized 
material behaviour in FSW).  

This paper is devoted to the theoretical investigation of the peculiarities of material flow 
taking place in FSW. The investigation was based on 3D computer simulation by the movable 
cellular automaton (MCA) method [5], which is a representative of the particle methods in 
mechanics of materials. Usually, material flow in FSW is simulated based on computational 
fluid mechanics, which assumes that the material is a continuum and does not take into 
account the material structure. MCA considers a material as an ensemble of bonded particles. 
Breaking of inter-particle bonds and formation of new bonds enables simulation of crack 
nucleation and healing, as well as mas mixing and microwelding. 

 

2 METHOD OF MOVABLE CELLULAR AUTOMATA 
MCA is a new efficient numerical method in particle mechanics that is different from 

methods in the traditional continuum mechanics. Within the frame of MCA, it is assumed that 
any material is composed of a certain amount of elementary objects (automata) which interact 
among each other and can move from one place to another, thereby simulating a real 
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deformation process. The automaton motion is governed by the Newton-Euler equations: 
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where Ri, ωi, mi and Ĵi are the location vector, rotation velocity vector, mass and moment 
of inertia of ith automaton respectively, pair

ijF   is the interaction force of the pair of ith and jth 

automata, 
iF  is the volume-dependent force acting on ith automaton and depending on the 

interaction of its neighbours with the remaining automata. In the latter equation, 

ijijijijij q KFnM  )( pair  , here qij is the distance from the centre of ith automaton to the 
point of its interaction (“contact”) with jth automaton, ijijij r)( RRn   is the unit vector 
directed from the centre of ith automaton to the jth one and rij is the distance between 
automata centres, ijK  is the torque caused by relative rotation of automata in the pair. 

The forces acting on automata are calculated using deformation parameters, i.e. relative 
overlap, tangential displacement and rotation, and conventional elastic constants, i.e. shear 
and bulk moduli. A distinguishing feature of the MCA method is calculating of forces acting 
on the automata within the framework of multi-particle interaction [5], which provides for an 
isotropic behaviour of the simulated medium regarded as a consolidated body rather than a 
granular medium. Moreover, stress tensor components could be calculated for the automaton 
taking into account all the forces acting on the automaton [5], which enables the realization of 
various models of the plastic behaviour of materials developed in the frame of continuum 
mechanics. 

A pair of elements might be considered as a virtual bistable cellular automaton, which 
permits simulation of fracture and cracks healing and microwelding by the MCA. In this 
work, a fracture criterion based on the threshold value of von Mises stress was used. A 
criterion based on the threshold value of plastic work was used for making a new bond 
between contacting automata. Switching of a pair of automata from bonded to non-bonded 
state and vice versa would result in a changeover in the forces acting on the elements; in 
particular, non-bonded automata would not resist moving away from one another.  

Thus, the MCA makes a feasible simulation of solid body behaviour at different scale 
levels, including viscoelastic and plastic deformation, fragmentation and further interaction of 
fragments as a loose (granular) material [6–8]. 

3 DESCRIPTION OF THE MODEL 

3.1 Material characterization 
Here we model the process of FSW of two plates of aluminium-based alloy D16. The 

mechanical properties of the material were characterized by the following parameters: the 
shear modulus G = 27.27 GPa, the bulk modulus K = 66.67 GPa, the yield stress σy = 
274 MPa. Plastic behaviour was simulated by linear hardening up to the strength limit σt = 
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800 MPa at the ultimate strain εt = 0.15. The automata in unbounded state switch to bounded 
state at the plastic work in the pair to be equal to Wb = 50 MJ/m3. 

3.2 Geometry of the model and scheme of loading 
The geometry of the model is shown in Fig. 1. There were two plates of the dimensions 

6.5×18.0 mm and the thickness 2.5 mm. Joining of the plates was performed by moving of the 
hard pin along axis Y. The pin also rotates with the velocity ω around its axis, which is always 
parallel to coordinate axis Z. Initially, the pin was placed at the distance of 6 mm from the left 
face.  

 
Figure 1: Initial geometry of the model 

At the beginning of the joining process, the pin only rotates with the velocity ω = 800 1/s 
at the initial place, and its axis does not move. This preliminary stage is required for preparing 
plasticized zone around the pin and takes up to 5 full rotations. After that stage, the axis of the 
pin starts to move along axis Y with constant velocity Vt.  

To simplify computations the following boundary conditions were set. To simulate the 
action from backing plate and pin shoulder the automata were not allowed to cross the lower 
and upper surface of the geometry. Unfortunately, this simplification did not account for the 
rotation of the pin shoulder and resulted in the size of plasticized zone smaller than one in the 
real process. At the other free surfaces of the plates, the automata were fixed. 

3.3 A criterion for the weld quality 
Behind the moving pin, the structure of the automata in the model weld region is not a 

periodic close packing as in the green material. The number of the bonded neighbours is not 
equal to the initial coordination number (12). It may be greater or less than 12. But the 
average number of the bonded neighbours is less than 12. The less is this number the weaker 
is the model weld material. To characterize the quality of the model weld we use the plot of 
the number of bonded automata Nl in the simulated system versus length of the pin path S. A 
typical picture for this plot is shown in Figure 2. A strong decrease of the bonded automata In 
the beginning of the pin path corresponds to the initial stage of the loading when the pin 
rotates and does not move. The main linear part of the plot corresponds to stable weld 
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formation and indicates a good quality of the weld. 

 
Figure 2: A plot for the number of bonded automata versus length of the pin path 

4 SIMULATION RESULTS 
First, let us consider the influence of the translation velocity Vt on the plot Nl(S). For this 

purpose, the rotational velocity ω = 800 1/s was unchanged for all cases and the translation 
velocity was varied from 0.05 up to 0.50 m/s. The resulting plots Nl(S) are shown in Figure 3. 
According to these results, the optimal value of Vt is equal to 0.10 m/s. The corresponding 
weld has the minimal number of unbounded automata and homogeneous distribution of them 
along the weld. The worst case corresponds to the velocity of 0.50 m/s. This simulation was 
aborted by the critical inhomogeneity of the weld. The results in Figure 3 also show that using 
of very slow translation of the pin results in the weld with the larger number of defects. These 
results are in very good agreements with the experimental evidence and the results of 2D 
simulations [2, 9]. 

 
Figure 3: The plots Nl(S) for different translation velocities Vt 

For analysis of the influence of the pin shape on the FSW process within our model, 
several different pins were generated. Seven of them are shown in Figure 4. As one can see, 
these pins may be grouped by three basic geometrical bodies: cone, cylinder, and pyramid. 
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Cone and cylinder may have additional “wings” aimed to enforce material flow in the 
direction of the plate width (along axis Z).  

1  2  3   

4  5  6  7  

Figure 4: Seven different pin shapes used in simulations 

The resulting plots Nl(S) for different pin shapes are shown in Figure 5. First of all, one can 
see that maximal decay in the number of bonded automata occurring in the initial stage is 
proportional to the surface aria of the pin. However, the quality of the weld is determined by 
the inclination of the linear part of the curve Nl(S). Therefore, the conclusion that may be 
drawn from the obtained results is that the best shapes for FSW pin are 2, 3, and 6 in Figure 4. 
From the other side, only shapes 1, 6, and 7 produce the homogeneous weld. 

 
Figure 5: The plots Nl(S) for different pins shown in Figure 4 

The top view of the weld for the pin number 6 is shown in Figure 6. It has to be noted that 
the width of the weld for the pyramid is relatively wide comparing to the cone or cylinder 
because the width is determined by the diagonal of the square, which is the base of the 
pyramid, not by its side. The second important point is that this shape of the pin is not a body 
of revolution and hence provides better mixing of the plasticized material in the joint. But if 
compared with the wider pyramid (pin number 7) one may conclude that there an optimal 
ratio of the pyramid width and height should exist to produce the best weld. 
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Figure 6: The top view of the weld produced by pin 4 in Figure 4 

1  

2  

3  

Figure 7: The top view of the weld produced by the pins 1–3 in Figure 4  

To analyse the peculiarities of the material flow during friction stir welding executed by 
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pins 2, 3 with additional “wings” the initial automata in the plates were coloured by horizontal 
layers (along axis Z). The final distributions of the mixed automata in the welds produced by 
three conical pins are shown in Figure 7. The results demonstrate no significant role of the 
additional “wings” on the material flow in the direction of plate width. However, it is well 
known from the experimental evidence that there is a marked flow in this direction in the 
vicinity of the pin. To explain this difference in the experiments and our modelling results we 
assume that the main role in the flow in the plate width direction belongs to the pin shoulder 
that provides a wide area of rotating material in the top of the plate and substantial gradient of 
rotating mass along the plate width direction. 

The next interesting point in the improvement of FSW is applying additional vibrations to 
the pin during the joining process. In our calculations, such an action was modelled by adding 
to the longitudinal velocity of the pin axis motion the following value 

Vus=Aus sin(2πνust), (2) 
where Aus is the amplitude and νus is the frequency of this vibrating action in ultrasound 

range. We varied the direction of the vibration (along axis X or Y), the values of its amplitude 
and frequency. Below we will characterize the power of this action by maximal displacement 
of the pin per one period of vibration Dus, not by the amplitude of the corresponding velocity 
Aus.  

The simulation results showed that additional vibration applied perpendicularly to the 
direction of welding produces much less effect comparing to the longitudinal direction. That 
is why further we will discuss the results obtained with the vibration applied along axis Y.  

The plots Nl(S) for different vibration frequencies are shown in Figure 8. For comparison, 
this figure also contains the plot for the case of no vibration. The power of the vibrations was 
the same Dus = 15 μm.  

 
Figure 8: The plots Nl(S) for different vibration frequencies νus 

From the presented data one can conclude that the positive effect on the weld quality has 
vibrations of higher frequencies. For example, the vibration with νus= 15 Hz resulted in more 
defects in the weld and made the joining process to be unstable. From the other side, vibration 
with νus= 66 Hz allowed to enhance the weld quality. Varying of the vibration amplitude Dus 
in the range from 5 up to 100 μm showed that there was the optimal value of about 30 μm that 
allowed us to get the best weld characterized by the minimal inclination of the plot Nl(S). The 
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conclusion that there are the optimal parameters of ultrasound vibration which allow 
producing the better weld quality is also in good qualitative agreement with the results of 2D 
simulations [9]. 

5 CONCLUSIONS 
A 3D model of friction stir welding based on movable cellular automaton method is 
presented. The obtained simulation results allow us to draw the following conclusions. 
- The optimal ratio of the longitudinal velocity to the rotational speed allows 

transporting of the welded material around the pin several times and producing the 
joint of good quality.  

- Using the pins of simple shape (cylinder, cone, pyramid) without a shoulder results in 
small scattered displacements of the plasticised material in the workpiece thickness 
direction.  

- Applying additional ultrasonic vibration to the pin may lead to better mixing of the 
plasticized material behind the pin. 
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Abstract. Part of the optimization steps for additive manufacturing is related to the correct 
understanding of the mechanical behavior of the powder used in the process. Obtain this 
understanding based purely on experiments might be a difficult and sometimes prohibitive 
task. A particle-based numerical tool can provide critical information for correct 
understanding of powder deposition process. Numerical simulations through the Discrete 
Element Method (DEM) provide a useful mean to investigate the additive manufacturing 
process, given the possibility to study particle-scale information that are difficult to access 
experimentally.  

The characteristics of the recoated powder bed are investigated in the packed bed region 
and onto the manufactured part using PA12 commercial powder. Particle size distribution, 
contact and non-contact cohesive forces are incorporated in the numerical model. 
Furthermore, the non-spherical shape of real particles is taken explicitly into account in 
numerical simulations. A blade-type recoating system is used to form the powder bed and its 
roughness is calculated.  

Experimental measurements are performed by fringe projection. Several areas of the 
recoated powder layers can be scanned with this optical measurement method. Thus, the 
analyzed surface roughness can be compared with the simulated quantities to validate the 
numerical model.  

The sintered part is modelled as a prescribed rigid static region in the simulated system. 
The powder recoated in the sintered region may have different characteristics (packing, 
roughness) compared to the powder bed region. Recoating process is modelled using two 
different shapes for the sintered region. The amount of material recoated and the surface 
roughness are then calculated for the powder bed as well as for the sintered region. 

1 INTRODUCTION 
Additive manufacturing (AM) is a technique where parts of nearly arbitrarily complex 
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geometries can be built directly from a three-dimensional (CAD) model by selectively 
melting layers of powder particles [1]. This has become more and more important for many 
industrial sectors in the last years and an increasing demand to widen the field of application 
is noticeable. However, there are still restrictions, e.g. processing speed and product quality, 
in beam-based additive manufacturing processes like selective laser sintering (SLS) [2]. 

In particular, understanding the mechanical behavior of the powder particles during the 
manufacturing process is essential for developing optimization routes towards improved part 
quality and shorter production time [3].  

Discrete Element Method (DEM) describes the trajectory of each individual particle in the 
system along the time by means of integration of Newton’s equation of motion. Useful 
information to improve part quality and reduce production time can be obtained through 
numerical simulations using  DEM, as particle dynamics are modeled as a function of material 
properties and particle shape [1,4,5,6]. By choosing the correct collision parameters, particle 
size and particle shape, the real granular behavior is captured [8,10,11,12]. 

In this study, a recoating blade is used to spread a layer of particulate PA 12 material over 
the surface to be sintered. The quality of this layer of powder is investigated through 
numerical simulations by calculating the surface roughness of the deposited powder in the 
powder bed and in the sintered region for a recoating speed of 100 mm/s. Experimental 
measurements of roughness (Rq values) were carried through the fringe projection measuring 
method after recoating a layer of PA12 polymeric powder and the results were compared to 
numerical simulations.  

The sintered region is of interest and investigated in a limited way. First few layers in the 
additive manufacturing process are specially affected by the irregular amount of material 
deposited due to the shrinking of the powder after the melting process. The sintering process 
is not explicitly simulated in DEM, but its geometry is prescribed using two different shapes. 
Roughness is calculated in these regions through numerical simulations. 

2 METHODOLOGY 

2.1. Particle model 
Powder deposition process was simulated using the Discrete Element Method (DEM). Real 

shapes of commercially available PA12 [15] powder were approximated using a clump 
representation of the particles in the DEM simulations [3,16,17]. In addition, the DEM library 
LIGGGHTS® [18] was extended to consider bonded and nonbonded attractive particle 
interaction forces. 

Images of commercially available PA12 [15] powder were used as a base to recreate an 
approximated real particle shape. Sphere are glued together forming a clump of spheres, 
spatially distributed to capture most of the real shape details. Center of mass and moment of 
inertia are calculated by means of a Monte Carlo integration, where many points (in the order 
of 106 points) are sampled on an equivalent sphere and points are located inside/outside the 
composing spheres (contained inside the equivalent sphere), making possible to detect 
overlapped regions and avoid including these regions twice in the calculations. 

To represent the shapes of the sample, 10 different images or real particles [14,15] were 
used to obtain clumps used in the numerical simulations. Images of the particles and their 
corresponding DEM model are demonstrated in Figure 1. All templates were equally used 
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(10% in mass of each template). 
 

 
Figure 1 - Images of PA 12 particle templates used in numerical simulations. Top: Images of isolated PA 12 

particles obtained through SEM [19]. Bottom: DEM representation of real particles by means of clumps. 

Particle size distribution was experimentally measured for PA12 powder in [14]. Based on 
the experimental cumulative (Q3) distribution 5 different particles sizes were used in the 
numerical simulations as demonstrated in Figure 2. This size distribution was applied to each 
of the 10 particle templates shown in Figure 1. 

 

 
Figure 2- Cumulative distribution (Q3) of particle size adopted in the DEM simulations. 

2.2. Inter particle force models 
Normal and tangential forces during collision between particles are calculated. A 

viscoelastic interaction is assumed in the normal direction [20] and a modified Cundall-Strack 
[21] model is selected for computing the tangential component of the contact force [14]. The 
normal and tangential terms are given by: 
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 ∫ 4𝐺𝐺
2 − 𝜈𝜈 √𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝜉𝜉𝑑𝑑 + 𝐴𝐴𝑡𝑡√𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝜉𝜉𝑣𝑣𝑡𝑡

𝑝𝑝𝑝𝑝𝑡𝑡ℎ ]
 
 
 
 
𝑒𝑒𝑡𝑡 

(2) 

𝜉𝜉 = 𝑅𝑅1 + 𝑅𝑅2 − |𝑟𝑟1 − 𝑟𝑟2| (3) 
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ξ is the overlap of colliding particles, R1 and R2 are the radii of the particles, and 𝑟𝑟1 and 𝑟𝑟2 are 
their positions. 𝑒𝑒𝑛𝑛 ≡ (𝑟𝑟1 − 𝑟𝑟2)/|𝑟𝑟1 − 𝑟𝑟2| is the normal unit vector. The elastic parameter ρ is a 
function of the effective radius 𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒 ≡ 𝑅𝑅1𝑅𝑅2/(𝑅𝑅1 + 𝑅𝑅2), the Young’s modulus Y, and the 
Poisson’s ratio ν, in the form: 

𝜌𝜌 ≡ 2𝑌𝑌
3(1 − 𝜈𝜈2)√𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒 

(4) 

The dissipative parameter 𝐴𝐴𝑛𝑛, depends on the material viscosity [20]. 
An additional term given by JKR equation is incorporated to the normal viscoelastic model 

to consider the attractive forces between particles in contact. This term adds an extra normal 
force in the opposite direction of the elastic force and is given by: 

�⃗�𝐹𝐽𝐽𝐽𝐽𝐽𝐽 = 4√ 𝜋𝜋𝑎𝑎3𝛾𝛾𝑌𝑌
2(1 − 𝜈𝜈2) 𝑒𝑒𝑛𝑛 

(5) 

where γ is the surface energy density and 𝑎𝑎 is the contact radius related to the overlap in the 
form: 

𝜉𝜉 = 𝑎𝑎2
𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒

− √8(1 − 𝜈𝜈2)𝜋𝜋𝑎𝑎𝛾𝛾
𝑌𝑌  

(6) 

Due to the relatively small particle size non-contact van der Walls cohesive forces also have 
a significant influence in the flowability of the particulate material. These forces are 
incorporated in the DEM model in the following form: 

�⃗�𝐹𝑣𝑣𝑣𝑣𝑣𝑣 =

{ 
 
  

[4𝜋𝜋𝛾𝛾𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒]𝑒𝑒𝑛𝑛⃗⃗⃗⃗⃗,       𝑖𝑖𝑖𝑖                           𝜉𝜉 > 0
[4𝜋𝜋𝛾𝛾𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒]𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛2

(𝜉𝜉 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛)2 𝑒𝑒𝑛𝑛⃗⃗⃗⃗⃗,   𝑖𝑖𝑖𝑖     − 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 ≤  𝜉𝜉 ≤ 0
0,                          𝑖𝑖𝑖𝑖                𝜉𝜉 < −𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚

 

(7) 

where 𝐷𝐷𝐷𝐷𝑖𝑖𝐷𝐷 = 1.65 Å is a parameter introduced to avoid the singularity of the Hamaker 
equation, and 𝐷𝐷𝐷𝐷𝑎𝑎𝐷𝐷 = 1 µm is the maximal (cutoff) distance of the van-der-Waals interaction 
[14]. The intensity of this interaction is characterized by the Hamaker constant AH, which is 
given by [14]: 

𝐴𝐴𝐻𝐻 = 24𝜋𝜋𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛2 𝛾𝛾 (8) 

The importance of JKR and van der Waals terms in the numerical model was addressed in 
previous studies when comparing experimental and numerical solid packing fraction [6]. 
Parameters used for the contact and non-contact force models for PA12 particles in the DEM 
simulations are depicted in Table 1. Sintered region is fixed - no motion is calculated, but 
collisions are computed normally. 

To validate the inter-particle force model, Ref. [6] compared experimental results for the 
solid fraction of fine polydisperse powders covering a broad range of particle sizes applied in 
additive manufacturing. As presented in Ref. [6], predictions from simulations agreed 
quantitatively very well with the experiments. 
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Table 1 - Parameters used in contact and cohesion models in the numerical simulations. 

Parameter Symbol Value 
Particle material density φ 1000 kg/m3 
Young’s modulus Y 2.3x107 Pa 
Poisson’s ratio ν 0.40 
Coulomb’s friction coeff. µ 0.50 
Surface energy density γ 0.1 mJ/m2 
Hamaker constant AH 0.2x10-21 J 

2.3. Recoating process 
The simulated system consists of a blade with length of 3 mm. The system has a width (y-

direction) of 1mm and periodic boundary conditions are applied in this same direction. The 
length of the simulation domain is 10 mm (x-direction). The recoating blade was modelled 
based on the real geometrical characteristics. Only the region which is responsible for the 
recoating was used to reduce the computational time. Material is initially poured into a 
reservoir, which is then lifted and the blade spread the particles over the particle bed and the 
sintered region. The system is demonstrated in Figure 3. 

 
Figure 3 - Simulation domain with indications of the components. a) Translational motion of 100 mm/s is 

applied to the blade. Particles are recoated over the powder bed and sintered regions. b) details of the recoating 
blade used in simulations. c) recoating blade used in experiments. In red the region that effectively deposit the 

layer of material - region modelled in the numerical simulations. 

Two different geometries for the sintered part were used, one consisting of a flat shape 
sintered region, as depicted in Figure 3, and another region of same size but with a concave 
shape, which can be seen in details in Figure 5. 

Roughness was calculated for each of the simulated cases. The mean height of the particles 
was obtained in the powder bed and in the sintered region and the standard deviation from this 
mean is the roughness value (Rq) calculated from simulations. This procedure was repeated 
for three slices in the Y direction to obtain the mean roughness (Rq) and its standard 
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deviation.  

2.4. Experimental procedure 
The evaluation of the simulated roughness values has been proved by a surface 

measurement of several single layers of PA12 powder. The recoating blade dispenses the 
powder with a thickness of 120 µm and a recoating speed of 100 mm/s. As it is shown in 
Figure 4 the surface measurement is done by a projection of a planar, periodical and 
equidistant structured pattern on the recoated layer. 

 
Figure 4 - Surface measurement of the recoated powder by fringe projection 

The fringe projection measuring method is implemented by an optical ATOS Compact 
Scan 2M sensor, which is based on the principle of triangulation. At this point the powder 
layer is detected with two angled cameras from different observation directions to detect each 
surface point [22]. In addition, reference points are necessary for the optical observation to 
match the translational location of the powder in relation to the global coordinate system. The 
following surface studies are analyzed by TalyMap Platinum software to calculate the profile 
(2-D-) and the areal (3-D-)roughness parameters. 

3 RESULTS 
Experimental measurements were performed 3 times and the average values are shown 

with their respective standard deviation in Table 2. For validation purposes, roughness data 
calculated through numerical simulations are compared to Rq values. Details of the equations 
used to obtain the data points are shown in the Appendix. 

Numerical results for both flat and concave sintered cases can be seen in Figure 5. A lateral 
snapshot of both cases is shown for comparison purposes. Differences mainly in the sintered 
region can be seen and will be quantified in more details. The powder bed region and sintered 
region considered for the roughness measurements are highlighted. 

 

recoating 
blade 

PA12 powder 
layer 

reference 
markers 

structured 
pattern 
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Table 2 – Experimental measurements of surface roughness and their respective standard deviation (σ). Values 
are in μm. 

 
Sa Ra Sq Rq Sz Rz 

Mean Value 16,00 8,10 20,10 10,20 267,70 45,60 
Standard 
deviation (σ) 4,90 1,80 5,90 2,60 93,30 13,60 

  

 
Figure 5 – Recoated powder layer for a) flat sintered region and b) concave sintered region. In blue is the region 

considered as powder bed region and in green the sintered region used for roughness measurements. 

When comparing only the amount of material deposited over the sintered region, an 
increase of 34% in mass was found from the flat to the concave region (See Figure 6). Such 
differences in the amount of mass lead to density gradients of the final manufactured part. 

 
Figure 6 – Details of recoated powder layer for a) flat sintered region and b) concave sintered region. In the 

right-hand side one can visualize differences in the amount of material deposited for each case. 

Surface roughness calculated for both (flat and concave) cases are shown in Table 3. A 
good agreement between numerical and experimental results was found when comparing the 
values of the powder bed – deviation of 8.1% for the flat sintered case and 2.7% for the 
concave sintered case, but still within the standard deviation of the experimental 
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measurements. 
Roughness values for sintered region are relatively higher than those for the powder bed. 

An increase of 18.7% for the flat shape and 30.9% for the concave shape sintered region 
compared to their respective bed roughness. This can be attributed to the fact that in the 
powder bed region particles can penetrate the powder bed and re-accommodate. Also the way 
forces propagate in a granular or solid region are expected to be different [14]. We also 
noticed an increase of 16.8% when comparing the roughness of flat with the concave shape 
sintered.  

Table 3 – Numerical results of roughness (Rq) for powder bed and sintered regions and their respective standard 
deviation (σ). Values are in μm. Results are for flat and concave cases. 

Shape Region Rq σ Rq Experiment  σ 
Flat shape 
sintered 

Powder bed 9,37 0,39 

10,2 2,6 
Sintered 11,12 1,8 

Concave 
shape 

sintered 

Powder bed 9,92 0,65 

Sintered 12,99 1,39 

4 CONCLUSION 
A realistic model to simulate the additive manufacturing process using commercially 

available PA 12 polymeric powder was developed. Bonded and non-bonded cohesive forces 
were implemented for PA 12 powder, as well as realistic particle shape and particle size 
distribution. The sintered region was taken explicitly into account in our numerical 
simulations. Two different shapes for this region were used – one consisting of a flat shape 
and the other concave shape. 

Experimental measurements using fringe projection technique could capture the surface 
roughness of recoated PA 12. A very good agreement was found from numerical and 
experimental results when comparing Rq values. Deviations of 8.1% for the flat sintered case 
and 2.7% for the concave sintered case were found, but still within the standard deviation of 
the experimental measurements. 

The importance of considering the sintered region and its correct shape was also 
highlighted. Significant increase in roughness (up to 30.9% for concave shape case) was 
found when comparing to the roughness of the powder bed region. Furthermore, a significant 
increase (34%) in the mass deposited over the sintered region was also noticed comparing the 
flat to the concave sintered region. This consolidates the importance of the sintered region, 
which may lead to gradients in the density of the manufactured part affecting its quality. This 
is of importance in the initial layers of the manufacturing process, where the differences in the 
amount of mass recoated in each layer are larger. Sintered region should be explicitly resolved 
by melting the particles in the recoated layer to obtain a physically correct shape of the 
sintered region in a more detailed study.   
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APPENDIX 

Table 4 - Definition of roughness parameters. 

description 2-D-roughness parameter 
(DIN EN ISO 4287)[23]  

3-D-roughness parameter 
(DIN EN ISO 25178-2) [24] 

arithmetic average 
roughness Ra = 1

lc∫|z(x)|𝑑𝑑𝑑𝑑 Sa = 1
A∬|z(x,y)|dxdy 

quadratic average 
roughness Rq = √1

lc∫ z2(x)𝑑𝑑𝑑𝑑 Sq = √1
A∬ z2(x,y)dxdy 

maximum height 
roughness Rz = zmax(x) + zmin(x) Sz = zmax(x,y) + zmin(x,y) 
lc : measurement length     A: measurement surface area     z(x,y): height profile 
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Abstract. Jet engines ingest sand and volcanic ash in the air and then the sand and ash reach a 
combustion chamber. Due to the high temperature of the chamber, sand and ash are melted 
and form the molten droplets. The molten droplets are rapidly cooled around the turbine 
blades and the end walls. The droplets are solidified and finally adhere on these surfaces. This 
deposition phenomenon causes many problems in the aircraft, e.g., deterioration of the turbine 
performance, disturbing the cooling flow of turbine blade, etc. To predict or prevent the 
deposition phenomenon, its mechanisms should be clarified. In the present study, we perform 
three-dimensional numerical simulations on deposition behavior of a single molten droplet on 
a cooled substrate. We compare the present numerical data and the experimental data in the 
previous study for validation and we observe effects of the drop velocity on the deposition 
phenomenon. As a numerical method, an explicit-moving particle simulation method is 
employed since the method is suitable for the large interface deformation system. The 
computational results show reasonable agreements with the experimental data, especially, at 
an early stage of the deposition. We confirm finger-like-structures which is a characteristic 
shape of the adhered droplet edge. As increasing of the initial droplet velocity, we found that 
the increase of the rebound particles.  

 
1 INTRODUCTION 
    When jet engines are operated on volcanic ash clouds or sandy ground, sand or ash are 
ingested and melted in a high temperature combustion chamber. Because turbine components 
(e.g., blades, cooling flow orifices, end-walls, etc.) are colder than molten droplets, some 
droplets adhere and accrete on these surfaces. The deposition phenomenon does not only 
leads to deterioration of the turbine performance (e.g., blade performance and cooling effect 
[1]), but also increase the maintenance cost. Therefore, the prediction and understanding of the 
deposition phenomena are of importance from the engineering viewpoint. In previous studies, 
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for example, Webb et al. [2] made an experimental study for the coal ash deposition. They 
evaluated and quantified thickness sediments for four different ash types. They have shown 
that the chemical makeup of the ash also plays a crucial role in deposition formation and 
thickness. Although experiments in the research are conducted under some conditions, 
Computational Fluid Dynamics (CFD) makes it easier to apply various conditions. 

Moreover, in the gas turbine, it is difficult to install some proves to measure the 
deposition phenomenon due to high temperature and pressure. Accordingly, we employ a 
numerical approach. As for a first step, in the present study, we focus on the deposition 
phenomenon of a single melted droplet on a flat surface. We can refer to a review about drop 
impact on a surface [3]. While engine components have a complex geometry and there are 
many melted droplets flowing in the gas turbine, the present simplified system (i.e., 
deposition of a single droplet on a flat surface) is expected to give us some physical insights 
of the deposition behavior.  

The objectives of the present study are to simulate and investigate deposition behavior of 
a single melted droplet on a flat surface. Since a droplet has interfaces, which are largely 
deformed when it collides on the flat plate, we have employed an explicit moving particle 
method [4, 5] (referred to as the E-MPS method, hereafter).  The E-MPS method is one of the 
Lagrangian methods. At first, we show comparisons between the present numerical results 
and the existing experimental data in the previous study [6] and discuss influences of the initial 
drop velocity on the deposition behavior.  
 
2 CALCULATION METHOD 

2.1 E-MPS METHOD 
In the E-MPS method, the fluid motion is reproduced by computational particles. The 

fluid motion is governed by the continuity and Navier-Stokes equations, as  
 

0



t
 ,  

(1) 
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respectively. Here, u is velocity vector,  is density, P is pressure, ν is kinematic viscosity, g 
is acceleration of the gravity, σ is surface tension coefficient, κ is curvature, δ is the delta 
function, and n is the normal vector. For the spatial discretization of the governing equations, 
the following gradient and Laplacian models are employed as,  
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Here,  is physical quantity such as velocity, d is dimensional number of calculation, n0 is the 
number of density of the particles, and wij is a weight function.  The subscripts of i and j are 
indices of computational particles and rij is a distance vector between particles, indices of 
which are i and j. The coefficient λ is defined by Eq. (5).  
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where ri is a coordinate vector of i th particle and w is a weight function for average. Since the 
droplet is solidified on a surface due to heat transfer, the energy equation, Eq. (6), is also 
solved in this simulation. 
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Here, T is temperature, Cp is specific heat, k is thermal conductivity, and Q is amount of heat 
generation. The Laplacian model (as shown in Eq. (4)) is also applied to Eq. (6) and the 
discretized energy equation is written by the following equation,  
 

Ti
n+1 =Ti

n + ki
ρiCpi

∆t 2d
nλ

(Tj
n −Ti

n )
j
å ,  

(7) 

 
when a target computational particle, index of which is i, is affected by surrounding either 
coagulated particles or melted particles, indices of which are j. Here, t is a size of time step 
and the superscript of n is time step. When a target computational particle, index of which is i, 
is affected by both surrounding coagulated particles and melted particles, indices of which are 
j, we apply the following discretized equations, 
 

Ti
n+1 =Ti

n + ki
ρiCi

∆t 2d
nλ

1
2

(Ts
n −Ti

n )
j
å ,  

(8) 

 

Ts =
ρiCikiTi

n + ρ jCjkjTj
n

ρiCiki + ρ jCjkj

.  
(9) 

 
Here, Ts denotes the mean temperature between a target particle and a surrounding particle in 
the solid or liquid phase. The physical properties, , Cp and k with the subscripts of i and j 
denotes the properties on i th and j th particles, respectively. 
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2.2 SOLIDIFICATION MODEL 
The latent heat hls play an important role in a deposition phenomenon.  Figure 1 explains 

our solidification model including the latent heat effects. The initial condition of a droplet is 
in a liquid phase. When the droplet temperature, T, reaches the melting temperature, Tmelting, 
the liquid-computational particles are in a transient state with the constant temperature at 
Tmelting. When the computational particles lose the latent heat, hls, the computational particles 
are treated as solid-phase particles. We define the liquid fraction, γm: γm=0 in a solid phase; 
0<γm<1 in a transient phase; γm = 1 in a liquid phase, as shown in Eq. (10).  
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The time advancement of the liquid fraction, γm, is described in Eq. (11). Here, Δh denotes the 
enthalpy change between particles in a transient phase. Δh is calculated by the following heat 
conduction equation, Eq. (12) or Eq. (13) 
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Equation (12) is applied when both particles i and j are not in the transient phase. The 
enthalpy change, Δh, between particles in different phases is computed by Eq. (13) using Ts 
defined in Eq. (9). 
 

  






ij

ijisij
ii

wTTk
n
dth

2
12


  

(13) 

 
Mean thermal conductivity, kij, in Eqs. (12) and (13) is calculated from thermal conductivity 
of particles i and j in the following equations [7], Eq. (14) or Eq. (15). 
 

kij = 2kikj / ki +kj( )   

(14) 
   

 
 





Transientj
Transienti

when
when

k
k

k
i

j
ij :

:   
(15) 

 
When both particles i and j are not in the transient phase, we use Eq. (14) to calculate the 
mean thermal conductivity. Equation (15) indicates that, when particle i is in a transient phase, 
we use the thermal conductivity of particle j; when particle j is in a transient phase, we use the 
thermal conductivity of the particle i as kij. 
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 5 

 
Figure 1 Schematics of a solidification model. 

3 COMPUTATIONAL CONDITION 
Figure 2 shows the initial condition of a droplet. A single molten droplet collides and 

adheres on a cooled flat plate. The numerical condition in the present study is set to be similar 
to the experiments conducted by Shakeri and Chandra [6]: the droplet consists of Sn; the 
collision angle of 90 degree; the initial diameter of the droplet D0 is set to be 2.2 [mm]; the 
initial temperature of the droplet is 519 [K]; the substrate is made by stainless steel; the 
substrate temperature is kept constant at Twall = 298 [K]. The simulations are conducted at 
three different collision velocities, v0 = 10, 20 and 30 [m/s] to clarify effects of collision velocity. 
In addition, the simulation in the case of the collision velocity of 4.0 [m/s] is also performed to 
validate our simulation by comparison with the experimental data [6]. In Table 1, the physical 
properties of Sn are summarized. The droplet is represented by aggregation of computational 
particles. The number of computational particles is about 195,000. Initial state of all the 
computational particles is liquid.  In the coagulation model, the latent heat is considered as 
described in section 2.2. 

 
 
 

Figure 2 Initial condition of a single molten droplet. 
 

Table 1 Physical properties of Sn. 
Properties Symbol   

Thermal conductivity kliquid [W/mK] 33.6 
 ksolid [W/mK] 62.2 

Specific heat Cp liquid [J/kgK] 244 
 Cp solid [J/kgK] 226 

Density ρliquid [kg/m3] 6,980 
 ρsolid [kg/m3] 7,200 

Melting temperature of Sn Tmelting [K] 505 
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4 RESULTS AND DISCUSSION 
Figure 3 shows a time series of snapshots of a colliding and adhering molten Sn droplet 

when the collision angle is 90 degree. The time t begins when the droplet starts falling. The 
collision velocity is 4 m/s. The liquid, transient (i.e. liquid to solid), and solid particles are 
colored by red, white, and blue, respectively. We observed that the droplet collides, spreads, and 
coagulates on the surface of the substrate. The behavior reasonably agrees with the experimental 
results [6]. Furthermore, finger-like-structures, which are typical structures in the deposition, are 
observed at the circumference of the adhered droplet as shown in Fig. 3(l) (pointed out by the red 
circle).  

Figure 4 shows a time series of snapshots of the droplet from the side view. We found the 
clearance between the edge of the droplet and the substrate. These characteristics are also 
observed in the experiment conducted by Tabbara et al. (2012) [8].  

 

 

Figure 3 Time series of snapshots of the deposition of the Sn droplet in the case of the collision 
angle of 90 degree at the collision velocity of 4 m/s (bird’s eye view). 

(a) t = 0.0[ms] (b) t = 0.12[ms] (c) t = 0.25[ms] 

(d) t = 0.37[ms] (e) t = 0.50[ms] (f) t = 1.00[ms] 

(g) t = 1.25[ms] (h) t = 1.50[ms] (i) t = 2.00[ms] 

(j) t = 2.50[ms] (k) t = 3.50[ms] (l) t = 4.00[ms] 
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Here, we evaluate a time variation of the droplet diameter spreading on the surface, 

quantitatively. Since the droplet has many fingers, there are some possible definitions of the 
diameter. Figure 5 describes the definition of the diameter D in the present study. We extract the 
finger which is closest to the x-axis and measure the x position of the top of the finger. The x-
position is refereed to as the diameter of D. Although the strict maximum diameter of the droplet 
is the distance between the origin and the top of the nearest finger, the difference between D and 
the strict diameter is less than 2 % due to very small angle . 

Figure 4 Time series of snapshots of the deposition of the Sn droplet in the case of the collision 
angle of 90 degree at the collision velocity of 4 m/s (side view). 

(f) t = 4.50[ms] 

(a) t = 0.37[ms] 

(b) t = 0.75[ms] 

(c) t = 1.25[ms] 

(d) t = 2.00[ms] 

(e) t = 3.00[ms] 
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Figure 6 shows the time variation of the non-dimensional droplet diameter, D/D0. D0 is the 
initial diameter of the droplet, which is described in section 3. The dimensional time t begins 
when the droplet starts falling. At t < 0.5 [ms], the non-dimensional droplet diameter agrees with 
the experimental data [6]. In time advance, the non-dimensional diameter continues to increase at t 
< 1.5 [ms], then decreases slightly at 1.5 [ms] < t < 2.5 [ms], and reaches a steady state in both 
numerical and experimental results. The decrease of the diameter at 1.5 [ms] < t < 2.5 [ms] is due 
to the surface tension of the liquid phase of the droplet: the liquid runs off the finger, the surface 
tension suppresses to expand the diameter, and then the liquid comes back. Subsequently, the 
non-dimensional diameter reaches a steady state. We note that the resultant diameter is smaller 
than that of the experimental data [6]. Because the constant temperature is imposed as the 
boundary condition on the surface of the substrate in the present study, the solidification 
speed is faster and then the diameter in the transient and solid phase is smaller than the 
experimental results. 

 

 
Figure 5 Definition of a diameter of an adhered droplet in the present study. 

 

 
Figure 6 Time variation of non-dimensional droplet diameter: black line, the result in the 
present simulation at the collision velocity of 4 m/s; dot, the experimental data obtained by 
Shakeri et al. (2002) [6]. 
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Figure 7 shows a times series of snapshots of coagulation behaviors of the Sn droplet in 
the cases of three different collision velocities, v0 = 10, 20 and 30 [m/s]. The liquid, transient (i.e. 
liquid to solid), and solid particles are colored by red, white, and blue, respectively. As increase 
of the initial drop velocity, the number of splashing particles increases and finger-structures 
are not generated since many particles tend to rebound in the wall-normal direction.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7  Time series of snapshots of deposition behavior of the Sn droplet for different initial 
velocities: left column, v0=10 m/s; middle column, v0=20 m/s; right column, v0=30 m/s. 
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5 CONCLUSIONS 
We perform numerical simulations on deposition phenomena of a single molten Sn droplet 

on a flat surface of the substrate in the cases of four different collision velocities by means of 
the E-MPS method. The latent heat is considered to reproduce the coagulation behaviors of the 
droplet. The results show that the simulation reproduces that the droplet collides, spreads, and 
coagulates on the substrate. The time variation of non-dimensional diameter obtained by the 
simulation shows the similar tendency to the existing experimental results. The quantitative 
difference between the numerical and experimental results is attributed to the difference of 
thermal boundary condition on the substrate surface. We also investigate effects of the impact 
velocity on behaviors of a colliding droplet. Finger-like-structures, which are a typical structure 
in the deposition, are observed at the circumference of the adhered droplet in cases of lower 
collision velocity, while finger-structures are not generated since many particles tend to 
rebound in cases of higher collision velocity. 
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Abstract. Deep penetration laser welding is a preferred joining technique in industry
due to high welding speeds and flexibility regarding material and geometry. In deep
penetration laser welding, the high intensity of the laser irradiation causes a part of
the material to evaporate instantaneously such that a vapor-filled capillary is formed
within a few milliseconds. To simulate this laser welding process, the meshless Lagrangian
Smoothed Particle Hydrodynamics (SPH) method is applied. For accurate modeling of
the laser-material interaction, the SPH simulation is coupled with a ray-tracing scheme.
Using this co-simulation technique, the geometry of the capillary is tracked throughout
the welding simulation to gain additional insights.

The developed model is able to capture the characteristics of the welding process in-
dependently from material and process parameters. An advantage of the simulations
compared to experiments is that further values like the absorbed power or intensity dis-
tribution at the surface of the material can be continuously obtained. Moreover, the SPH
model provides a good estimation for the dimensions of the weld pool. This is demon-
strated by means of welding examples with an oscillating laser beam. Therefore, SPH in
combination with a ray-tracing scheme is a suitable method for the process simulation of
deep penetration laser welding and a valuable tool for finding optimal process parameters,
e.g. optimal trajectories for the laser beam to affect the resulting weld to a desired shape.
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1 INTRODUCTION

Nowadays laser welding is universally applied for joining tasks in industry. The pop-
ularity of laser welding results from its flexibility regarding geometry and material prop-
erties, high degree of automation, high welding speeds and narrow heat-affected zones.
Weld defects such as pores, spatter, and humping may, however, still occur. Improving
the weld quality by reducing weld defects and increasing the process efficiency remain
two crucial tasks subject to current research. Experimental data and simulation results
complement one another in understanding all physical phenomena occurring during laser
welding and in achieving welds with high quality in a more efficient manner.

During deep penetration laser welding, the high intensity of the laser beam leads to
instantaneous evaporation of the material at the surface of the workpiece. A vapor-filled
capillary is formed that moves with the laser beam through the workpiece. Due to multiple
reflections of the laser beam at the capillary walls, the absorption behavior becomes very
complex depending on the precise surface geometry.

An overview of different models for deep penetration laser welding is found in [1].
The models use different numerical methods to include main physical aspects during
laser welding to a various level of complexity. The main aspects to be modeled are the
interaction between laser beam and workpiece, the free-surface melt flow, the heat transfer
including all occurring phase transitions, and the fluid-structure interaction between the
different phases.

We tackle the modeling process by using a co-simulation approach. The workpiece
is modeled based on the meshless Lagrangian Smoothed Particle Hydrodynamics (SPH)
[2, 3] method. Being first introduced for astrophysics problems, the applications now
range from large deformations in solid structures to free-surface and multi-phase fluid
flow problems. The SPH method is applied here for modeling both the solid and liquid
phases and the heat transfer including phase transitions. In addition, a ray-tracing scheme
is applied that approximates the laser beam through a large number of rays and tracks
each ray according to geometrical optics. The co-simulation approach has been presented
in [4, 5]. Some numerical examples by applying this method are shown in [6].

In this work, the developed SPH model coupled with a ray tracer in a co-simulation
is applied to simulate a laser welding scenario with an oscillating laser beam. In Section
2, the main features of the SPH model for laser welding are outlined. In Section 3, the
coupling of the SPH simulation with a ray-tracing scheme and the workflow during the
co-simulation is presented. Examples using this co-simulation approach are illustrated in
Section 4 for laser welding with beam oscillations. Conclusions and an outlook are given
in Section 5.

2 MODELING WITH SPH

In a mathematical sense, the SPH method is a general discretization technique that
transforms a system of partial differential equations into decoupled ordinary differential

2
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equations. During time integration, the integrals are further simplified into sums of the
individual contributions of surrounding discretization points (so-called ‘particles’) within
a specified area given by the smoothing length.

The weakly compressible SPH formulation of Monaghan summarized in [7] is applied for
modeling both solid and liquid phases. Heat conduction and heat sources are considered
in the model according to [8]. The governing equations for conservation of mass, linear
momentum, and energy are extended to a thermomechanically coupled formulation by
combining mechanical and thermal deformations and stresses into the same framework
[9]. For the liquid phase, temperature-dependent surface tension is taken into account
using a model from [10]. Different heat conductivities and heat capacities are specified for
the solid and liquid phases to account for the varying material properties. Fluid-structure
interaction is modeled at a physical level by unifying the stress tensors for both solid and
liquid phases.

The phase changes currently considered in the model are melting, evaporation, and
resolidification. The specific enthalpy is used as an equivalent variable of the thermal
energy stored in the system. When only small pressure changes are assumed, the increase
in enthalpy is approximately equal to the amount of heat added to the system. There-
fore, a change in enthalpy may be converted to a change in temperature with the heat
capacity as proportionality factor. The latent heat of fusion and evaporation are released
or absorbed by the material in a transition range between two phases. During the SPH
simulation, when a particle melts or resolidifies, this particle type is dynamically changed
from a solid to a fluid particle or vice versa.

The gas phase motion is currently not simulated, and the effects of evaporation are only
considered through the recoil pressure acting on the surface of the weld pool. The particles
that evaporate are deleted during the simulation after the evaporation has completed. The
recoil pressure acting on the surface of an evaporating material due to high-intensity laser
radiation is calculated according to [11].

The SPH model is implemented into the software package Pasimodo [12], which is used
for the welding simulations.

3 CO-SIMULATION WITH A RAY-TRACING SCHEME

The co-simulation between the SPH simulation in Pasimodo and the ray-tracing scheme
as implemented in [13] is based on a server-client architecture, in which Pasimodo acts as
the server, and the ray tracer as a client. All required data are exchanged via a TCP/IP
network protocol.

The workflow of the co-simulation is briefly described in the following. A more detailed
version may be found in [4]. An ellipsoidal plane is used as the initial surface geometry for
the ray tracer. The calculated absorbed intensities for each surface triangle are transferred
to Pasimodo as initial energy input through the laser beam. In Pasimodo heat source
particles are added at the center of gravity positions of each triangle. The transformation
of intensities to heat source particles is described in detail in [5].

3
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In Pasimodo the welding simulation is performed with these dynamically added heat
source particles. After a user-defined coupling time interval, the current surface geometry
is detected and reconstructed. The detection of surface particles follows the method
depicted in [14]. Based on the detected surface particles and their approximated normal
vectors, the surface of the capillary and weld pool is reconstructed and a triangle mesh is
generated.

The updated geometry and the temperature of the surface particles are then sent to
the ray tracer in PLY format [15]. Using the updated input data, the ray tracer again
delivers the absorbed intensity distribution and sends it to Pasimodo. This co-simulation
loop is repeatedly executed until the welding simulation has finished.

4 EXAMPLES

Intentional oscillations of the laser beam are subject to current research in order to
influence the resulting weld seam to a desired shape, e.g. a perfect rectangular cross section
that is able to withstand higher loads. A further motivation for laser beam oscillations is
to stabilize the welding process and to reduce weld defects [16, 17, 18]. Optical systems
with increased precision regarding focus position have been developed in the past years
such that the laser beam can follow almost arbitrarily given trajectories.

In this section, the first example is the seam welding process of an iron sheet. After-
wards, the laser beam is subjected to an oscillating motion to investigate the impact of
these oscillations on the capillary and weld.

4.1 Welding of an iron sheet

In the following example, a seam welding process of an iron sheet is simulated. The
discretized workpiece with the dimensions 4 x 2.5 x 2 mm3 consists of approximately
163000 particles arranged in a rectangular grid at the beginning. A laser with a Gaussian
beam profile, a focal diameter of 200µm, and a power of 5000W is applied. The focus
position is the upper surface of the workpiece. The feed rate is specified as 6 m/min. The
coupling time interval for the co-simulation loop is set to 50µs.

During the simulation, a capillary with a depth of 1.11mm and a width of 0.52mm
is formed through the welding process. Three geometries of the reconstructed capillary
with their absorbed intensities are depicted in Fig. 1 which shows the evolution of the
capillary over time.

The temperature distribution after 25ms and the different phases are visualized in
Fig. 2. The dark grey particles remained solid during the whole welding process, the blue
particles form the liquid weld pool, and the light grey particles shape the resolidified weld
seam with a depth of 1.15mm and a width of 0.87mm. Since the evaporated particles
are deleted during the simulation, these are not shown in the figure.
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(a) t = 2.5ms (b) t = 5ms (c) t = 15ms

Figure 1: Capillary cross section with intensity distribution (red: high intensity, blue: low
intensity) in the xz-plane during welding of iron.

temperature in K

300 981 1662 2343 3024
solid particle
fluid particle
resolidified particle

Figure 2: Temperature distribution (left) and different phases (right) during welding of
iron at t = 25ms (view of surface and mid cross section).

4.2 Influence of laser beam oscillations on the weld

During the simulations, all process parameters are read at each coupling time step in
the general co-simulation approach. Therefore, a complex trajectory of the laser beam is
easily specified to keep the simulated welding process as flexible as possible.

Oscillations in y-direction

To demonstrate the model capabilities, in the following example the laser beam is
oscillating in y-direction due to a sinusoidal excitation

y(t) = A sin(2πft) (1)
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in addition to feed in x-direction. The superposed motion of the laser beam is shown in
Fig. 3.
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Figure 3: Resulting trajectory of laser beam with a feed rate v = 6m/min, an amplitude
A = 250µm, and an oscillation frequency f = 200Hz.

With multi-physics simulations, the influence of amplitude A and frequency f of the
sinusoidal excitation on the resulting weld may be investigated. The chosen process
parameters are P = 5000W, df = 200µm, and v = 6m/min as stated in the previous
subsection. The simulated process duration is 30ms, which corresponds to six to fifteen
oscillation cycles of the laser beam in the range from 200 to 500Hz.

In Fig. 4 three different cross sections of the capillaries and weld seams at t = 20ms
are depicted, where the amplitude is varied from 0µm to 500µm, and the oscillation
frequency from 0Hz to 500Hz. It can be seen that a change in amplitude and frequency
while keeping other process parameters constant influences the capillary and weld cross
sections to a high extent.

(a) A = 0, f = 0 (b) A = 250µm, f = 500Hz (c) A = 500µm, f = 200Hz

Figure 4: Capillary cross section with intensity distribution (red: high intensity, blue: low
intensity) and weld cross section in the xy-plane during welding of iron at t = 20ms.
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The consequences of the variation of amplitude and frequency on the capillary and weld
seam dimensions are plotted in Fig. 5. With increasing amplitude the weld seam becomes
wider and less deep. The same tendency is observed for an increasing oscillation frequency
for this example. However, the influence of the frequency is less pronounced than the
influence of the amplitude. These findings agree well with experimental observations
obtained for welding aluminum to copper [19]. Furthermore, a higher frequency results in
a smoother seam profile along the y-axis without distinct maximum and minimum values.
In contrast, the simulation with A = 500µm and f = 200Hz shows a fissured capillary
geometry that gets deeper close to the point of maximum deflections in y-direction.
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Figure 5: Resulting capillary and weld dimensions depending on the amplitude A in
y-direction at a constant frequency of 200Hz (top) and the frequency f at a constant
amplitude of 250µm (bottom) during welding of iron at a laser power of 5000W.

Oscillations in both x- and y-direction

In a further example the laser beam is oscillating in x- and y-direction due to a sinu-
soidal excitation with same amplitude A and frequency f , but with a phase shift ϕ = π/2
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such that the beam follows the trajectory

x(t) = vt+ A sin(2πft) , (2)

y(t) = A sin(2πft− ϕ) ,

close to a circular motion as shown in Fig. 6. According to [16], this trajectory is most
frequently applied in industrial practice. As an example, such a rotating laser beam is
used to suppress spatter and surface voids during welding of copper in [17].
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Figure 6: Resulting trajectory of laser beam with a feed rate v = 6m/min, an amplitude
A = 250µm, an oscillation frequency f = 500Hz, and a phase shift ϕ = π/2.

The resulting cross sections of the capillary and weld seam at t = 20ms are depicted
in Fig. 7a. Compared to the beam oscillation with same amplitude and frequency only in
y-direction as shown in Fig. 7b, the weld seam is much wider at the expense of a smaller
depth.

(a) A = 250µm, f = 500Hz,
oscillations in x- and y-direction

(b) A = 250µm, f = 500Hz,
oscillations in y-direction

Figure 7: Capillary cross section with intensity distribution (red: high intensity, blue: low
intensity) and weld cross section in the xy-plane during welding of iron at t = 20ms.
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5 CONCLUSIONS

The process of laser welding is simulated using the SPH method, where both the solid
and liquid phase are modeled in detail. The model accounts for significant physical effects
such as surface tension, heat conduction, and free-surface melt flow. The phase transitions
between melting, solidification, and evaporation are considered together with the absorp-
tion or release of the latent heat of fusion and evaporation. The evaporated material is
currently not modeled, but the recoil pressure that affects the melt is implemented based
on a physical model in [11].

A co-simulation approach is presented by coupling an SPH code with a ray tracer to
simulate the laser-material interaction in deep penetration welding. Data is exchanged
through a TCP/IP protocol. Additional procedures in the co-simulation are the trans-
formation of intensities into heat source particles interacting with other SPH particles
at the surface of the melt, the detection of surface particles, and the subsequent surface
reconstruction.

The proposed simulation approach is flexible regarding the specification of process
parameters and can be applied for a variety of welding scenarios. This is exemplarily
shown for welding with different laser beam trajectories, where the feed is superposed
with an oscillating motion in y-direction, and also in both x- and y-direction, resulting
in a helical trajectory. The simulations can capture main characteristics of the welding
process and predict the weld dimensions and cross section shapes. It is shown that
beam oscillations affect the resulting weld seam shape to a high degree. The variation
of amplitude has a major influence on capillary depth and width, whereas the influence
of frequency on the shape is minor. However, a higher frequency might be preferred to
achieve smoother welds.

Even though the simulations deliver valuable estimations on weld dimensions and ge-
ometry, the quantitative results still need to be validated. All material parameters are in
reality highly dependent on temperature. Therefore, more temperature-dependent ma-
terial parameters should be used to model the welding process more precisely. One way
would be to provide lookup tables and interpolating the values. Another method is to use
empirical models that can cover the trends in the changing parameters for a certain type
of material or a temperature region. This is an important, but not much investigated
topic that needs further research.

In order to make further predictions on the weld quality such as surface roughness,
number of pores, and extent of spatter, further extensions in the model are required,
especially the inclusion of the gas phase motion and condensation. Both the spatial
and temporal resolution for the co-simulation need to be refined to make more qualified
statements. In this regard, a reasonable model extension is to use an adaptive SPH
discretization scheme that refines the resolution of the workpiece in regions of interest
around the capillary, while coarsening the resolution in regions that are far away from the
laser beam.
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Abstract. A new approach to calculate surface tension in a particle method is proposed. In 
particle methods, one way to calculate surface tension is introducing pairwise potential force, 
which is long-range attractive and short-range repulsive. However, the potential force acts not 
only on the surface but also inside the fluid bulk, which causes unrealistic pressure increase in 
the droplet or shrinkage of the droplet. In this study, a many-body potential is introduced for 
surface tension calculation instead of the pairwise potential. The new approach is tested in the 
droplet oscillation calculation, capillary pressure calculation and capillary rise calculation. 
The surface tension could be estimated consistently in these calculations.   

 
 
1 INTRODUCTION 

One of the advantage of particle methods is to capture the complex motion of the dynamic 
free-surface flows. It is important to take surface tension into consideration to calculate the 
free surface flows, especially in analysing fluid motion in microstructures or droplet break up 
behaviours. There are mainly two ways to calculate surface tensions in particle methods [1,2]. 
One is to introducing surface tension force by discretising the continuum surface force (CSF) 
model [3]. However, the first approach does not conserve linear momentum of the particle 
system, and it might cause strange motion of droplet. Another way is to introduce pairwise 
potential force, which is long-range attractive and short range repulsive [4-6]. This approach 
can conserve linear momentum and the formulation is much simpler than the CSF approach. 
Since the mechanical energy conservation is good with the potential force, its numerical 
stability is also good. However the pairwise potential force acts not only on the surface of the 
fluid but also acts inside the fluid bulk. Because of this force inside, unrealistic pressure 
increase in the droplet or the droplet shrinkage occurred [5]. The pairwise force tends to be 
large, and the time step width has to be small enough, which is not favourable for numerical 
efficiency.  

In this study, a new model for surface tension calculation is developed. A many-body 
potential force is introduced instead of the pairwise potential force in the context of Moving 
Particle Full-implicit (MPF) [7] method, and the new model is tested in the calculations of 
droplet oscillation, capillary pressure and capillary rise, and the surface tensions are estimated 
through these calculations.  
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2 NUMERICAL METHOD 

2.1 Incompressible calculation [7] 
To simulate incompressible free surface flows, Moving Particle Full-implicit method [7] 

was used in this study. In the method, the following governing equation was adopted.  
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 )(        (1) 

Since this equation approaches to the usual incompressible Navie-Stokes (NS) equation when 
we set the parameters λ and κ large enough, it can be used instead of the incompressible NS 
equation. The first term on the right hand side is the viscosity term and the second term is 
equivalent to the pressure term in the general NS equation for incompressible flow. Here, the 
pressure is expressed as 

)( kkkkP    .        (2) 
In particle methods, the governing equations are replaced by particle interaction forces. 

The interaction is limited in a finite range using an effective radius re and a weight function 
wij as 













init

ij

e
ij

e
ijij

eij

ij
ij

WN

rd
rddr

W

N
Ww

0

2

0

)(0
)()(
       (3) 

In this study, the particle interaction models for gradient, divergence and Laplacian 
operators are formulated as 
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where wij’ is the differential of the weight function shown in Eq. (3).  The particle interaction 
models are formulated in a similar manner compared to the Smoothed Particle 
Hydrodynamics (SPH) [1] formulation, however, the weight function (Eq. (3)) instead of the 
SPH kernel function is used in this study. The differential of this weight function is non-zero 
at dij=0 so as to keep the particle arrangement uniform.  

When we discretize the governing equation (Eq.(1)) with the particle interaction models, 
the force acting on the particles are formulated as 
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where 

)1()(  
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Since the potential energy and dissipative function for the discretized equation can be 
written, thermodynamic consistency of the particle system after discretization is assured. It 
implies that the mechanical energy of the system monotonically decrease, and this property is 
important for stable calculation.  

The equations (5) and (6) will be a linear matrix equation whose unknowns are the velocity 
u and the pressure P. Since the coefficient matrix is symmetric, it can be solved by conjugated 
residual (CR) method. 

2.2 Surface tension model using many body potential 
The surface tension is calculated in the similar manner to the SPH pressure calculation, 

where another normalized weight function 
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is used. The parameters like density and pressure are calculated as 
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where ρ0 is the bulk density at the initial state, and a is a coefficient to control the magnitude 
of surface tension. The interaction force with respect to surface tension is formulated as 
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Because of the low particle number density close to the surface, the pressure Ps will be 
negative, and it yields the long-range attractive force, which can simulate surface tension.  

Since the force can be derived from the potential formulated as 
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it conserves mechanical energy and also the linear momentum of the system.  
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3 CALCULATIONS 
Using the same set of the parameters shown in Table 1, droplet oscillation, capillary 

pressure and capillary rise will be calculated, and surface tension σ were estimated through 
each calculation. For the uniform arrangement of the particles during the calculation, the 
effective radius for the surface tension term res should be larger than the effective radius for 
the pressure term re. It is because the range of the attractive force due to the surface tension 
term is to be larger than the range of the repulsive force due to the pressure term. 

 
Table 1: Parameters used in the calculations 

Parameters Values 
Time step Δt 0.001 
Particle spacing l0 0.01 
Mass m 0.0001 
Viscosity μ 1.0 x10-10 
Effective radius for pressure and viscosity terms re 0.015 
Bulk viscosity κ 100 
Bulk modulus λ 10000 
Effective radius res 0.032 
Coefficient in the surface tension calculation a 0.01 
 

3.1 Droplet oscillation calculation 
Figure 1 shows the initial state of the droplet oscillation calculation. The radius of the 

droplet is R=0.3 and the shear rate of 1.0 is given at the initial state. The snapshots of the 
calculation is shown in Figure 2, where the oscillating droplet can be seen.  The time history 
of the x radius of the oscillating droplet is shown in Figure 3. Even when the viscosity is set 
very small value, the oscillation decay occurred. It is because the particle method has its 
intrinsic viscosity. The surface tension σ can be estimated using the theoretical period of 
oscillation [4] 




6
2

3R
          (12) 

Since the theory is applicable for the oscillation in a small fluctuation, the oscillation 
period after decay was used to calculate the surface tension coefficient σ. With this calculation, 
it was estimated that σ=0.044.   
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Figure 1: Initial velocity in the droplet oscillation calculation 

 

 
Figure 2: Droplet oscillation calculation 
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Figure 3: History of x radius of the oscillating droplet 

 

3.2 Capillary pressure 
According to the Young-Laplace equation [4], the relation between the radius of the 

equilibrium droplet and the pressure inside the droplet is given as 

R
Pin


          (13) 

To estimate the surface tension from this equation, the equilibrium droplets having various 
radiuses R=0.1, 0.2, 0.3, 0.4, 0.5 are calculated. Since the raw pressure value suffered from 
the numerical fluctuation, the spatial-averaging and time-averaging were conducted to know 
the inner pressure of the droplets. In the spatial-averaging, the pressure calculated by Eq. (6) 
is averaged after extracting the particles near the surface.  In the time-averaging, the spatial-
averaged pressure was averaged in the time range of 1.0 after equilibrium is reached. The 
relation between 1/R and the averaged pressure Pin is shown in Figure 4. From the figure and 
Eq. (13), an approximate surface tension σ=0.037 was obtained.  

Figure 5 shows the potential energy with respect to the surface tension term. The potential 
only located on the surface while almost no potential was observed in the fluid bulk. It 
implies that the force acts only on the surface and does not cause the unrealistic pressure rise 
which was observed in the surface tension calculation using pairwise potential [5].  
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Figure 4: Relation between 1/R and inner pressure Pin 

 

 
Figure 5: Potential energy with respect to the surface tension calculation 

 

3.3 Capillary rise 
The initial state of the capillary rise calculation is shown in Figure 6. The sideward 

boundaries are set as periodic boundaries. The walls are expressed by the red fixed particles, 
at which the calculations are conducted in the same manner as at the blue moving particles 
except for the position update. The gravity g=1.0 is given. The snapshots of the calculation 
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are shown in Figure 7. After the liquid rose in between walls, it reached the equilibrium state 
at around t=3.0. Since the relation among the elevation difference h1-h2, the curvatures of the 
surfaces 1/R1, 1/R2 and surface tension σ are given as 
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21
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hhg         (14) 

in the equilibrium state [4], the surface tension can be estimated as σ=0.041, where h1-h2=0.54, 
R1=0.06 and R2=0.30 (Figure 8) were used. 

 
Figure 6: Initial state of the capillary rise calculation 

 

 
Figure 7: Capillary rise calculation 
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Figure 8: Length at the equilibrium state 

 
Though the droplet oscillation calculation, the capillary pressure calculation and the 

capillary rise calculation, the surface tensions σ were estimated. The values obtained were not 
contradictory. It implies the applicability of the new surface tension calculation model using 
many-body potential.  

4 CONCLUSIONS 
A new model for surface tension calculation is developed. A many-body potential force is 

introduced in the context of Moving Particle Full-implicit method [7]. The new surface 
tension model is tested in the calculations of droplet oscillation, capillary pressure and 
capillary rise. Since the surface tensions estimated through each calculation are not 
contradictory, it is confirmed that the new model can well express surface tension in the 
particle method.  

REFERENCES 
[1] J.J. Monaghan, Simulating free surface flows with SPH, Journal of Computational Physics

110, 399-406 (1994) 
[2] S. Koshizuka and Y. Oka, Moving-Particle Semi-Implicit methods for fragmentation of 

incompressible fluid, Nuclear Science and Engineering 123, 421-434 (1996) 
[3] J.P. Morris, Simulating surface tension with smoothed particle hydrodynamics, Int. J. 

Numer. Meth. Fluids 33, 333–353 (2000) 
[4] A. Tartakovsky and P. Meakin, Modeling of surface tension and contact angles with 

smoothed particle hydrodynamics, Physical Review E 72, 026301 (2005) 

R2≒0.30

R1≒0.06

h1-h2≒0.54

469



Masahiro Kondo 

 10 

[5] M. Kondo, S. Koshizuka and M. Takimoto, Surface tension model using inter-particle 
force in particle method, 5th Joint ASME/JSME fluid engineering conference, San 
Diego, July 30-August 2, 2007, FEDSM-37215. 

[6] M. Kondo, S. Koshizuka and M. Takimoto, Surface tension model using inter-particle 
potential force, Transactions of JSCES, Paper No. 20070021 (2007) (in Japanese) 

[7] M. Kondo, A particle method for incompressible flow analysis using coupled implicit 
solver for pressure and velocity, Proceedings of 21st JSCES annual conference, A-3-2 
(2016) 

 

470



Fusional method of MPS and FEM through tetrahedral mesh generation

V International Conference on Particle-based Methods – Fundamentals and Applications 
PARTICLES 2017 

J. Imamura 
 
 
 

FUSIONAL METHOD OF MPS AND FEM THROUGH TETRAHEDRAL 
MESH GENERATION 

JUNYA IMAMURA¹ 

 ¹imi Computational Engineering Laboratory 
Wako-shi, Honcho 31-9-803, 351-0114 Saitama, Japan 

E-mail: jimamura@ra2.so-net.ne.jp 
 

Key words: Improved Helmholtz-decomposition, MPS, FEM, Non-equidistant FDM 

Abstract. The moving-particle semi-implicit (MPS) method is used as a density method for 
moving surfaces. The main disadvantage of previous density methods was that mass 
conservation was difficult to achieve because the mean density varied due to elemental 
diffusion; in contrast, MPS satisfies mass conservation. The density method is also very suitable 
as a finite element method (FEM), thus leading to the concept of an MPS-FEM fusion method. 
The MPS method especially incorporates a weight function for calculating the particle number 
density. Because the weight function is a Kernel function, the MPS-FEM fusion method 
includes a novel Kernel function similar to the weight function of MPS. The masses (particles) 
occupy positions on the vertex nodes of the tetrahedral elements, and the mesh must be 
recomposed for the time step advance by using a mesh generation technique. The masses are 
distributed in the control volume (CV) according to the Karnel function, and mass conservation 
must be satisfied by mesh regeneration using the apparent new density . The method is 
composed of FEM and a conceptual Helmholtz decomposition (H-d) using uL- and uT-elements 
for displacement u = uL + uT (where L: Lateral and T: Transverse). Nevertheless, an improved 
Helmholtz decomposition method (iH-d) is applied here to satisfy the conservation laws. 

 
 
1 INTRODUCTION 

I present a numerical calculation model of an incompressible flow field with free surfaces. 
The model is based primarily on the moving-particle semi-implicit (MPS) method, but 
calculation is performed by the finite element method (FEM) to include not only scalar potential 
flow but also vorticity flow. Thus, I apply Helmholtz decomposition (H-d) to represent the 
velocities. 

Moreover, I consider the scalar potential term of H-d inappropriate to represent dilatational 
components. For this reason, I propose an improved Helmholtz decomposition (iH-d). The 
objective of the present study is to build a route for applying iH-d to free surface flow problems. 

MPS is the best method for such free surface problems, because it conserves mass perfectly 
and is the only method disregarding surfaces. In addition, MPS allows nonlinear mechanisms, 
and it can therefore be used to solve contact problems. In the flow problem, the free surface 
implies mechanism nonlinearity, i.e., changes from the Dirichlet boundaries to the Neumann 
boundaries or the reverse. 

In the free-surface MPS problem, the compressible flow plays an important role because this 
is apparently a compressible flow problem. Therefore, FEM is required for the compressible 
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flow calcuation. 
The iH-d method allows compressibility by representing the velocity vector separately, i.e., 

with the dilatational term and the rotational term. 
The iH-d rotational term is incompressible at any time (automatically solenoidal). However, 

not only vorticity but also the shear strains in the fluid must be incompressible. 
Normal strains induce volume changes, whereas shear strains induce shape changes but no 

volume changes. This is the basic assumption for applying iH-d to free-surface problems. 
In reverse, MPS causes high discretization (example discretization model shown in Fig. 1).  
 

 

Figure 1: Nodal model (continua  Frame work) 

This problem can be explained by Kondo’s indication [3] that the original MPS formulation 
lacks angular momentum terms. For the equilibrium equations of the above framework model, 
∑Mi=0 is required in addition to ∑Ni=0 on the nodes. This problem is automatically resolved 
when we use FEM, in which distributed rigidity and re-reduced particle density is assumed. 

2 REDUCING AND RE-REDUCING: FINITE ELEMENTS  PARTICLES 

2.1 Initial setting 
The numerical scheme is constructed by FEM, generating tetrahedral elements by joining 

two particles with a straight line. This process is called grid generation in initial setting.  
The particles include inner mass particles and boundary particles, and the boundary particles 

include zero-mass particles on the Dirichlet boundary and nonzero–mass particles on the 
Neumann boundary; nonequal masses are allowed. 

At the time of the initial setting, the system is divided into sub-domains, and all particles are 
set on the centre of gravity, with the exception of the particles on the Neumann boundary. 
Overall, the following steps are executed: 

 
(1) Setting the nodes on the Dirichlet boundaries  without mass (zero-mass) 
(2) Setting the nodes on the Neumann boundaries  with mass 
(3) Dividing the system to sub-domains for particles with mass  infinite number and 

mass 
(4) Constructing the tetrahedral elements (by any existent scheme)  nonequally 

masses are allowed 
(5) Adaptive element generation for isolated (flying) particles (in future work) 

 
The above steps are illustrated in Fig. 2. 
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Figure 2: Initial setting procedure 

2.2 Re-reducing particle mass to density 
To apply FEM, density is indispensable. mi is the mass of the concerned particle i, Vj,i is the 

control volume (CV) of the j-th element that shares a node with i, and the mass mi is distributed 
to the individual CV in the inverse ratio following Eq. (1). 
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Figure 3: Re-reducing of particle mass to  

 has a positive physical value, so it is represented by the exponent of the r-variable, i.e.,  
=exp(r).  is constant in CV, but discontinuous in the element; consequently, mass conservation 
is shown in (2) without advection terms. 
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3 IMPROVED HELMHOLTZ DECOMPOSITION 

3.1 Helmholtz decomposition 
According to the Helmholtz theorem, an arbitrary vector field u can be represented in Eq. 

(3) using a scalar potential ∇ and a vector potential  under the restriction of the Coulomb 
gauge. 
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)( 0divcurl  u  (3) 

Let us think about the displacement vector u in a solid. The simplest example is the cantilever, 
which is statically deterministic and can neglect the shearing strain, i.e., u=∇. 

However, we cannot obtain the numerical result expected by FEM using ∇. 

3.2 Improved Helmholtz decomposition 
Therefore, I proposed the improved Helmholtz decomposition represented in Eq. (4). 
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The novel operator used in Eq. (4) is defined as follows: 
 

 
 
The expression for the fluid in the definition assumes that the Navier–Stokes (N.S.) equation 

is represented in rotational form. When the N.S. equation is represented in shearing form, the 
expression in the second row (using ∇shr ) is the same as for the solid. 

The dilatational component in iH-d is represented by the orthogonal component of the 
rotational components and modified with ∇, which is constrained by the gauge. 

3.3 Strain potential and chain low 
According to the Helmholtz theorem, the arbitrary vector field should be decomposed. By 

analogy to the numerical formula, iH-d can be applied to the strain vector shown in Eq. (5). 
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iH-d decomposes also the vector potential shown in Eq. (6). 
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I call the above the “low chain of the Helmholtz decomposition”. The low chain can be 
endlessly developed, and, therefore, iH-d can only be represented numerically. 
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3.4 Scoop up residuals of an equation to ∇ 

The scalar potential  and the pressure P function have the same spatial effects. The 
dilatational component modified by ∇∇diag, represents the volumetric ratio divuL=div∇
diag. The conceptual function of ∇ is illustrated in Fig. 4. The numerical scheme for 
minimizing (∇ ⇒0) consists of two steps. First, ∇ scoops up the residual of an equation 
represented by u, e.g., A+divuL  ∇ (Eq. (7)), and then ∇ gives the offset values of u which 
are explained later (in the section 4.7). 

0ddivuA 


})({  (7) 

 

Figure 4: Conceptual function of ∇ 

3.5 iH-d elements 

I propose the iH-d elements in Fig. 5, in which shows an example of ∇. This element shape 
is applied for ∇i, ∇, nd ∇P. ({ }k: on vertex, { }COG: on the center of gravity) 

      

Figure 5: iH-d elements ∇ for 2D and 3D 

The element function is expressed in the finite Taylor series, and the adopted terms are 
represented in Fig. 5 with the coefficient terms for 2D in the left part of the figure (no notice 
for 3D). The functions for 2D and 3D are incomplete 3rd order functions. Both functions have 
a zero interceptor { (00)}0=0. 
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4 NUMERICAL SCHEME 

4.1 Navier–Stokes equation 
The mass conservation equation is shown in Eq. (2). The Navier–Stokes equation used in 

this paper is shown in Eq. (8) in the rotational form, where U is the velocity vector,  is the 
density, g is the gravity, P is the pressure, and  is the viscosity. 

0divPdiv
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D
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3
4()( UUgUUU 2

curl  (8) 

4.2 Time axially central FDM 
I apply the central difference method to the time axis shown in Eq. (9), where u is the 

displacement vector, t is the time pitch, and n is the time step (n=0,1,2,3,…). 
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The states are known for n-1 and n , and unknown for n-1, and the displacements uL,n+1 and 
uT,n+1 are used as variables, i.e., unknown parameters {∇}k

n+1 , {∇}COG
n+1 

, ∇, ∇, and ∇P are the elements used here. 
For n-1 and n+1, I use the grid generated at n, but using the corresponding data for each 

spatial position shown in Fig. 6 

 

Figure 6 Grid usage 

4.3 Initial setting of ∇P element 

The gravity acceleration gz and the density 0 are known, and so the node parameter {P(001)}k 
can be determined algebraically, using Eq. (10). 

zk gP 0
)001( }{   (10) 

By this initial setting, the system is maintained stable, and ∇P triggers the dam breaking 
problem, as is shown for example in Fig. 7. 

time step n

n-1

n+1

calc. by central FDM applying in n generated grid
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Figure 7 Dam breaking and discharge  

4.4 Momentum conservation excluding source and charge 
The Navier–Stokes equation is resolved on the time step n-section by iteration, through the 

weighted residual method. 
The scheme can be explained better by dividing it into step groups. In the first step group, 

elements ∇, , ∇P, ∇ are calculated, and in the second step group, element ∇ is 
calculated. 

The concept of the proposed scheme is explained by Eq. (11) and Eq. (12), where 1≡{1,1,1}. 

0div
t

L 

 )( 2 UU  

0ΦdivP
t

T
curl

L 

 })(

3
4{})({ 2

0 U1UggUUU   

(11) 

(12) 

Both equations mean to conserve the momentum excluding sourcing and charging into the 
system. 

Eq. (11) excludes sourcing through a continuity equation using ∇. 
Eq. (12) excludes external force sourcing using ∇P and internal force sourcing using ∇. 

The solenoidal term is unrelated to sourcing. 

4.5 Boundary value problems for iH-d elements 
The iH-d element satisfies C1-continuity. However, the boundary value problem is 

incompatible with C1-continuity, because up to 2nd derivative must be determined with other 
conditions explained in Eq. (13), or by the hybridization method shown in Eq. (14). 
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Figure 8 The boundary value problem 

Thus (according to the former), the twist parameter is varied on the vertex in order to 
minimize the twist value in the element shown in Eq. (15) ({(11)}k : free on the boundary). 
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Eq. (15) is represented in the 2D case. Up to the 2nd derivative can be varied, but the 
constraint condition is represented as ((11)⇒0) for simplicity. 

4.6 The first group step 

The node parameters {∇}k, , {∇P}k and {∇}kare obtained from Eq. (16). 
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4.7 The second step 

The node parameters {∇}k are obtained from Eq. (17) and the accompanying constraint 
condition is shown in the 2nd row. 

The incremental {∇}k : U are unknown parameters in the simultaneous equation. 
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①〜⑤ are iterated until converged. 

4.8 Gauge for iH-d scheme 

∇ have ninedegrees of freedom. Therefore, nine equations are needed to obtain iH-d 
parameters. (Notice; Using the cubic interpolation procedure (CIP), ∇(N.S. eq.) = 0 is solved 
to obtain ∇u. ) 

I call the relationship between ∇curl and ∇shr “conjugate”. ∇curl is a conjugate variable 
of ∇shr and vice versa. 

The Eq. (9) supplement constraint condition (∇shr⇒0) stabilizes the numerical calculation. 
I call this conditions also “gauge”. 

To calculate divu, a gauge (∇imiu⇒0) is necessary, as seen in Eq. (18) and Eq. (19); a novel 
operator ∇imi is defined in Eq. (19). 
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5 PARTICULARITY OF 2D MODEL 
To ensure the above 2D scheme is necessary condition to ensure the 3D calculations. 
The Helmholtz decomposition (Eq. (3)) for < x−y > 2D can be represented in Eq. (20) using 

the suffices (i = 1, 2, 3), (i + 1 = 2, 3, 4), and (i−1 = 3, 1, 2); also, for < y−z > 2D it is shown 
in Eq. (21). 
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(21) 

We can express it in the same way also for < z−x > 2D. 3D can be expressed by summation 
of these equations. Thus, it is sufficient by the explanation for 2D. 

However, in 2D, ∇diag cannot be applied, because 1 and2 are lacking in ∇curl. 
It must be remembered that the 2D model calculates 3D, and the axisymmetric 1D model do 

also 3D. 
Accordingly, the 2D model can be used to represent 3D by introducing the z-axis shown in 

Eq. (22). 
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Nevertheless, it must also be remembered that the integrals of the odd functions z∙g2’ are 
zeros. 

The vertex stretching terms also appear by introducing the z-axis; theoretically, these 
stretching terms are zeros in 2D. This means that the iH-d scheme using Eq. (22) satisfies 
[stretching terms=0], numerically. 

6 CONCLUSIONS AND FUTURE WORKS 
- The biggest merits of MPS are that it conserves mass perfectly, and is not affected by 

the existence of surfaces. Conversely, these are the week points of FEM. 
- One of the characteristics of FEM is that it can be used for calculations without angular 

momentum terms. 
- I proposed in this paper an MPS-FEM fusion method that incorporates the advantages 

of both models. 
- I interpret MPS as a sort of density method for a moving surface. 
- Accordingly, the fusion method may be used for compressible flow calculations. 
- I apply here the iH-d elements and scheme. 
- Going further, in my future work, I am going to finish developing an adoptive scheme 

for maintaining a tetrahedral element by sub-division of a particle. 
- The numerical verifications are also going to be conducted in the near future. 
- The forced cavity must be chosen as a benchmark test problem to verify the results of 

this paper. 
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Abstract. This study presents a numerical modelling of HCT (Hollow Cylinder Test) using 
DEM (Discrete Element Method) by developing of TRUBAL code on granular soils. Due to 
high expenditures of HCT, a verified numerical modelling of this test was developed. In 
addition, this numerical model can be used to address the gap in understanding the relationship 
between the particle-scale interactions and the overall material response. In the introduced 
numerical model (HCTBALL), plane and cylindrical walls were defined to apply the boundary 
forces and stresses. Also, an efficient method was presented to apply the torque. The 
displacements of inner and outer walls were interdependent while applying the torsion to 
control the intermediate principal stress parameter (b). To verify the model, the results of 
experimental hollow cylinder tests on Firoozkooh sand under monotonic loading and drained 
condition were employed. Therefore, the simulations were compared qualitatively with 
experiments to verify the presented model. It is observed that the deviatoric stress at failure, 
increased with a decreasing rate by increasing the confining pressure. By increasing the rotation 
angle of principal stress direction, the difference between deviatoric stresses in specific 
confining pressures was decreased.  
 

 
1 INTRODUCTION 

This paper presents a numerical modelling of HCT using DEM by developing of TRUBAL 
code (Cundall, 1989 – Aston Version) on granular soils under monotonic loading and drained 
condition. 

Soils, usually show anisotropic behavior that depends on their structure (inherent and 
induced formation history) and environmental factors. These environmental factors (seismic 
loads, traffic, sea waves and etc.) cause principal stress rotation which plays an important role 
in soils behaviour and ignoring this factor may cause an insecure design of geotechnical 
structures. The hollow cylinder apparatus is a versatile testing device widely employed to 
investigate the constitutive behavior of soils under generalized stress conditions, including 
principal stress rotation, anisotropy and non-coaxiality [1, 2]. Saada et al. [3, 4] pioneered the 
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use of HCA for investigating the effects of principal stress rotation in sands and clays. Several 
theoretical and experimental research have been carried out on the rotation of principal stress 
directions and its importance in soil response by researchers [1, 2, 5-7]. The HCA is able to 
apply a torsion and therefore a shear stress in the soil sample which results in the principal stress 
axis rotations.  

Regarding all the capabilities, with HCT and all the other experimental tests, the 
micromechanical parameters of soils cannot be investigated and there could be some limitations 
to change the testing conditions quickly and effortlessly. DEM can solve this problems and 
could be used as a virtual laboratory to fill the gap in understanding the relationship between 
the particle-scale interactions and the overall material response. It is a numerical tool that can 
be used to address this gap, because the particle-scale interactions which cannot be measured 
in laboratory tests, can easily be monitored in “virtual” tests [8]. This method firstly used by 
Cundall [9] to simulate progressive large-scale movements in blocky rock systems. BALL was 
extended to an early version of TRUBAL by Cundall and Strack that used linear spring contact 
laws. Cundall extended the above early version of TRUBAL [10]. In this version, nonlinear 
contact laws are used.  

Thereafter, various research were carried out to develop the TRUBAL code for different 
studies. Dorostkar and Mirghasemi [11] extended the TRUBAL code to calculate the anisotropy 
parameters of particles in micro scale. Recently, numerical simulations of hollow cylinder test 
have been carried out using PFC3D software by Li, et al. to investigate the propagation of shear 
band in granular soils [12, 13]. In the current study, the three-dimensional simulation of the 
HCT was done by developing TRUBAL code to investigate the shear strength parameters of 
granular soils with the ability to control the intermediate principle stress parameter b. This 
parameter plays an important role in the behavior of soils. Numerical simulations were carried 
out with drained and monotonic loading conditions. To verify the presented numerical 
simulation, the results of experimental drained hollow cylinder tests on Firoozkooh sand under 
monotonic loading conditions [14] were used. 

 
Figure 1: Forces acting on the hollow cylinder specimen [7, 12] 

 

2 HOLLOW CYLINDER TEST 
The HCA, allows independent control of the magnitudes of principal stresses and their 

directions (α). Figure 1 shows the idealized stress condition in a hollow cylindrical element 
subjected to the axial load (W), torque (T), internal pressure (Pi) and external cell pressure (Po). 

482



B. Farhang, A. A. Mirghasemi 

 
 

3 

During shearing, the torque (T) applies shear stresses (τθz =τzθ) in the horizontal plane of the 
sample. The axial load (W), applies the vertical stress (σz), and Pi and Po control the radial and 
circumferential stresses (σr and σθ). Hight et al. [7] proposed equations for the average stress 
and strain calculations for the HCA. These are the same as those in Yang et al. [15].  
 

3 SIMULATION USING DEM 
In this study, the three-dimensional simulation of the HCT was done by developing the 

ASTON version of TRUBAL code named GRANULAR (Derived from Cundall's DEM Code 
Trubal Version 1.51: 9 May 1989) to investigate the mechanical behavior of granular soils with 
the ability to control the intermediate principle stress parameter b. Numerical simulations were 
carried out with drained and monotonic loading conditions.  

To calculate the particle-particle and particle-wall normal contact forces, Hertzian model 
and for the tangential contact forces, Mindlin and Deresiewicz model [16] were used. The 
details and algorithms of contact forces, torsional force calculations and the procedure of 
intermediate principal stress parameter control are beyond the scope of this paper. 

In this study, 4500 particles were generated randomly with five different diameters of 4, 5, 
6, 7 and 8 mm. The specimen geometry was chosen in a way [7, 17] to minimize the effect of 
non-uniformity. Dimensions of test specimens used for simulations were 200 mm length hollow 
cylinders having a 20 mm thickness, 60 mm inside and 100 mm outside diameters. Also, these 
dimensions were the same as the experimental dimensions [14] used to verify the DEM results. 
At this study, rigid walls were defined to apply the boundary forces. These walls were defined 
in plane and cylindrical shapes. The coefficient of friction for both inner and outer cylindrical 
walls were set to zero to allow the boundary particles freely move in contact with boundaries. 

 
Figure 2: Final model after the isotropic compaction phase and before the deviatoric loading phase 

Gravity was set to zero during the entire simulation procedure. Axial force was applied using 
the upper plane-wall and radial forces were applied using the inner and outer cylindrical walls. 
Walls can be operated independently from each other and have the ability to move strain-
controlled or stress-controlled (servo-control). Also, as previously described, to control the 
intermediate principal stress parameter (b) while applying the torsion, the inner and outer 
stresses were dependent to each other. It should be noticed that periodic boundaries cannot be 
used when using the walls. Figure 2 shows the final model after the isotropic compaction phase 
and before the deviatoric loading phase. All samples in this stage had an initial void ratio “e” 
of 0.7 and simulations were carried out as shown in Table 1. 
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Table 1:  Data table of simulation tests 

 

To apply the torque (T), particles which were adjacent to the upper plane wall, were used. 
The upper plane wall applies the vertical force as well. In deviatoric stress application phase, 
all walls with the stress servo control mode and a limited velocity, were commenced to move. 
This limited velocity value is determined by the unbalanced force ratio of particles in the 
system. A small magnitude of ξ =10-3 was shown to be adequate. 

 

4 VERIFICATION 
To verify the model, the results of experimental hollow cylinder tests on Firoozkooh sand 

[14] under monotonic loading and drained condition were employed. There are still some 
limitations in this study such as spherical particles were used for simplicity which could not 
consider the effects of particle shape. Also the gradation of granular soil and its material 
properties which is employed in the numerical model, is not the same as used in experiments. 
Therefore, the results presented here, are compared qualitatively. 
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Figure 3: Comparing the experimental and numerical results of deviatoric stress-strain response in a hollow 

cylinder specimen with P’0 = 200 KPa, b = 0.0 and different α angles 
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Comparing the presented model and experimental results according to Figure 3, it is shown 
that there was a close association between this model and the experiments. Also, α value was 
controlled during each test as shown in Figure 4. It is shown that there is a good control of α 
value in the numerical simulations. 
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Figure 4: Comparing the experimental and numerical results of deviatoric stresses in a hollow cylinder specimen 

with different α angles and P0 = 200 KPa 
  

5 RESULTS 
Numerical results of deviatoric stresses in a hollow cylinder specimen with different 

confining pressures for different α angles are shown in Figure 5. It is observed that the 
deviatoric stress increased with a decreasing rate by increasing the confining pressure in 
different α values. As α was increased, the difference between deviatoric stresses with different 
confining pressures was decreased. The results of deviatoric stress values are summarized in 
Table . It is observed that by increasing P’0, the difference between deviatoric stresses, were 
increased as shown in Figure 6. 

Table 2: Deviatoric stress values (q) for numerical simulations 
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Figure 5: Numerical results of deviatoric stress versus axial strain in a hollow cylinder specimen with different 

P0 for b = 0.0 and α angles of 0.0, 15.0, 30.0 and 45.0 degrees 
 

6 CONCLUSION 
The results reported in this paper, illustrated that the presented numerical model is a proper 

tool to study the effects of principal stress rotation on granular soils and the stress-strain 
behavior of granular media was presented. 

It was observed that the deviatoric stress at failure, increased with a decreasing rate by 
increasing the confining pressure. By increasing the rotation angle of principal stress direction, 
the difference between deviatoric stresses in specific confining pressures was decreased. 
Moreover by increasing the confining pressure, the difference between deviatoric stresses in 
specific α values, were increased. 

In this paper it was shown that it is possible to obtain the essential features of the mechanical 
behavior of granular materials under complex stress state by using DEM. 
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Figure 6: Numerical results of deviatoric stress versus axial strain in a hollow cylinder specimen with different α 

angles for P0 of 200, 600, 800 and 1000 KPa 
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Abstract. This work deals with the particle-based modelling of cortical wire meshes. Such 
meshes are being used in many engineering applications but their modelling is particularly 
complex because of the common large displacement serviceability conditions, the chance of 
localized failures, and the intrinsic geometrical and mechanical anisotropies. The discrete 
element method has proved to be an excellent numerical tool for the investigation of such 
structures. Here, two modelling strategies are compared using a wire-node description and a 
wire-cylinder description: in the first the wire mesh is described by a collection of spheres at 
nodes linked by long-range interaction forces, in the second the wires are represented by means 
of interconnected cylinders. The force-displacement constitutive model of the interactions is 
calibrated based on specific tensile tests. The comparison is performed on results of tensile tests 
and punch tests on a reference mesh panel. 

 
 
1 INTRODUCTION 

Metallic cortical wire meshes are currently being used in many engineering applications, 
especially for the mitigation of the rockfall hazard along slopes and for protection of people 
and infrastructures. They wrap rock cliffs or steep soil slopes supporting the horizontal and 
tangential stresses which arise from the weathering of the shallow layers. The evaluation of the 
contact and the stress distribution between these structures and the backfill material as well as 
the knowledge of the strain behaviour of these meshes is relevant for their correct design. 

These structures are constituted by ordered intersections of steel wires and cables generally 
having a ductile mechanical behaviour. The complex geometries and pattern of the wires, their 
different material properties, and the existence of non-trivial boundary conditions make these 
structures difficult to be modelled as simple continuum membranes. Moreover, their high 
deformability and the chance of local ruptures in the mesh make the numerical modelling of 
such structures very challenging. One of the approaches for efficiently simulating these 
structures is the discrete element method (DEM) which is particularly well suited to treat high 
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deformable problems including discontinuities and complex failure modes [1]. The DEM 
approach also allows to efficiently handle the mechanical behaviour at the contact between 
these meshes and other elements. 

This work shows a comparison of two different discrete element modelling strategies for the 
simulation of a double-twisted hexagonal wire mesh. The first one represents the wire mesh as 
a collection of remote interactions. The second strategy, describes each wire of the mesh in a 
more realistic way as a collection of interconnected cylindrical elements. The two modelling 
strategies are applied to a tensile test and a punch test and the results are compared. 

 

2 THE WIRE-NODE APPROACH 
In the first model, each node of the mesh is represented by a fictitious spherical particle that 

concentrates the mass of the related wires, while the wires are substituted by long-range tensile 
interaction forces having zero mass and no shape (Figure 1a). This representation permits to 
efficiently decrease the computational effort in terms of contact detection and rigid body 
dynamic [2,3]. The approach has been successfully applied to the modelling of large scale 
drapery systems [4]. 
 

  
(a) (b) 

Figure 1: Sketch of the (a) wire-node approach and (b) wire-cylinder approach. 

The density of these nodal particles is calibrated to match the total mass of the mesh panel 
while, for arbitrary convention, their radius is fixed equal to 4 times the single wire diameter. 
In this way the inertial properties of the mesh are correctly conserved also for analyzing 
dynamic problems like impacts. These nodal particles generally cannot touch one each other 
(this probability is very low in well-posed boundary problems like the one presented here), 
while contacts between the particles and other external elements are permitted to study the 
interaction of the mesh with other bodies and surfaces. 

The long-range contact forces between nodal particles have been implemented in the model 
on the basis of laboratory results of single wire and double-twist tensile tests [2]. These stress-
strain curves were implemented in the long-range constitutive interaction model by using a 
piecewise linear approximation. Only tensile forces are allowed as the wires would generally 
buckle under compression. 
In Figure 2, the tensile constitutive models for single wire and double-twisted wire are depicted. 
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It can be seen that the single wire interaction law has a higher initial stiffness compared to the 
one of the double-twisted wire as well as a higher maximum tensile elongation. 

 
Figure 2: Normalized stress-strain tensile curves for the wires of the double-twisted wire mesh. 

Two methods have been used to assign the constitutive model at each wire type [2]: a 
deterministic model and a stochastic one. The deterministic model uses the same two interaction 
laws previously described for the two wire types. In the second approach, instead, the two 
piecewise curves are corrected with a stochastically distorted wire model which is used to model 
the variability of mechanical and geometrical properties in the wire mesh. The two parameters 
controlling this second model are λu, which defines an initial horizontal shift for the force-
displacement curve, and λF, which modifies the stiffness of the wire in the shifted part. These 
parameters mostly act on the mechanical behavior of the first phase of the tests, during the 
initial tensile deformations, when the hexagons are geometrically distorted. Indeed, during this 
phase, single and double-twisted wires are stretched from completely unloaded conditions 
showing an initial softer tensile response which leads to a horizontally shift of the force-
displacement curves. 

2 THE WIRE-CYLINDER APPROACH 
In the second approach, interconnected rigid cylinders [5] with a diameter of the single wire 

are used to represent single and double-twisted wires (Figure 1b). The connections between 
these cylindrical elements are represented by perfect hinges. As in the previous model, the 
mechanical response of the wire-cylinder is calibrated only on the basis of tensile laboratory 
tests performed on samples of single wires and double-twisted wires. Differently from the 
previous model, these solid bodies have a physical shape, similar to the real one, and they may 
experience contact with other bodies along the cylindrical wire lateral surface. The contact 
between a single wire-cylinder and other elements (spheres, cylinders, pfacets) is treated with 
a hierarchical strategy that finally reduces to only two types of contact: sphere-sphere or sphere-
plane. In our case, only normal forces between these bodies are considered while frictional 
tangential forces have been set equal to zero (i.e. mimicking a frictionless mesh). In Figure 3, 
the contact between a hypothetic wire and two facets (or pfacets) of an idealized body is 
depicted comparing the two approaches. With regards to the mesh, it is clear that the contact 
with angular bodies as well as the interception of small particles may be better described with 
the wire-cylinder approach but the price to be paid for the improved realistic representation is 
the higher computational effort. This particular aspect will be further discussed in Section 5. 
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(a) (b) 

Figure 3: Sketch of the contact between two facets and one wire using the (a) wire-node approach and (b) wire-
cylinder approach. 

Wire-cylinder elements could potentially handle bending and twisting moments at nodes like 
elastic perfectly plastic beams [6] but this option was not considered to allow a clear comparison 
with the first model. 

3 TENSILE TEST 
The two approaches are tested with reference to a tensile test on a rectangular mesh panel of 

size 36x92cm. Details about the setup and the procedure of this experiment can be found in [2]. 
In Figure 4, the mesh panel used is depicted, while boundary conditions applied at the nodes 
are marked with red triangles and blue dots. 

 

 
Figure 4: Sketch of the mesh sheet used in the tensile test with the imposed nodal boundary conditions.  

The results of the deterministic and stochastic model using the two approaches are depicted 
in Figure 5 and compared with the experimental result. It is clear that the deterministic model 
of the wire is not able to reproduce the response of the mesh panel, while the stochastic one, 
after calibration, is in agreement with the laboratory result. The deterministic model, in this 
case, gives a stiffer response that is not realistic. This is mainly due to the regular geometry of 
the numerical mesh and to the perfect rigidity of the boundary conditions (constraints) in the 
numerical model as well. Instead, the introduction of some geometrical irregularities leads to a 
less rigid behavior of the mesh panel in the initial part of the test which is not reproducible with 
the deterministic model. 

Regarding the comparison of the two approaches, they appear very similar with a little 
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discrepancy for the stochastic model which is compatible with the intrinsic randomness of the 
initial geometrical and mechanical conditions. 

 

  
(a) (b) 

Figure 5: Comparison of wire-node approach and wire-cylinder approach with reference to a tensile test using 
(a) a deterministic model (b) a stochastically distorted model after calibration. 

4 PUNCH TEST 
In order to assess the differences of the two approaches with regards to the contact of the 

wire mesh with other bodies we also considered the results of punch tests where the wires come 
in contact with the external punching element [3]. 

The two models have been tested with reference to a 3 x 3 m mesh panel. The punching 
element is represented by a frictionless spherical cup with a curvature radius equal to R = 1.2 m, 
diameter equal to 1 m and smoothed edges having a curvature radius of r = 0.05 m. 

 

 
Figure 6: Snapshots of punch test geometry (a) at the beginning of the test and (b) at failure. 
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(a) (b) 

Figure 7: Comparison of wire-node approach and wire-cylinder approach with reference to the punch test using 
(a) a deterministic model and (b) a stochastically distorted model after calibration. 

Differently from the tensile test, the deterministic and the stochastic models provide 
approximately the same results: this is also confirmed by the low values of the stochastic 
parameter λu after calibration (λu = 0.02). Moreover, as in the previous test the two approaches 
resulted approximately equal with small differences which are probably due to the intrinsic 
randomness linked with the stochastic model and also to the emergence of slightly shifted 
contact positions and directions. 

5 TIMING PERFORMANCE 
With regards to the computational performance of the two approaches we compared the 

computational time of a representative time window of the punch test in the same conditions: 
same velocity of the punching element, fixed time step dt = 1.3x10-6 s and equal number of time 
steps. 

Figure 8 reports the results of these tests underlining the computational cost of each phase 
of the DEM algorithm. From the figure we note that the importance, in terms of relative 
computational time, of the different phases of the DEM algorithm is roughly the same for the 
two considered approaches. Only a slightly higher influence of the contact detection phase is 
notable in the wire-cylinder approach than in the other case. Besides that, the total time requests 
for the computation with the wire-cylinder approach is approximatively equal to 4.5 times the 
one for the wire-node approach (respectively 1223 s and 266 s). 

It is interesting now to focus on the ratio of total time to the total number of bodies. The 
upper histogram in Figure 8 shows that the computational cost, with reference to the number of 
bodies, for the wire-cylinder approach (#bodies = 9197) is approximatively equal to 2 times the 
one required using the wire-node approach (#bodies = 3584). Therefore, the computational time 
required using the wire-cylinder approach is controlled by the greater number of bodies, as well 
as by the higher computational complexity of the contact detection (‘SortCollider’) and forces 
calculation phases (‘InteractionLoop’). 
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Figure 8: Comparison of (a) wire-node approach (WN) and (b) wire-cylinder approach (WC) with reference to a 

punch test in terms of computational time. The different phases of the DEM algorithm are split. 

6 CONCLUSIONS 
In this work the discrete element method has been proved to be an excellent tool to describe 

the mechanical behavior of wire meshes in quasi-static loading conditions. The good agreement 
of numerical and experimental results also confirms the potentials of this method for the 
characterization of the behavior of the mesh in contact with large bodies. 

Both the wire-cylinder approach and the wire-node approach applied to the wire mesh 
representations are proved to be broadly equivalent in terms of the overall mechanical response 
for what concern tensile and punch tests, with small discrepancies due to the different contact 
position and direction using the two methods and also to the intrinsic randomness connected 
with the stochastic model.  

The differences in terms of number of bodies to be stored as well as the treatment of contact 
detection and contact dynamics lead to a higher computational cost of the wire-cylinder 
approach. The latter appears more suitable to handle the details of realistic contacts with small 
elements or angular particles especially in mesh-soil embedded conditions, whereas to study 
problems where the wire mesh interacts with large bodies or without external bodies (as in the 
tensile test) the wire-node approach allows to obtain a good approximation of the real response 
with much lower computational costs. 

Further investigations are required to study the effect of other parameters like contact 
friction, and twisting and bending stiffness of the wires with the wire-cylinder approach. 
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Abstract. The Vajont landslide involved a large mass of rock splashing at high speed into the 
reservoir which in turn generated a high impulse water that overtopped the dam and swept away 
the downstream village. In several cases of reservoir landslide, albeit the flood defence 
structures may remain intact, a catastrophe still occur due to the generation of a ‚tsunami‘ wave. 
Since the features of the tsunami wave strongly depend on the physics of the rock splashing and 
the subsequent rock – water interaction, a numerical tool accounting for such physics is required 
for predictions to be reliable. 

Here, the formulation of a coupled 3D Distinct Element Method (DEM) – Computational 
Fluid Dynamics (CFD) code used to simulate the rock slide from onset to impact with the 
reservoir and the subsequent generation of the impulse wave, is presented. To run realistic 
simulations in an affordable runtime, coarse graining is employed. The main results of quasi 
3D analyses in plane strain along two cross-sections representative of the eastern and western 
slope sectors are presented. The results show to be in broad agreement with the available 
recorded observations.

1 INTRODUCTION
Landslide generated waves can be major hazards for developed areas on reservoirs, fjords, 

and lakes because the large mass and kinetic energy of landslides can generate waves that 
release tremendous forces on surrounding coastal areas and hillslopes. Damage caused by 
landslide tsunami runup can extend to areas well-above the shoreline, endanger human life, and 
cause major economic impacts, as indicated by large events that have occurred in recent history. 
A recent example is the 3 million m3 rockslide impacted Chehalis Lake in British Columbia, 
Canada, in 2007, generating a wave that stripped vegetation to elevations over 38 m above the 
shoreline [1,2]. The tsunami left a deposit of woody debris that formed a dam at the lake outlet, 
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exposing a downstream community to outburst flood hazards and requiring a lengthy and costly 
debris removal program [2]. [3] have presented a new set of experiments run in the laboratory 
at reduced scale that together with the theoretical study of [4] provide a first theoretical 
conceptual framework to study tsunamis generated by granular landslides. From their valuable 
dimensional analysis, it emerges that several physical parameters affect the generation of the 
tsunami and behaviours ranging from a wave whose amplitude quickly attenuates completely 
to a wave that propagates unabated are possible. 

Among all the landslide induced tsunamis the most investigated event is indeed the Vajont 
rockslide [5] which is the object of this paper. The landslide involved approximately 270 
million m3 of rock and generated water waves probably averaging 90 m above the dam crest. 
100 and 200 metres high water wave traces were observed along the left and right valley flanks, 
respectively [6]. The displaced water initially raised along the opposite valley flank and then 
overtopped the dam flooding successively the downstream village of Longarone, along the 
Piave river valley, causing more than 2,000 casualties. 

Even though parallel computation techniques have been developed, the number of particles 
which can be simulated on PCs or PC clusters is still far smaller than that typical of real slopes 
(e.g. thousands of billions of grains). To overcome this problem, coarse graining (Sakai et al. 
2012) is employed. In this technique, a coarse particle represents a collection of real fine 
particles. As a result, a large-scale DEM simulation of granular flow can be performed using a 
relatively small number of calculated particles [7].

The theory and methodology of the DEM-CFD coupling model are introduced in the next 
section together with the governing equations for particle motion, particle-fluid interaction and 
fluid flow. In the following section, the coarse graining technique is described. Finally, the main 
results of the simulations of the Vajont event are summarised.

2 THEORY AND METHODOLOGY
The DEM code ESyS-Particle [8] and the CFD code OpenFOAM [9] were employed for the 

simulations presented here. The coupling algorithm originally written in YADE [10] was 
implemented in ESyS-Particle by the authors [11]. The mechanical contact law between solid 
particles is based on linear springs and frictional tangential sliders plus rolling resistance [12].

The fluid–particle interaction force consists of two parts: hydrostatic and hydrodynamic 
forces. The hydrostatic force acting on a single particle, i, accounts for the influence of fluid 
pressure gradient around the particle, i.e. buoyancy [13]. The hydrodynamic forces acting on a 
particle are the drag, lift and virtual mass forces; the latter two forces being neglected. The drag 
force acting on an individual solid particle is here calculated using the empirical correlation 
proposed by [14]. The drag force  coefficient is defined according to the correlation proposed 
by [15].

The governing equations of fluid flow in a fluid–solid mixture system can be derived from 
the theory of multi-phase flow [16], in which the free surface condition is resolved by the 
Volume of Fluid method [17]. In our numerical simulations, the fluid domain is initially 
discretized into a series of mesh cells, in which the solid particles may be dispersed. In each 
fluid mesh cell, the volume fraction of the summation of fluid phases is n (i.e. porosity), for 

498



S. Utili, T. Zhao, GB. Crosta

3

which, the volume fraction occupied by the fluid phase 1 (e.g. water) is β (0 ≤ β ≤ 1), while it 
is 1 - β for the other phase.

3 COARSE GRAINING TECHNIQUE
We assume that: (1) one large particle represents a clump of real sized sand grains (see Fig. 

1); (2) the fine grains are bonded together, so that they can move as a whole; (3) the translational 
and rotational motion of the coarse grain and the clump of fines grains are the same; (4) the 
contact forces acting on the coarse grains are the summation of contact forces acting on this 
clump of real grains by the neighbouring grains. The fluid viscous drag force acting on the
coarse particle is calculated by balancing the coarse particle and a clump of real particles. This 
particle scale up method is called e ‘‘coarse grain model’’ in the literature [7].

Denoting the sizes of the coarse grain particle and original real sand particle as D and d
respectively, the number of particles (N) in the clump can be approximated as: N = D3/ d 3. The 
drag force acting on the clump is the summation of the drag forces acting on all the grains. 
Thus, the drag force on a scaled particle in the CFD-DEM code should be scaled up by a factor 
α with α = Fd/F‘d, Fd the drag force acting on the clump and the drag force acting on the scaled 
particle. By setting the Reynolds numbers the same, the values of the drag force coefficient are 
the same for both the real fluid flow and the numerical models, so α = D/d. Simulations were 
run for different values of α. As shown in Table 1, α was set to 1, 5 and 10, so that one large 
particle in the DEM can represent a clump of fine grains ranging in number from 1 to 103. The 
hydrostatic forces acting on a coarse particle and a clump of fine grains  are the same, because 
it is determined only by the volume of solid materials. It is also noted that other parameters for 
the coarse and real particles are the same, so that realistic soil properties can be modelled in 
numerical simulations.

Fig. 1 Schematic view of the scaling law used in the DEM, α is the scaling factor.

4 RESULTS OF THE NUMERICAL SIMULATIONS
A plan view of the Vajont rockslide is shown in Fig. 2a, together with the traces of the two 

cross sections A–A and B–B, representative of the eastern and western sectors of the slide, and 
herein analysed. The profiles along these cross sections are illustrated in Fig. 2b and 2c. Details 
of the generation procedure of the slope mass are given in [18].
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a)

b)                                                        c)
Fig. 2 a) Plan view of the Vajont rockslide with the straight lines indicating the cross sections A-A and B-B

corresponding to the easter and western slopes of the Vajont valley respectively; b) profile of the eastern 
slope; c) profile of the western slope. The water reservoir is in blue.

The input parameters adopted for both the DEM and CFD models are listed in Table 1 and 
have been chosen ac- cording to available data and some simplified assumptions concerning 
the failure surface, the material strength and  the physical mechanical properties. No numerical
damping is employed. This is because although several damping models exist in the literature,  
few of them are underpinned by experimental evidence. Secondly, when modelling rockslides, 
and especially rapid ones, any damping would alter the mechanical behaviour exhibited by the 
system significantly.

Table 1. Input parameters of the DEM-CFD model.
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Figure 3 illustrates the evolution of slope deformation and the motion of water wave during 
the sliding of Vajont eastern slope (section A–A in Fig. 2b). The slope mass is initially coloured 
grey and green at different parallel layers, so that its deformation can be clearly identified during 
the rocksliding. It can be observed that at the beginning of the slide, the slope mass moves as a 
whole on the failure surface and quickly slides into the reservoir with a slight rotational 
component of motion, generating water waves. The water wave moves in the sliding direction 
and splashes onto the northern bank of the Vajont valley. Near the flow front, the CFD mesh 
cells are filled with both water and air, thus, the colour representing the water phase is less
intense.

Fig. 3 Evolution of slope section A-A. The granular mass is initially coloured in horizontal stripes to follow the 
internal deformation. For the fluid domain, red and blue represent water and air respectively with the smear colour 
representing the air-water mixture. The splashed water wave is represented by regions enclosed by red curves. 

The velocity of the water wave and its height time are illustrated in Figs. 4 and 5 respectively 
for the simulation of both sections considered, Easter and Western. It can be observed that the 
water waves move initially slowly towards as the slope mass slides into the reservoir. After 15 
seconds and 8 seconds respectively from initiation, the wave velocities increase to their peaks
value of 20 m/s and 18 m/s respectively. Then they decrease gradually to zero. After that (see 
the vertical dashed lines in the figures), the splashed water wave flows back into the reservoir, 
and above the slide mass as represented by the gradual increase of water wave velocity. 

According to Fig. 10, it can be observed that the elevation of water wave increases gradually 
from zero to the peak value of 130 m. After reaching the maximum height at 43 s since the 
onset of the slope failure, it de- creases slowly due to the back flow of water into the reservoir. 
The final elevation of water in the reservoir is about 35 m above the initial reservoir water level. 

501



S. Utili, T. Zhao, GB. Crosta

6

                                                    a)                                                                                  b) 
Fig. 4 Speed of the overtopping wave above the reservoir level: a) eastern section; b) western section.

                                                    a)                                                                                  b) 
Fig. 5 Height of the overtopping wave above the reservoir level: a) eastern section; b) western section.

5 CONCLUSIONS
The current 3D plane strain DEM simulations have captured the general features (e.g. slope 

and wave motions) of the Vajont rockslide at the eastern and western sectors. The use of high 
fluid viscosity and coarse grain model has shown the possibility to model realistically both the 
slope and wave motions.

The average slope velocity for the slopes and the corresponding water wave velocities 
together with the maximum height of the wave runup on the opposite valley flank for both 
slopes turn out to be in very close to the field observations at the same spots.
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Abstract. Soil has generally been treated as a continuum from as early as the eighteenth
century. Since then the analysis of soil behaviour in practical engineering analyses and
development of constitutive models has depended on a continuum assumption. However,
in order to gain a deeper understanding of the behaviour of soils and their particulate
nature, there is a need to move from continuum mechanics to discrete models. Such mod-
elling is possible using the Discrete Element Method (DEM). In this paper an open source
DEM particle simulation software, LIGGGHTS is used to study the relationships between
grain scale parameters and energy dissipation in granular media in one-dimensional com-
pression. The influence of particle size distribution, void ratio, and inter-particle friction
coefficient on energy dissipation are studied and discussed. In order to measure the dis-
sipated energy, changes in energy terms are traced at every time step and the principle
of energy conservation applied. It is hoped that the knowledge gained of the relationship
between grain scale parameters and energy dissipation will help in the formulation of con-
stitutive relationships within the hyperplasticity framework. It is envisioned that relating
grain scale parameters to constitutive models will allow the formulation of models that
are purely based on the micro-mechanics of granular media.
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1 INTRODUCTION

Soil has generally been treated as a continuum from as early as the eighteenth century
[2]. This assumption has since then been used in engineering design for practical purposes.
Indeed many constitutive models are built on this assumption. However, in order to
understand soils better, we need to move from continuum mechanics to a discrete method
of study. Such a method is the Discrete Element Method (DEM) originally introduced
by Cundall and Strack [1]. The DEM allows us to study soil at a particle level and gain a
better understanding of its behaviour. Studying soil at grain scale will hopefully minimise
the need to make assumptions when defining constitutive models. The DEM is here used
to investigate grain scale parameters in relation to energy dissipation, a core component
of the hyperplasticity approach to constitutive modelling [6].

The hyperplasticity approach allows the constitutive behaviour of a material to be
derived from a free-energy function and a dissipation rate function [6]. This approach
stems from the works of Ziegler[12] and Houlsby [5]. Once these scalar functions have
been specified, the yield function, flow rule and the stress and strain relationships can be
derived without need of any additional assumptions. The first scalar function is derived
from the First law of Thermodynamics and the dissipation function is a consequence of
the Second law of Thermodynamics.

By understanding the fundamental causes of energy dissipation in a DEM simulation, a
dissipation function could potentially be formulated leading to a constitutive relationship
formulation directly informed by physical measurements at a particle level. In this paper,
relationships between energy dissipation and grain scale parameters for one-dimension
compression problems are discussed. The grain scale parameters explored are: the inter-
particle friction coefficient, particle size distribution and the initial void ratio. The rela-
tionship between these parameters and energy dissipation is discussed.

The rest of the paper is laid out as follows. Section 2 will describe the simulation
procedure followed for the DEM simulations. In Section 3 the energy calculations are
detailed. Section 4 describes parameters varied in this paper. The results from the
simulations are reported and described in Section 5. The paper will finally provide some
conclusions in Section 6.

2 SIMULATION PROCEDURE

One-dimensional compression simulations were carried out using DEM. An open source
DEM particle simulation software, LIGGGHTS, developed by Kloss et al. [7] was used
for this study. Unlike commercial DEM software, LIGGGHTS has no user interface. A
simulation is driven using a text-based input script containing a series of commands to
conduct the simulation. This input script is read sequentially making the ordering of
statements important. Before the execution commands, the input script should have the
initialisation settings specified and the simulation set up.

The initialisation settings and parameters are those that need to be specified before

2
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the particles can be generated. These settings and parameters include the boundary style,
units, region size, neighbour sorting, time step size, and atom style. In this study the
boundary was specified to be of a moving style to allow vertical movements during loading
and unloading.

To ensure a stable simulation, a time step, ∆t of 1 × 10−7s was used. When a very
large time step is used, some of the contacts are not detected since the acceleration values
that used to update the particle positions are not current. This value was arrived at
based on the method for calculating the DEM critical time step proposed by O’Sullivan
and Bray [11] for different particle arrangements. For non uniform contacts arrangement,
the critical time step is given as 0.221

√
m/K where m is the particle mass and K is the

contact stiffness was taken to be the greater of either the normal or tangential contact
stiffness values. For a stable simulation, a value equal to or less than the critical value
needs to be used.

The simulated particles where spheres of Poisson’s ratio of 0.25, Young’s modulus of
70MPa, and density of 2650kg/m3 per particle. The density value was chosen based on
the fact the dominant mineral in sands is quartz, which has a density of 2650kg/m3. This
value is also typically adopted in the DEM simulation of sands (for example in [3] and
[9]).The particle-wall coefficient of friction was kept at zero.

After all the specific settings and parameters were specified, a model of a cylinder with
a covered base extending to the simulation bounds, and a top circular mesh to cover
the sample were input to the simulation as STereoLithography (STL) files to provide an
enclosure of 30mm diameter by 10mm height. These meshes were made of triangular
elements. Particles were then packed in the enclosed space and then allowed to settle.

The particles were then densified to different initial void ratio values in the range
0.43 - 0.7 by moving the top platen downwards at constant velocity, following which the
particles were allowed to settle. The void ratio is calculated as

e =
Vv

Vs

, (1)

where Vv and Vs are volumes of void and solids respectively. The top platen vertical
velocity was calculated from

vmesh =
Vs(etar − ecv)

tstepsπR2∆t
, (2)

where etar and ecv are the target and current void ratios, tsteps is the number of time
steps to run, and R is the sample radius. After being densified, the particles were then
compressed to etar = 0.2 on the loading cycle then unloaded to their initial void ratio
value. Figure1 shows a sketch of the simulations before (a) and at the end of loading (b),
and at the end of unloading (c). At the end of unloading, the samples had undergone some
permanent deformation compared to the start of the simulation due to the rearrangement
of particles.

3
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Figure 1: Loading (L) and unloading (UL): (a) before loading samples; (b) end of loading;
(c) end of unloading

Results files were output throughout the simulation for later post processing for energy
calculations. The particle data output included: position vectors, velocity values, total
forces, particle radii and IDs, normal and tangential contact forces, and particle-particle
overlap distances. These data were output every 25000 time steps, which was found to
be sufficient data to understand the various behaviours during simulations. The stress
data on the meshes was also output at the same intervals in separate files and later post
processed to give the compression force.

3 ENERGY MONITORING

To facilitate the study of energy dissipation for the tests conducted, energy monitoring
was done by post processing the files output during the simulations using Matlab. The
energy equation used was

dEp + dW = dEk + dEµ + dEζ + dU, (3)

where dEp is the change in potential energy, dW the change in boundary work, dEk the
change in kinetic energy, dEµ the dissipated frictional energy, dEζ the change in dissipated
energy through damping, and dU the change in stored work.

The total change in dissipated energy, dEη during the simulations comes from the dEµ

and dEζ terms of (3). Since the simulations are pseudo-static, it was found that the
potential and kinetic energies were usually each ≈ 106 times smaller than either of the
boundary work or the stored elastic energy. We can therefore re-write (3) as

dEη � dW − dU (4)

The change in boundary work is calculated as:

dW =

(
m∑
j=1

σj
vA

j
S

)
δx, (5)
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where σj
v is the normal stress on mesh j, m is the total number of mesh elements on the

boundary mesh considered, and δx is the change in displacement of the boundary mesh.
Aj

S is the surface area of triangular mesh element j considered and is obtained by

Aj
S =

1

2
|AB×AC|, (6)

where the area of each triangular element with vertices A, B and C is calculated from the
cross product between vectors AB and AC.

Changes in the stored energy are due to the evolution of normal and tangential contact
forces. The summation of strain energy for all the contacts is equal to the stored energy,
dU and is calculated as

dU = dUn + dU t, (7)

where dUn and dU t are the contributions from normal and tangential contact forces and
are equal to

dUn =

∫ δn

0

Kn︷ ︸︸ ︷
4

3
E∗

√
R∗δn δnn

︸ ︷︷ ︸
Fn

dn (8)

and

dU t =

∫ ξt

0

Kt︷ ︸︸ ︷
8G∗

√
R∗δn ξt︸ ︷︷ ︸
F t

dξt, (9)

respectively. F n and F t are in turn the normal and tangential contact forces and Kn and
Kt are the corresponding stiffness parameters from the Hertzian contact model, which
governed how the spherical particles interacted at contact. Two particles 1 and 2 have
an effective radius, R∗ = R1R2/(R1 + R2), which is the geometric mean of radii R1 and
R2. δn = R1 + R2 − d12 and is the overlap at contact between the two particles in the
normal direction where d12 is the distance between their centres. The effective Young’s
modulus, E∗ = 0.5E/(1 − ν2), is derived from the particles’ material Young’s modulus,
E and Poisson’s ratio, ν. In Equation (8), n is the normal vector for the particles in
contact. The term ξt in Equation (9) is the tangential displacement and is calculated by
integrating the tangential relative velocity over the contact time [4].

4 SIMULATION PARAMETERS VARIED

Sands are typically made up of different grain sizes which give rise to Particle Size
Distributions (PSDs). These can be defined using the coefficient of uniformity (Cu),
which is a shape parameter given as

Cu =
d60
d10

. (10)

5
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d60 and d10 respectively are particle diameters for which 60% and 10% of the material
by mass is finer. PSDs affect the soil responses. For example, McDowell and Bolton [8]
studied the effect of particle size distribution on pile end resistance using two PSDs. It was
found that the peak pile resistance during penetration was a function of the PSD. Smaller
particles increased the level of resistance in the soil. PSD also affects the compressibility
of grains [9].

Friction between particles, µ is means by which most energy is dissipated in granular
media. The friction coefficient between particles was therefore varied along with PSD and
the initial void ratio, eini in the present study with no particle crushing involved. Table
1 shows the varied parameters for each simulation. Results from these simulations are
discussed next.

Table 1: Simulation test parameters

Simulation Cu eini µ

1 1 0.7 0.5

2 1.3 0.7 0.5

3 2 0.7 0.5

4 2 0.7 0.2

5 2 0.7 0.25

6 2 0.7 0.3

7 2 0.7 0.35

8 2 0.7 0.4

9 2 0.7 0.45

10 2 0.7 0.5

11 2 0.67 0.5

12 2 0.64 0.5

13 2 0.61 0.5

14 2 0.58 0.5

15 2 0.55 0.5

16 2 0.52 0.5

17 2 0.49 0.5

18 2 0.46 0.5

19 2 0.43 0.5

6
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5 RESULTS AND DISCUSSION

Minh and Cheng [10] observed that the compression of sands is due to the rearrange-
ment of particles and elastic compression. During unloading of the sand sample, particles
would be unstressed but would not have the same level of rearrangement as in the load-
ing, and would have experienced unrecoverable deformation. These observations should
be reflected in the energy dissipation curves for simulations.

The results from the current study show that a higher Cu results in less energy dis-
sipation for 1 < Cu ≤ 2 as shown in Figure 3 for simulations 1-3 in Table 1. This
observation may be explained as follows. As smaller particles are introduced, the particle
contacts network becomes more resistant to sliding. More of the input energy is as a
result stored. This suggests that the rate of energy dissipation for these simulations is
negatively correlated to the coefficient of uniformity.

Figure 2 shows a plot of the void ratio against the vertical stress for simulations 1-3
in Table 1. The circled part highlights an area where the pressure drops. There is a
sudden rearrangement within the specimen of Cu = 1 and Cu = 1.3 due to pockets of
voids being filled rapidly. This change in pressure results in an increase of dissipated
energy corresponding to the rearrangement of particles.
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Figure 3: Dissipated energy against displace-
ment

The inter-particle friction coefficient (µ) was varied between 0.5 and 0.2. The friction
coefficient affects how fast the particles can be packed, a feature observed during the
insertion of particles. A lower friction coefficient makes it easier to pack particles. Though
not utilised in this paper, this fact is generally exploited to speed up the particle packing
stage of the simulation by using a low µ value during the particle insertion stage and
changing it to the desired value later.
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Figure 4 shows a plot of void ratio against the log of vertical stress graphs for the
different µ values. The variation between different µ values is not significant. This is
mainly due to the fact that changes in void ratio are largely due to the compression of
the particles which is mainly governed by the movement of the top platen.

A higher friction coefficient results in more energy dissipation during loading as ob-
served in Figure 5 for Simulations 4-9 (Table 1). This is consistent with the fact that
energy is largely lost through friction. Less energy is dissipated on the unloading curves
because of some permanent settlement of particles during compression, however the trend
of energy dissipation is still directly proportional to the friction coefficient. The rate
of energy dissipation based on this result would therefore be expected to be positively
correlated with the inter-particle coefficient of friction.
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Figure 5: Dissipated energy against displace-
ment

Loading and unloading cycles were simulated for ten different initial void ratios (eini)
from 0.7−0.43 (see Table 1: simulations 10-19). Results from these simulations are shown
in Figure 6. It can be seen from this graph that towards the end of simulations a similar
compression path was followed as would be expected. The differences correspond to the
oscillations of particles during the simulations.

The energy dissipation curves shown in Figure 7 become steeper with a decreasing
eini during compression. This is because more input work is required to move particles
through the same displacement and since most of this work is not stored energy, then it
is dissipated largely through friction. It can also be seen that there is a similar steepness
achieved at a greater displacement for samples with a higher eini. On unloading, more
energy is dissipated as the eini decreases. These results suggest that the rate of energy
dissipation is negatively correlated with the initial void ratio.
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Figure 7: Dissipated energy against displace-
ment

6 CONCLUSIONS

One-dimensional compression tests using the DEM have been conducted including
loading and unloading cycles using spherical particles whose properties were set to those
of sands. Throughout these simulations, data was output and then post processed in
Matlab for energy dissipation. PSD, initial void ratio, and the coefficient of friction were
the three parameters varied in the present study. Increasing the coefficient of uniformity
was found to decrease the energy dissipated. It was proposed that this observation is
due to the fact that as smaller particles are introduced, which reduce on the sliding of
particles while increasing the amount of stored energy. A lower initial void ratio resulted
in steeper curves for energy dissipation and is due to the fact that more input energy is
required to move the particles through the same displacement at lower eini values most
of which is dissipated. A higher friction coefficient between particles resulted in more
energy dissipation during loading and unloading of the samples. This is due to the fact
that energy is mainly lost through friction, which is directly proportional to its coefficient.
A negative correlation between energy dissipation rates for the simulations conducted with
either eini or Cu is envisioned. On the other hand, a positive correlation between the inter-
particle coefficient of friction with the energy dissipation rate is expected. It is hoped that
studies of the relationship between grain scale parameters and energy dissipation will lead
to the formulation of the constitutive models directly informed by grain scale parameters.
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Abstract. The paper presents some three-dimensional simulation results of granular vortex-
structures in cohesionless initially dense sand during quasi-static plane strain compression. 
The sand behaviour was simulated using the discrete element method (DEM). Sand grains 
were modelled by spheres with contact moments to approximately capture the irregular grain 
shape. The Helmholtz-Hodge decomposition (HHD) of the displacement vector field from 
DEM calculations was used. The variational discrete multiscale vector field decomposition 
allowed for separating a vector field into the sum of three uniquely defined components: curl 
free, divergence free and harmonic. Vortex-structures were strongly connected to shear 
localization. They slightly changed along the specimen depth. They localized in locations 
where shear zones ultimately developed.  
 
1 INTRODUCTION 

Granular vortex-structures defined as the roughly swirling (rotating) motion of several 
grains around a common central point were frequently observed in experiments on granular 
materials [1]-[3] and in calculations using the discrete element method (DEM) [4]-[9]. They 
became apparent in experiments and calculations when the motion associated with uniform 
(affine) strain was subtracted from the actual granular deformation. They are reminiscent of 
turbulence in fluid dynamics, however the amount of the grain rotation is several ranges of 
magnitude smaller (0.01o-0.1o) than the fluid vortex rotation, their life time is also short than 
of eddies in turbulent fluid flow and granular flow is too slow to induce inertial forces 
characteristic for turbulences in fluid. The vortices have been mainly observed in shear zones 
that are the fundamental phenomenon in granular bodies. A dominant mechanism responsible 
for the vortex formation was the breakage of force chains [4], [7]. The collapse of main force 
chains lead to a formation of larger voids and their build-up to a formation of smaller voids 
[7]. Kozicki and Tejchman [8], [9] and Tordesillas et al. [4] showed that shear localization 
may be predicted very early through vortex-structures that means new perspectives for a 
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detection of impending failure in granular bodies (inherently connected with shear 
localization) within continuum mechanics. In continuous and discontinuous numerical 
calculations and laboratory experiments, shear localization is usually identified in granular 
bodies by grain rotations or micro-polar rotations or by an increase of void ratio. 

The aim of the present paper is to present the results of 3D vortex-structures in sand during 
quasi-static plane strain compression by using the Helmholtz-Hodge decomposition (HHD) of 
a vector field [10], [11] calculated by the discrete element method (DEM) [8]. Attention was 
paid to the relationship between vortex-structures and shear localization with respect to the 
location and formation moment. The analyses were carried out with spheres with contact 
moments to approximately capture the irregular grain shape. In order to accelerate the 
computation time, some simplifications were assumed in analyses: large spheres with contact 
moments, linear sphere distribution, linear normal contact model and no particle breakage. A 
three-dimensional discrete model YADE developed at University of Grenoble by Donze and 
his co-workers was applied [12], [13]. The discrete calculations were solely carried out with 
initially dense sand. The innovative point of our calculations are 3D granular vortex-structures 
which have not been calculated in granular materials yet.  

In our previous paper we calculated 2D vortex-structures during a quasi-static passive wall 
translation based on the Helmholtz-Hodge decomposition (HHD) of a vector field calculated 
by the discrete element method (DEM) [9]. The discrete vector field decomposition proved to 
be an objective, universal and effective technique for identifying all 2D vortex-structures 
during granular flow which was directly based on single grain displacement increments (but 
not on displacement fluctuations). The method did not use any additional non-objective 
parameters. However the method did not determine the size of vortex-structures. A strong 
connection between the location of vortex-structures and progressive shear localization was 
found out. The vortex-structures were the precursor of shear localization since they clearly 
concentrated in the area where shear zones ultimately later formed. Thus the ultimate shear 
zone pattern was detected in early loading stages. The vortex-structures allowed to identify 
shear localization significantly earlier than e.g. based on single grain rotations which were 
always a reliable indicator of shear localization. They developed from the deformation 
process beginning. They solely emerged in main shear zones. They had a tendency to move 
along shear zones. Their number varied and was larger on average at the residual state. The 
right-handed vortices were dominant in the curved shear zone and left-handed ones were 
dominant in the radial shear zone. In the curved shear zone, the predominant period of right-
handed vortices was 4% of u/h during the entire wall movement. In the radial shear zone, the 
predominant period of left-handed vortices was also 4% of u/h. In the residual state, local 
regions of dilatacy and contractancy alternately happened along globally dilatant shear zones 
with a dominance of local dilatancy. 

2 THREE-DIMENSIONAL DEM MODEL 
In order to simulate the behaviour of real sand, the 3D explicit spherical discrete element 

model YADE, developed at University of Grenoble [12]-[13]. DEM includes the simple 
mathematical treatment of engineering problems (complex global constitutive relationships 
are replaced by simple local contact laws) and has the natural predisposition to account for 
material heterogeneity. The outstanding advantages of DEM include its ability to explicitly 
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handle the discrete/heterogeneous nature of the material by modelling particle-scale properties 
including size and shape which play an important role in shear localization. The 
disadvantages is an enormous computational cost and an extensive calibration based on 
experimentally measured macro-scale properties. The algorithm used in the present DEM 
which is based on a description of particle interactions in terms of force laws involves in 
general main steps [14]. First, based on constitutive laws, interaction forces between discrete 
elements are computed. Second, the Newton’s second law is applied to determine for each 
element the resulting acceleration, which is then time integrated to find the new position. This 
process is repeated until the simulation is finished. The method takes advantage of the so-
called soft-particle approach, i.e. the model allows for particle deformation which is modelled 
as an overlap of particles. During the simulations, particles may overlap that can be 
interpreted as a local contact deformation. A linear elastic normal contact model was used 
only. In compression, the normal force was not restricted and could increase indefinitely. The 
interaction forces acting on each element in the form of normal and tangential forces were 
linked to the displacements through the normal stiffness Kn and tangential stiffness Ks 

 

NUK=F nn


, (1) 

 

sss FF=F


              with             sss XK=F


 , (2) 

 

where U is the penetration depth between discrete elements, N


 denotes the unit normal 

vector at the contact point and sX  is the incremental tangential displacement vector. The 
unloading was assumed to be purely elastic. The stiffness parameters were calculated in terms 
of the modulus of elasticity of the grain contact Ec and two contacting grain radii RA and RB 
(to determine the normal stiffness Kn) and in terms of the modulus of elasticity Ec and 
Poisson’s ratio c of the grain contact, and grain radii RA and RB (to determine the tangential 
stiffness Ks) of two contacting spheres, respectively [12] 

 

                             
     
     

                      and                             
     
     

.                      , (3) 

 

If the grain radius RA=RB=R, the stiffness parameters are equal to: Kn=Ec R and Ks=c Ec 
R (thus Ks/Kn=c), respectively. The frictional sliding starts at the contact point when the 

contact forces sF


 and nF


 satisfy the limit Coulomb condition 

0tan  ns FF


 (4) 

 

with μ as the inter-particle friction angle (tension was not allowed). No forces are 
transmitted when grains are separated. The elastic contact constants were specified from the 
experimental data of a triaxial compression sand test and could be related to the modulus of 
elasticity of grain material E and its Poisson ratio   [15], [16]. 

In order to increase the rolling resistance of pure spheres, clusters of spheres or contact 
moments were introduced. The normal force was assumed to contribute to the rolling 
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resistance. The contact moment increments were calculated by means of the rolling stiffness 

Kr multiplied by  the angular rotational increment vectors 


  
 




 rK=M . (5) 

 

The rolling stiffness Kr [kNm] in Eq.5 was related to the tangential stiffness Ks [kN/m] in 
Eq.2 by the following formula 

 

BAssr RRKRK=K   2 , (6) 

 

where β is the dimensionless rolling stiffness coefficient and R is the equivalent grain radius 
(at small displacements dXrdXs). The dimensionless rolling coefficient η specifies the limit 
friction moment of the rolling motion [12] 

 

0||
2

|| 


 n
BA FRRM


 . (7) 

 

Because the proposed DEM is a fully dynamic formulation, a local non-viscous damping 
scheme was applied [14] in order to dissipate excessive kinetic energy in a discrete system 
and facilitate convergence towards quasi-static equilibrium. The damping parameter α was 
introduced to reduce contact forces and moments acting on elements 

 

||)sgn( kkkk
damped FvFF


       and     ||)sgn( kkkk

damped MMM


  , (8) 

 

where kF


and kM


are the kth components of the residual force and moment vector and 
kv



 and k


 are the kth components of the translational and rotational velocity. A positive 
damping coefficient  is smaller than 1 (sgn(•) returns the sign of the kth component of 
velocity). The equations are separately applied to each k-th component of a 3D vector x, y and 
z. The effect of damping is insignificant in quasi-static calculations [15], [16]. 

The five main local material parameters are necessary in our DEM simulations: Ec 
(modulus of elasticity of the grain contact),  c (Poisson’s ratio of the grain contact), μ (inter-
particle friction angle), β (rolling stiffness coefficient) and η (limit rolling coefficient). In 
addition, a particle radius R, particle mass density  and numerical damping parameter α are 
required. The DEM material parameters: Ec, c, μ, β, η and α were calibrated using the 
corresponding homogeneous axisymmetric triaxial laboratory test results on Karlsruhe sand 
with the different initial void ratio and lateral pressure by Wu [17]. The procedure for 
determining the material parameters in DEM was described in detail by Kozicki et al. [15], 
[16]. The index properties of Karlsruhe sand are: mean grain diameter d50=0.50 mm, grain 
size between 0.08 mm and 1.8 mm, uniformity coefficient Uc=2, maximum specific weight 
d

max=17.4 kN/m3, minimum void ratio emin=0.53, minimum specific weight d
min=14.6 kN/m3 
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and maximum void ratio emax=0.84. The sand grains are classified as sub-rounded/sub-
angular. The following material constants were found in DEM by fitting numerical outcomes 
with experimental ones during homogeneous triaxial compression: Ec=0.3 GPa,  c=0.3, 
=18o, =0.7, =0.4 =2.55 g/cm3 and a=0.08. 

3 DEM RESULTS OF PLANE STRAIN COMPRESSION 
Our numerical outcomes with respect to 3D vortex-structures were related quasi-static 

plane strain compression. The results of 3D DEM calculations were described in detail in [8]. 
The granular specimen used in DEM had the same size as in the experiments by Vardoulakis 
[18], namely: the width b=4 cm, height h=14 cm and depth l=8 cm (out-of-plane direction) 
(Fig.2). The linear grain distribution curve was assumed; the grain diameter range was 
between 1.25 mm and 3.75 mm with d50=2.5 mm. About 56’000 spheres were used with the 
same material constants. The initial void ratio was eo=0.53. The flexible vertical walls were 
assumed to model the membrane surrounding the specimen in experiments (Figs.2a and 2b). 
Both the front and rear specimen sides 4×14 cm2 were blocked in a perpendicular direction to 
the specimen to enforce plane strain conditions. The bottom surface 4×8 cm2 was fixed in a 
vertical direction and the top surface 4×8 cm2 was subjected to the constant vertical 
displacement u1. Along the top, bottom and membrane granular surfaces, the inter-particle 
friction angle was μ=0. During the loading process, the constant confining pressure of 
σc=200 kPa was applied through the flexible membrane.  

Figure 2 demonstrates the typical evolution of the mobilized internal friction angle 
(calculated with principal stresses from the Mohr’s equation) versus the vertical normal strain 
1=u1/h and volumetric strain v versus 1 for two specimens. Figure 3 shows the distribution 
of sphere rotations  and void ratio e in the vertical mid-section slice with the area of 4×14 
cm2 and thickness of 5×d50 (1.25 cm, d50=2.5 mm) cut out from the granular specimen 
4×14×8 cm3. The both quantities were calculated from the volumetric cell Vc=5d50×5d50×5d50 
moved by d50 in two directions within the slice to create a 2D grid of the averaged values 
from the cell. The cell size, which was smaller than the shear zone thickness ts, was chosen 
with preliminary calculations. The averaging cell larger than Vc caused the results too 
diffusive and with the smaller cell volume Vc, the results started too strongly fluctuate. 

Similarly as in real experiments [18], the initially dense specimen showed an asymptotic 
behaviour; it exhibited initially small elasticity, hardening (connected first to contractancy and 
then dilatancy), reached a peak of max=46o at about of 1=5%, gradually softened and dilated 
reaching a residual state of max=30o at the large vertical strain of 25-30% (Fig.3). The 
coordination number was initially about 5 and decreased down next to 3.8 during shearing 
due to dilatancy. During deformation a distinct internal inclined shear zone occurred inside 
the sand specimen which was marked by shear strain, larger grain rotation and volume 
increase (Fig.3). The thickness of the inclined interior shear zone ts was on average in the 
residual state for 1=30% about ts=25 mm (10×d50) based on strain deformation in the 
specimen. The calculated shear zone inclination to the bottom was 60o at ε1=10% and 67o at 
ε1=30%.. In the calculated shear zone, the mean void ratio and grain rotation were: e>0.65 and 
>25o. The specimen globally dilated in the shear zone. At the critical state, the maximum 
average void ratio was 0.70-0.80 in the shear zone and 0.53-0.60 outside. The maximum 
resultant rotation in the shear zone at the peak (ε1=5%) was about 5o and at the residual 
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state for ε1=30% between 50o-55o. Based on both the cumulative rotation and void ratio 
(Fig.3), the internal inclined shear zone may be noticed for ε15%.  
 

a) 

b) 

Figure 2: DEM results for plane strain compression with initially dense sand (eo=0.53, c=200 kPa, d50=2.5 mm, 
Ec=0.3 GPa,  c=0.3, =18o, =0.7, =0.4) for two simulations: a) mobilized internal friction angle versus 

normalized vertical displacement of specimen top 1=u1/h and b) volumetric strain v versus 1 (h - initial specimen 
height) [8] 

4 HELMHOLTZ-HODGE DECOMPOSITION (HHD) 
4.1 Calculation’s method 

The Helmholtz-Hodge decomposition (HHD) of vector fields is one of the fundamental 
theorems in fluid dynamics [10], [11], [19]. It describes a vector displacement increment field 
in terms of its curl-free and divergence-free components based on potential functions. The 
unique Helmholz-Hodge decomposition of the smooth 3D vector field     provides the 
following formula 
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                          , (10) 

 

where     
   

 
   

 
   

 
 is the gradient,      

    
 
    

 
    denotes the divergence operator, 

   is the curl operator, u denotes the scalar potential field,    is the vector potential field and 
    denotes the harmonic vector field. The gradient of the scalar potential function       is called 
the curl-free component and is related to expansion/contraction (because is irrotational) while 
the curl of the vector potential function         is called the divergence-free component and is 
related to vorticity and pure shear (because is incompressible). The harmonic component 
which contains the non-integrable component of the field, is related to pure translation. 
 

      
                                                        a)                                                                 b) 
 

Figure 3: DEM results for plane strain compression test with initially dense sand (eo=0.53, c=200 kPa, d50=2.5 
mm): average cumulative grain rotation distribution and average cumulative void ratio distribution in degrees in 

granular specimen for vertical normal strain 1=20% [8] 

A variational calculus approach was used [20] which allowed for finding the vector fields       
and         by examining the difference between the unknown vector field and provided field    . 
By requesting that this difference is minimum (the minimum was found by assuming that the 
derivatives of the functionals were equal to zero, the vector fields       and         were explicitly 
determined. The explicit calculation for       and         was given in [9]. 

The accurate discrete multiscale Helmholz-Hodge decomposition of vector fields on 
arbitrary tetrahedral grids was proposed in [19]. In order to create a grid, the centre of each 
sphere was a node in the Delaunay triangulation and the i-th node had the coordinate      . Then 
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the discrete piecewise-constant vector field    (                       was created by assigning the 
constant vector value         to each k-th tetrahedron ( k is the piecewise-constant basis function 
equal to 1 inside the k-th tetrahedron and 0 otherwise). This value was calculated as the 
average of sphere displacement increments         which constituted each tetrahedron         
              

    in the 3D case or each triangle                       
    in the 2D case. Since u and    

are the piecewise linear functions described using a piecewise-linear basis shape function 
     , their derivatives   will be piecewise-constant, hence the solution for the piecewise-
constant    (    discrete vector field is exact [19]. 

4.2 Boundary conditions 
In order to obtain a unique solution, appropriate boundary conditions have to be assumed 

[11], [21]. The system of linear equations in HHD was solved using the following general 
boundary conditions:         (divergence-free component - incompressible component) was 
tangential to the domain boundary      =0 and       (curl-free component - irrotational 
component) was orthogonal to the boundary domain     =0. The proof of uniqueness and 
orthogonality for these boundary conditions, called N-P (normal-parallel) boundary 
conditions, which should be always maintained for flow problems can be found in [22]. Note 
that a change of these boundary conditions suggested in [23] may create an invalid or ill-
posed problem [24]. The so-called Hodge-Morrey-Friedrichs boundary conditions may be 
also used [11]. The boundary conditions obviously influence vector fields close to specimen 
boundaries. In particular when the spheres’ number is low; vortex-structures may be solely 
detected in the specimen centre since the vector field        is forced by boundary conditions 
to be parallel to boundaries. In our previous calculations [9] the number of spheres along the 
height and length of the granular specimen was high enough (200-400) and the effect of 
boundaries proved to be insignificant on the distribution of vortices based on preliminary 
calculations. Due to a rather small number of particles along the specimen width during plane 
strain compression (16=b/d50=40/2.5), the effect of boundary conditions during calculations 
of vortex-structures was weakened by introducing virtual particles outside boundaries [22]. 
Artificial nodes were added in the Delaunay’s triangular mesh at the distance of up to 50 mm 
around the specimen (with the grid inter-node distance of 1 mm).The vector     in these 
artificial nodes was calculated using the Gaussian averaging for true specimen nodes with the 
averaging radius of 80 mm (2×b). 

5 NUMERICAL RESULTS 
Figures 4 and 5 show the calculated 3D vortex-structures in the granular specimens. The 

spatial view on the net of vortex-structures is shown in Fig.4 (the vortex-structures are shown 
in the form of cylinders which linked all local maxima). Figure 5 presents the vortex-
structures at 3 different vertical cross-sections (specimen front side, specimen mid-depth and 
specimen rear side) for 5 different vertical normal strains 1: 1=1.5%, 1=3%, 1=5%, 
1=10% and 1=20%. The circles denote the spots where the vertical cross-sections intersected 
the 3D vortex lines of Fig.4.  
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The vortex-structures appeared from the begin of the specimen deformation. They were 
immediately concentrated in the region of the shear zone occurrence. Thus the ultimate shear 
zone turned out to be encoded in the grain kinematics from the deformation onset. This 
outcome is in accordance with our earlier calculation results for plane strain compression 
based on displacement fluctuations [8] and calculation results based on bottlenecks in force 
transmission through the contact network [24]. The right-handed vortices (green circles) were 
created during progressive deformation. The distribution of vortex-structures was not uniform 
in the specimen and their number was different in vertical cross-sections up to the residual 
state. The number of vortex-structure was smaller in 3D simulations than in 2D ones. 

6 CONCLUSIONS 
- The vortex-structures were the precursor of shear localization since they clearly 

concentrated in the area where a shear zone ultimately later formed. Thus the ultimate 
shear zone was detected in early loading stages. The vortex-structures allowed to 
identify shear localization significantly earlier than e.g. based on single grain rotations 
or an increase of void ratio which were always a reliable indicator of shear 
localization. They developed from the deformation process beginning.  

- An early prediction possibility of shear localization through vortex-structures may 
open new perspectives for a detection of impending failure in granular bodies 
(inherently connected with shear localization) within continuum mechanics.  
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Figure 4: 3D vortex-structures in 3 for different vertical normal strain 1=1.5%-30% (green lines link local 
minima (right-handed vortices) 
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a) b) c) 

  

 

d) e)  

Figure 5: 3D vector field curl         (divergence-free component related to vorticity) in granular specimen area 
x×y in vertical cross-section at specimen mid-depth for different vertical normal strain 1: a) 1=1.5%, b) 1=3%, 
c) 1=5%, d) 1=10% and e) 1=20%, (scale denotes component of vector potential    perpendicular to specimen 

in [mm2/iteration]), green circles describe local minima (right-handed vortices)) 
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Abstract. The effect of particle size distribution on dry granular flows of spherical
particles has been numerically investigated. A quasi-two-dimensional granular column
collapse set-up has been modelled using the Discrete Element Method (DEM). Systems
formed by monodisperse particles of radius R = 0.01 m and polydisperse particles of the
same average radius and coefficient of uniformity Cu = 1.9 have been studied for initial
granular columns aspect ratios of 1.1 and 2.2. The results using monodisperse and narrow
particle size distributions show similar evolution of the run-out profiles, the final run-out
distance being reached in less than one second in every configuration. Averaged velocity
fields have been obtained, from which peak values of longitudinal and vertical components
of velocity have been found.

1 INTRODUCTION

Describing the behaviour of granular materials is a challenging issue for the packaging
industry where bulk handling equipment is designed to handle a wide range of powders
and bulk solids varying in both physical and mechanical properties. As a result, not only
performance of packaging equipment is negatively affected but also are packaging quality
and the whole process itself. Furthermore, environmental conditions such as relative hu-
midity also have serious consequences on the efficiency of material conveying techniques.

1
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Thereby even a small improvement in the efficiency of equipment can lead to both signif-
icant financial and environmental benefits.

For this purpose, the granular column collapse set-up is used, as it is known to provide
deep insights into the dynamics of granular flow regimes both at particle and bulk level
[1]. However, as an alternative to experiments, in this paper the discrete element method
(DEM) is utilised because of its ability to effectively control and quantify the micro-
scale parameters, what is often very difficult to do in an experiment. Several particle
properties, including size [2], shape [3] and density [4], are known to affect the bulk
macroscopic behaviour. However, as a stepping stone, this study focusses on numerically
investigating the effects of varying particle size distribution by utilising the open-source
particle simulation package MercuryDPM [5]. Eventually, the goal is to systematically
model the effects of varying particle properties, which in turn would help us define and
improve decision-making strategies for the design of packaging equipment.

The following sections present the simulation methodology and the findings of our
investigation.

2 METHODOLOGY

2.1 DEM model

In the implemented simulations, a linear normal contact model is used to describe
particle motion of the translational degrees of freedom, where the inter-particle contact
parameters comprise normal stiffness, kn, and viscous dissipation, γn, as well as the tan-
gential counterparts kt, γt. Additionally, the tangential or sliding friction coefficient, μt,
is used to define a Coulomb-type coupling between the tangential and normal components
of the force acting on particle i, fi, due to contact with neighbour particles j :

fi =
∑
j

(fnn+ ftt) (1a)

fn =

{
0 δn ≤ 0

knδn + γnvn δn > 0
(1b)

ft = min {μtfn; ktδt + γtvt} (1c)

where δn is overlap between particles, δt is tangential spring of active contacts and vn,
vt are the normal and tangential components of relative velocity, respectively. Regarding
rotational degrees of freedom, the contribution to torque of inter-particle rolling resis-
tance is accounted for using stiffness, dissipation and friction coefficients, kr, γr, μr, and
torsional resistance is described using parameters ko, γo, μo, which, along with tangential
coefficients, define total torque on particle i, qi, as discussed by Luding [6]:

qi =
∑
j

[
(li × fi) + qt

i + qr
i + qo

i

]
(2)

2
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Figure 1: Simulation set-up of the granular column collapse channel. Dimensions in [m]

where li is the branch vector and qt
i, q

t
i, q

t
i are respectively the tangential, rolling and

torsional components of total torque.

2.2 Granular column collapse set-up

A quasi-two-dimensional granular column collapse simulation set-up has been studied
to assess the influence of particle size polydispersity on the run-out process. The consid-
ered domain consists in a prismatic horizontal channel of total length 2150 mm, height
350 mm and width 150 mm, along which run-out takes place. An auxiliary vertical wall
is initially placed at length 150 mm, which forms a reservoir of square section where the
granular columns are generated, as shown in Figure 1. Granular piles are allowed to settle
in the reservoir under gravity, until stationary initial packing conditions are reached. The
arrangement of particles is then instantaneously released onto the channel, by removing
the auxiliary vertical wall from the simulation domain.

Spherical particles have been simulated, with particle density ρp = 2000 kgm−3. Two
different particle size distributions (PSD) of the granular material have been studied:

– Monodisperse PSD with particle radius R = 0.01 m;

– Polydisperse PSD with average particle radius R = 0.01 m. Randomly generated
radii are obtained by linear interpolation between input values fromR = 5.0× 10−3 m
to R = 1.5× 10−2 m, as shown in Figure 2. The coefficient of uniformity of the
polydisperse particle system is Cu := D60/D10 = 1.9.

Moreover, simulations with two different number of particles of the system have been car-
ried out, being N = {500, 1000} for assemblies of monodisperse spheres and respectively
adjusted to N = {405, 809} in the polydisperse case, by enforcing the total mass of the
system to be preserved.

3
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Figure 2: Cumulative distribution function for the polydisperse PSD

Table 1: Inter-particle contact parameters of granular column collapse simulations

Stiffness [Nm−1]
k�

Dissipation [N sm−1]
γ�

Friction coefficient
μ�

Normal �n 2.0× 104 0.5 —
Tangential �t 2.0× 103 0.1 0.5
Rolling �r 2.0× 103 0.1 0.05
Torsional �o 2.0× 103 0.1 0.05

Mechanical properties of the contacts are shown in Table 1. Since a linear spring–
dashpot contact model has been used, overdamping of the system is prevented by con-
trolling the value of contact eigenfrequencies. The values of normal stiffness and viscous
dissipation of the particles fulfil the following relation:

γn =
√

2knmmin (3)

where mmin corresponds to the minimum particle mass of the system. Mechanical param-
eters governing particle–wall interactions have not been modified with respect to inter-
particle contact properties.

3 RESULTS AND DISCUSSION

Total mass of the system is m = 4.189 kg and m = 4.245 kg respectively for the case
with N = 500 monodisperse particles and N = 405 polydisperse particles. Analogously,
total mass is m = 8.378 kg and m = 8.4806 kg respectively for the case with N = 1000
monodisperse particles and N = 809 polydisperse particles. Therefore, the considered
particle system configurations are approximately equivalent with respect to the total mass
of the system.

4
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Figure 3: Lateral profile tracking from t = 0 s to t = 2.5 s: N = 500 monodisperse particles (upper);
and N = 405 polydisperse particles (lower)

System stability is controlled by adjusting the normal contact parameters, which results
in a critical contact time, tc, and coefficient of restitution, r, that are tc = 1.438× 10−3

and r = 0.918 for the monodisperse case, and tc = 3.325× 10−4 and r = 0.686 for the
case with size polydispersity. Introducing size polydispersity while preserving average
particle size by mass leads to smaller stable time increments in the numerical scheme.
Additionally, the critical restitution coefficient is decreased, although to a lesser extent,
in the polydisperse case.

Evolution of flow profiles has been tracked in the YZ plane, time being measured from
the onset of flow, in order to identify final run-out distance at the end of the simulation.
Initial column heights are H = 0.165 m and H = 0.167 m respectively for the case with
N = 500 monodisperse particles andN = 405 polydisperse particles, resulting in a column
aspect ratio a = 1.1, with respect to the reservoir base length (0.150 m). At the same
time, column heights are H = 0.336 m and H = 0.326 m respectively for the case with
N = 1000 monodisperse particles and N = 809 polydisperse particles, the initial column
aspect ratio being a = 2.2. Particle positions are averaged over the channel width, along
which granular flow is mainly homogeneous, thus providing the lateral observation of the
run-out, as shown in Figure 3 and Figure 4. It is observed that the whole collapse to run-
out process lasts for about a second in every configuration. Thereafter, the system is found
to remain in a stable configuration with a constant morphology of the free surface and a
few moving particles located near the flow front. Final run-out distance is therefore defined
as the channel length comprising 95% of the mass of the system, considering 5% ot the

5
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Figure 4: Lateral profile tracking from t = 0 s to t = 2.5 s: N = 1000 monodisperse particles (upper);
and N = 809 polydisperse particles (lower)

total mass corresponds to particles ahead of the flow front. After run-out, at t = 1 s, final
run-out distance for the configurations with N = 500 monodisperse particles and N = 405
polydisperse particles are L = 0.387 m and L = 0.418 m, respectively. In addition, for the
computations with N = 1000 monodisperse particles and N = 809 polydisperse particles,
final run-out distances are respectively L = 0.572 m and L = 0.603 m.

In order to map the particle data onto a continuum field, an accurate micro-macro
mapping technique called coarse graining is used [7, 8]. Coarse-grained velocity field,
fully averaged over the channel width (X Axis), �v(x, t)�x, is obtained by:

�v(x, t)�x =

〈∑N
i=1 mivi(t)φ(x− xi(t))

〉
x〈∑N

i=1 miφ(x− xi(t))
〉
x

(4)

wheremi is the particle mass, vi(t) is the time-dependent particle velocity and φ(x−xi(t))
is a coarse-graining function. In this study, a gaussian function has been used, with scale
equal to the maximum particle radius of the particle assembly, w = maxi {Ri}. Ta-
ble 2 summarizes peak values for longitudinal, vy, and vertical, vz —negative downwards,
components of velocity during run-out.

As far as the simulations with N = 500 and N = 405 particles are concerned, peak vy is
larger for the case with polydisperse spheres. Maximum values attained are in agreement
in the case of N = 1000 and N = 809 particles, althoguh peak vz is observed at a later
time during run-out for the case of size polydisperse particles. Figure 5 shows maps of

6

535



J. Torres-Serra, D.R. Tunuguntla, I.F.C. Denissen, A. Rodŕıguez-Ferran and E. Romero

Table 2: Peak values of vy and vz at respective time instants, t

vy [m s−1] t [s] vz [m s−1] t [s]
Monodisperse N = 500 0.855 0.25 −0.769 0.20
Polydisperse N = 405 1.078 0.30 −0.757 0.25
Monodisperse N = 1000 1.517 0.35 −1.413 0.30
Polydisperse N = 809 1.588 0.55 −1.154 0.30
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Figure 5: Peak vy velocity maps: N = 500 monodisperse particles (upper-left); N = 405 polydisperse
particles (upper-right); N = 1000 monodisperse particles (lower-left); N = 809 polydisperse particles
(lower-right)

vy along the channel (Y Axis) at the respective times when peak velocity is reached.
Vertical component of velocity (Z Axis), at respective time instants of peak values of vz,
is shown in Figure 6.

In light of the results, notable differences in flow behaviour have not been identified
when comparing granular collapse of spheres of radius R = 0.01 with another sphere
assembly of the same average particle size and corresponding to a narrow-graded material.
Evolution of laterial profiles during run-out is analogous, resulting in final deposits in the
form of shallow slopes. The velocity fields established during flow propagation also show
similar trends, as for all simulations a flow front is rapidly developed, dominated by the
longitudinal component of velocity.

4 CONCLUDING REMARKS

The effect of particle size on run-out profiles, final run-out distances and averaged
peak velocities has been analysed for two granular column collapse set-ups using two

7
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Figure 6: Peak vz velocity maps: N = 500 monodisperse particles (upper-left); N = 405 polydisperse
particles (upper-right); N = 1000 monodisperse particles (lower-left); N = 809 polydisperse particles
(lower-right)

monodisperse and polydisperse spherical particles. In future investigations, the influence
of other particle properties and environmental effects are to be studied, including:

– Average partice size reduction, leading to an increase of the number of particles and
different flow behaviours,

– Polydispersity in particle shape, comparing the use of spherical and non-spherical
particles, namely ellipsoids, and

– Hygroscopicity effect, adding water content to particle assemblies to observe capil-
lary behaviour in the pendular state.
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Abstract. Dry granular flows are very common both in many natural phenomena 
(flow-like landslides) as well as in industrial processes. To model granular flows in the 
framework of continuum mechanics, a key issue is the formulation of a suitable 
constitutive model, capable of capturing the complex rheological behaviour of the 
granular material in a wide range of strain rates. In this contribution, a physically 
based model capable of reproducing the behaviour of granular materials in different 
flow regimes is briefly summarized.  Both the stress tensor and the dissipated energy 
are calculated as the sum of a quasi-static and a collisional contribution: the former 
one is modelled by employing an elasto-plastic model incorporating the critical state 
concept, whereas the latter stems from the kinetic theory of granular gases. The 
constitutive model has been implemented in the MPM research code Anura3D and 
applied to the simulation of the collapse of a dry granular column. The results show 
that the model can deal with the phase transition between the solid- and the fluid-like 
behaviour. The evolution of the state variables, the state of stress and the energy 
contributions is investigated in details.  
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 2 

1 INTRODUCTION 
Flows of dry granular materials characterizes many natural and industrial processes. An 

important feature of granular materials is that, depending on the strain rates and the grain 
packing, they may behave like a solid, a liquid or a gas. Two different particle interaction 
mechanisms can be identified in granular materials: (i) enduring frictional contacts among 
grains involved in force chains and (ii) inelastic collisions. At high particle concentrations and 
slow strain rates (quasi-static regime), the first mechanism prevails and the material behaves 
like a solid, where force chains span the entire domain. At low concentrations and very high 
strain rates (collisional regime), the second mechanism prevails and the material behaves like 
a granular gas. In between these two conditions, both mechanisms are relevant, the material is 
in the “transition regime” and behaves like a granular liquid. 

The Discrete Element Methods (DEM) is commonly employed to study the flow of 
granular materials because it is capable of automatically take into account large displacements 
as well as the granular nature of the material: however, this approach becomes inefficient for 
high numbers of grains. Large-scale phenomena are more often studied with continuum 
methods that apply a macroscopic approach. A key issue in this problem is the definition of a 
constitutive relationship suitable for reproducing the transition form a solid- to fluid-like 
behaviour of the material.  

In the literature, quasi-static and collisional conditions are often tackled by employing 
different approaches. The constitutive models proposed within the soil mechanics community, 
consider only the quasi-static regime disregarding the effect of collisions among grains. The 
collisional regime has been largely studied in the context of kinetic theories of granular gases, 
where the granular temperature is introduced as a state variable measuring the degree of 
agitation of the system. To reproduce the intermediate regime, several constitutive models 
have been proposed in the literature [2,1]; however many of them considers only steady state 
conditions. 

This paper investigates the potentialities of a recently proposed constitutive model [3] in 
the simulation of dry granular column collapse with the Material Point Method (MPM). The 
constitutive model, summarized in  Section 2, is based on kinetic theory and critical state 
elasto-plasticity; it can capture the mechanical response of a granular material under a wide 
range of strain rates. The unique state variables of this constitutive model are the granular 
temperature T and the void ratio e, which govern the solid-to-fluid phase transition. 

MPM is a point-based method specifically developed for large deformations of history 
dependent materials. It simulates large displacements by means of Lagrangian points moving 
through an Eulerian grid [4]. A brief introduction of the method is provided in Section 3, 
followed by a description of the numerical model used for the presented simulations. 

Section 4 discusses the results of the column collapse problem; in particular, we focus on 
the energy dissipation mechanisms and the phase transitions.  

2 THE CONTINUUM APPROACH FOR GRANULAR FLOWS 
The constitutive model considers an assembly of identical spherical particles of diameter d 

and density p. For the sake of simplicity, inherent and/or induced evolving anisotropy are 
disregarded. This discontinuous medium can be described, in the framework of continuum 
mechanics, by writing the field equations, derived from the conservation laws of mass, 
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momentum and energy as it follows: 

Mass balance:  0
1

1
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De

e
      (1) 

Momentum balance: σfu
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ss
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      (2) 

Energy balance:  Γ
Dt
DE

e



qεσ :

1
1      (3) 

where D/Dt denotes the material time derivative, e = void ratio, u = vector of the macroscopic 
mean velocity, f = vector of the external forces per unit volume,  = stress tensor, E = specific 
internal stored energy, q = vector of the energy flux per unit area and unit time,    = strain rate 
tensor and  = dissipated energy. In this paper, for the sake of simplicity, the energy flux q is 
disregarded. 

A parallel scheme is assumed, which implies that E is calculated as the sum of the specific 
elastic stored energy Eq and the kinetic fluctuating energy Ec 

        (4) 

 results by the sum of the energy dissipated by force chains q and the energy dissipated by 
inelastic collisions c 

        (5) 

 is given by the sum of a quasi-static contribution c, associated with long elapsing frictional 
contacts among grains involved in force chains, and a collisional contribution q, associated 
with inelastic collisions among grains. 

        (6) 

2.1 Quasi static contribution 

In this paragraph the quasi-static contributions, Eq, q and q are derived on the basis of 
standard perfect elasto-plasticity incorporating the critical state concept  

The main ingredients are  
 Strain rate additivity:           ,where e and p stand for the elastic reversible and 

the plastic irreversible contribution, respectively 
 The specific hyperelastic stored energy (Gibbs energy function) [5]: 
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pq = mean quasi-static stress, sq = deviatoric stress tensor, k and g are two 
macroscopic material dimensionless constitutive parameters associated with the 
bulk and shear stiffness respectively, n = non-dimensional constant and pa = 
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atmospheric pressure. 
 A yield locus f(q)=0, of the Lade and Duncan type, together with the consistency 

rule     . f  has been defined on the basis of DEM simulations [6–8] and its size 
depends on the triaxial compression stress ratio Mc.  

 The critical state locus equation G1(pq,e)=0, function pq and e, defined on the basis 
of DEM simulations [9]. G1 is affected by the particle Young modulus Ep, by the 
critical void ratio ec (representing the critical state void ratio for pq=0) and by the 
material parameter aL. 

 The plastic potential g(q,e)=0, evolving with e and q, in order to incorporate the 
critical state into the model [10,11]. g is affected by Ep and by , which is a macro-
parameter influencing the rapidity in achieving the critical state locus [3]. As a 
consequence, the flow rule, necessary to compute the plastic strain rate pε , is non-
associated. 

 An extended consistency rule,      , which imposes that the critical state locus 
cannot be abandoned once is reached (critical regime)[3]. In fact, the basic idea of 
the model is that      0 represents an attractor locus for the material. 
Therefore, condition      , implies that under the critical regime, the void ratio 
evolution is governed by the mean quasi static stress via the critical state locus 
definition. In this regime, the plastic volumetric strain rate does not obey the flow 
rule but is computed by depurating the total volumetric strain rate of the elastic 
component. 

 
For the sake of brevity, the analytical expression of f, g and G1 are here omitted, but can be 

found in [3,16]. 
According to the previous assumptions it is now possible calculate the plastic dissipated 

energy as 
p

qqE εσ :   (9) 

and the quasi static stress tensor 
p

qq εDσ   
(10) 

where Dq(q,e) is the quasi-static stiffness fourth order tensor, depending on the quasi 
static stress tensor q and the void ratio e. The details of the derivation of Dq are reported in 
[3,16]. 

2.2  Collisional contribution 

The collisional contributions Ec, c and c are function of both the void ratio e and the 
granular temperature T. In particular, according to kinetic theories of granular gases [12], the 
fluctuating kinetic energy is  

T
e

E sc 


1
1

2
3 

 

(11) 

The expression of the energy dissipated by inelastic collisions c is based on the extended 
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kinetic theory [13], modified by Berzi and Jenkins [14], to take into account the role of 
particle stiffness on collisions. Its expression is reported in [14] and it is affected by p, d, the 
normal and effective coefficient of restitution [15] n and eff, respectively. 

The collisional stress tensor is modelled according to the kinetic theory described in [12], 
taking also into account the modification introduced by Berzi and Jenkins [14]. The analytical 
expression of c is given by 

vv
c hεΦσ  :  

(12) 

In  Equation 12 v(e,T) and hv(e,T) are a fourth-order and a second-order tensor, 
respectively. They are affected by s, d, Es, n and a material constant em and their analytical 
form can be found in [16]. 

2.3 The visco-perfect-elasto-plastic constitutive relationship 
According to Equation 6, the stress tensor is the sum of the quasi static and collisional 

contributions. To this purpose, the quasi-static contribution is expressed in finite form by 
integrating in time Equation 10 

qqq t σεDσ ˆ:    
(13) 

where t is the integration time step and     is the quasi-static stress tensor calculated at the 
previous time step. 

From Equation 12 and Equation 13, the total stress tensor reads 

cεDσ  :vep  (14) 

where Dvep (q,e,T) is the visco-elasto-plastic fourth-order tensor 
vqvep t ΦDD   (15) 

and c(   ,e,T) is a second-order tensor given by 
v

q hσc  ˆ  (16) 

According to this model, different flow regimes can be defined.  
1. The visco-elastic regime, when f<0 or f=0 and   =0 
2. The visco-ealsto-plastic regime, when f=  =0       
3. The critical regime: when f=     =0       
4. The collisional regime: when f=     =0       
The description of these regimes and the analytical expression of Dvep and c for each 

regime is reported in [3]. 

3 THE NUMERICAL MODEL 
MPM has been developed to overcome the difficulties arising when simulating large 

deformation problems with Lagrangian FEM. In the last 10 years the number of applications, 
ranging from solid to fluid mechanics, has been significantly increasing. In the field of 
geomechanics it has been used to study a number of problems such as slope stability [18,17], 
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granular flow propagation [19,20], soil penetration problems [22,23,21], soil erosion and 
sedimentation [24,25].  

MPM uses two level of discretization. On one hand, the continuum body is discretized by 
means of a set of material points (MP) that carry all the information of the continuum 
(density, velocity, stresses, state parameters etc.). On the other hand, the spatial region where 
the body move through is discretized by a finite element mesh that allows to solve the 
discretized governing equation of motion. Large deformations are simulated by MP moving 
through a fix mesh as shortly summarized in Figure 1.  

The constitutive model is implemented as a user defined model in the MPM dynamic 
explicit research code Anura3D (www.anura3d.eu)[26]. The constitutive equations are 
integrated explicitly; in particular, a Dormand-Prince method with substepping and correction 
for yield surface drift is applied for the quasi-static stresses [27]. 

The specific collisional dissipated energy and the plastic dissipated energy are integrated 
by means of the mid-point rule. The kinetic fluctuation energy and the elastic stored energy 
are computed with equations (11) and (7), respectively, at the end of the time step as function 
of the updated stress state and granular temperature.  

The simulated 2D column collapse problem considers a 0.1m-high, 0.1m-long column 
(aspect ratio a=l/h=1). The model is 0.005m-wide. 

The mesh is structured and counts 5610 tetrahedral elements (Figure 2). The bottom of the 
mesh is fully fixed, while roller boundary conditions are applied on the other surfaces. 10 MP 
are initially placed inside each active element for a total number of 14400 MP. 

Stresses are initialized with horizontal coefficient at rest K0=0.5. The material parameters 
are summarized in Table 1. 

 
Figure 1 Computation scheme of MPM: a) interpolate state variables to the grid nodes, (b) solve the governing 

equations of motions at the nodes, (c) update MP velocity, strain, stress etc., (d) update MP housekeeping. 
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Figure 2 Geometry and discretization of the numerical model 

Table 1 Material properties and initial state variables 

Grain diameter d [m] 0.002 
Grain density s [kg/m3] 2532 
Grain Young modulus Ep [Pa] 3e+08 
Normal restitution coefficient n 0.879 
Parameter of collisional functions em 1.5 
Critical void ratio ec 0.709 
Parameter of CSL aL 0.56 
elastic constant related to bulk modulus K 380 
elastic constant related to shear modulus G 48 
Parameter of plastic potential  0.35 
Stress ratio under triaxial compression Mc 0.9 
Effective restitution coefficient eff 0.59 
Initial void ratio e0 0.71 
Initial granular temperature T0 [m2/s2] 1e-15 
 

4 RESULTS  
The collapse of a granular column is a well-established experiment that consists in 

releasing a column of granular material by removing its lateral support on to a flat surface. 
The column then fails and some of its mass flows on to the flat surface before it is deposited. 

Figure 3 shows the deviatoric strains at the material points (MP) at different time instants, 
from which the development of the failure surface can be noted. The failure surface defines 
the boundary between a static cone with small strains (bottom left, blue MP) and a mobilised 
mass (top right, red MP). During the collapse, the mobilised mass slides along the failure 
surface and crumbles upon the base. The friction between the mobilised mass and the static 
region or the boundary, as well as the collisions between grains, dissipate energy and slows 
down the mobilised mass until static conditions are reached. 

Figure 4 and Figure 5 show the specific collisional dissipated energy and the specific 
plastic dissipated energy, respectively. It can be noted that dissipation due to inelastic 
collisions among particles mainly occurs inside the mobilized mass, while the plastic 
dissipation mainly occurs at the sliding surface. 
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Figure 3 Deviatoric strain at the MP in different time instants 

 
Figure 4 Specific collisional dissipated energy at the MP in different time instants 

 
Figure 5 Specific plastic dissipated energy at the MP in different time instants 
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Integrating the specific energies at the MP, it is possible to obtain the time evolution of the 
collisional dissipated energy, the plastic dissipated energy, the kinetic fluctuation energy and 
the elastic stored energy (Fig. 6). Collisional dissipated energy is significantly higher than the 
plastic dissipated energy, meaning that collisions between grains is a key phenomenon in this 
problem. The kinetic fluctuation energy and the elastic stored energy are very small compared 
to the plastic and collisional dissipation. The kinetic fluctuation energy increases up to a peak 
and then tends to zero under static conditions. 

In addition to the form of internal energy shown in Figure 6, it is also interesting to 
monitor the evolution of the potential energy (EP) and the kinetic energy (EK) of the system. 
There are computed by summing up the potential energy and the kinetic energy of each MP 
according to Equations 17 and 18 respectively: 

       
 

   
   

(17) 

     
   

 

   
      

(18) 

where mp=mass of the MP, vp=velocity, yp=elevation, N=total number of MP, g=gravity 
acceleration. 

The potential energy of the system decreases with time (Fig. 7). This decrement of 
potential energy (EP) obviously coincide with the work of the external forces. The potential 
energy transforms in kinetic energy and internal energy of the system, the latter is partially 
stored and partially dissipate as previously discussed. In contrast, the kinetic energy of the 
system increases up to a peak and then tends to zero. The peak of kinetic energy occurs 
approximately at time          , where      corresponds to the time taken by a single 
particle in free fall to travel from the centre of the column to the base (Fig. 7). 

 
Figure 6 Evolution of internal energy types. 
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Figure 7 Evolution of kinetic energy and potential energy of the system  

Figure 8

 

Figure 8 shows the transition between different regimes observed during the column 
collapse. Initially all the MP discretizing the column are in visco-elastic regime (#1), then 
gravity forces and the lack of fixities on the right side induce an increase of the deviatoric 
stress and a volumetric expansion, thus the MP move to the visco-elasto-plastic (#2), the 
critical (#3) and the collisional regimes (#4). This phenomenon interests the most superficial 
MP first, characterized by a lower state of stress, then  propagates to the deeper MP. In other  
words, with the increasing of the deviatoric strain rate, a phase transition is observed. This 
phase transition occurs more rapidly in the areas characterized by al lower state of stress. 
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Figure 8 transitions over different regimes 

5 CONCLUSIONS  
This paper explores the potentialities of a recently proposed constitutive approach for the 

simulation of dense granular flows considering a column collapse problem. A parallel scheme 
is assumed, in which the stresses, the dissipated energy and the energy flux are assumed to be 
obtained by linearly adding a collisional and a quasi-static contribution. The first contribution 
stems from the kinetic theory of granular gases. For the latter contribution, an elasto-plastic 
model based on critical state theory has been adopted. In the solid-to-fluid phase transition, a 
key role is played by the void ratio and the granular temperature, the unique state variables of 
the model. This innovative constitutive approach is implemented in the MPM code Anura3D.  

The energy dissipation mechanisms are a key issue in predicting the collapse behaviour 
and the run-out distance; and they are primarily controlled by the constitutive model. The 
results showed that significant amount of energy is dissipated by inelastic grain collisions, 
especially within the mobilized mass. This contribute is fundamental in the description of the 
phenomenon and should not be neglected. Plastic dissipation mainly occurs at the sliding 
surface and at the bottom of the mesh. This contribute is controlled by the elastoplastic law 
applied for the computation of quasi-static stress. 

This paper has investigated in details the column collapse (flow inception) in which, 
according to the introduced constitutive model, the MP experience a transition between 
different regimes: visco-elastic, visco-elastoplastic, critical and collisional. In other words, the 
transition from a soild to a fluid state is well captured by the model.  

For the sake of brevity, the deposition phase has not been investigated and it will the 
subject of future research. Future developments must also include the role of granular 
temperature diffusion within the granular mass. 
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Abstract. Nature aggregates granular materials such as sand, silt and clay into form beach 
rocks, anthills and other forms of microbialites. A common bio-geo-chemical cementation 
occurs due to the mineralization of calcium through bacterial enzymatic action, often called 
Microbial Induced Calcium Carbonate Precipitation (MICP). Unlike engineered cement, which 
consumes very high amounts of energy and emits large quantities of CO2, this natural 
cementation occurs in ambient conditions, with negligible energy consumption. Hence, it is a 
sustainable construction method. Natural cementation is a gradual process, where grains are 
initially bonded to form clumps. The clumps grow in size to form aggregates, finally creating 
free standing columns. Numerical models of the mechanical behaviors of cemented grains at 
the various stages of aggregation offer a way to explore and understand this process. In this 
paper, we propose a discrete element method (DEM) of aggregated granular materials formed 
due to MICP. The model is applied to study different levels of aggregation of sand, from sand 
heaps involving unbonded and bonded grains to free standing columns. The results are 
compared against experiments and the most important parameters are discussed. 

 
 
1 INTRODUCTION 

Granular materials such as sand, silt and clay are basic resources for construction. They are 
used in their natural unbonded forms such as earth embankments, and in bonded forms as in 
concrete. A binder, typically cement, is used to bond the grains together. The mechanism of 
resistance for loading in the loose and the bonded forms is fundamentally different. The loose 
material depends on the inter-granular friction for resistance against an applied force while the 
bonded material that behaves as a solid block has considerable inter-granular cohesion. A 
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numerical model that is able to capture all the stages of sand aggregation is challenging.  
Presently, 3.6 billion tonnes per annum of Portland Cement is produced,  contributing 

approximately 6% of all anthropogenic greenhouse gases [1]. Technologies that dramatically 
reduce or possibly eliminate Portland cement must be explored in order to improve the 
sustainability quotient of civil infrastructure. Recently, a new natural cementation, MICP, has 
been introduced as an alternative to cement binder [2]. In this process, bacterial enzymes are 
utilized to nucleate calcium carbonate as the cementing material [3]. Several important 
applications of the process is reported [4-6]. To optimize the process it is important to 
complement the experiments with a reliable numerical model. The model should be able to 
capture all phases of aggregation: from an assembly of loose grains to a free-standing assembly 
of fully aggregated (bonded) grains. In this paper, we propose a model of aggregated granular 
materials formed due to MICP using the discrete element method (DEM).  

MICP is a bio-geo-chemical process that is performed to synthesise granular materials for a 
designed mechanical performance. Different aspects of the process, such as mass transport, bio-
chemical reactions and consequent alternation in the mechanical response of the material have 
been modelled. Reactive transport models have been introduced to model biogrouting of soil 
[7, 8]. There have been attempts to simulate the bio-chemical process involved in MICP by 
solving transport and thermodynamic equations [9]. However, combining it with mechanical 
models is not reported hitherto. The mechanical property of sand columns resulting from MICP 
has been predicted using DEM [10, 11]. In these models MICP has been simulated as a 
homogenised cohesive system. However, the process can be highly localised, at least in the 
early stages. Moreover, a model of the mechanical response of a granular material from MICP 
at all levels of aggregation has not been reported.  

The use of DEM for modelling granular materials dates back to Cundall & Strack [12]. The 
effect of non-idealized particle shapes on strength and deformation has extensively studied and 
one approach is by clustering idealized shape grains (e.g., circular disks and spheres)[13]. With 
the significant increase of computing power, discrete element models have been used to study 
the deformation of granular materials under a wide range of conditions in various fields 
including: geomechanics, pharmaceuticals, petroleum engineering, to name a few 
examples[14]. The present work is a first step towards the development of a DEM framework 
for modelling the mechanical behaviour of granular materials under MICP at all stages of 
aggregation. The model is applied to study the different levels of aggregation of sand, from 
sand heaps involving unbonded and bonded grains to free-standing columns. The results are 
compared against simulations and experiments and the most important parameters are 
discussed. 
 
2 DEM MODELLING 

     In this study, a large complex granular system is considered as n-body structure of 
interconnected spheres. The center of each sphere is connected to the center of nearest contacted 
sphere(s). The connected lines create a complex network (Figure 1). Material constitutive 
properties are assigned to each connection. 
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Figure 1: Relation between a granular material and a highly complex structural frame[15] 

A spring–dashpot system is used for assigning the constitutive properties [11]. To simulate 
the contact forces between connected spheres; the spring, the divider and the dashpot model the 
contact force, the separation and damping . Figure 2 illustrates different spring-dashpot systems 
that are designed in numerical model to address normal, shear and rolling contacts.  

 
Figure 2: The contact models for grains with rolling resistance by Cundall [11] 

A constitutive model with a combination of Hooke’s and Coulomb’s laws defines the 
interaction between the contacting particles:    

n n n n nf k u b u                                               (1) 
, /t t t t t t n tf k u b u for u f k                                          (2) 

Where:  
fn               Normal force component 
ft                Tangential force component           
kn & kt          Spring stiffness coefficients  
bt

 & bn            Viscous damping coefficients  
μ                 Coulomb friction coefficient 
Δut & Δun

         
Relative normal and tangential displacement 

Δ�̇�𝑢t & Δ�̇�𝑢n
         

Relative normal and tangential translational velocities 
The normal stiffness, kn, shear stiffness, ks  and rolling stiffness, kr parameters were 

calculated, as follows (Figure 2) 

Contact area Tangential contact model 
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Dashpot Spring 
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Where Ec is the Young modulus, vc is the Poisson ratio, R1 and R2 are the radii of the two 
connected spheres and β is the rolling stiffness coefficient. In the DEM model, by modelling 
the rolling resistance, cI , the moments are introduced. The rolling resistance or contact 
moment—defined in an analogous fashion to Coulomb’s law—is expressed as:    
  

min

min min

, /

, /

c r r r n r

c r n r n r

I k b for R f k

I R f for R f k

   

  

     

  
                              (6) 

Where:  

Rmin                 Minimum radii of the two interacting particles 

kr                    Rolling stiffness coefficients  

μr                    Friction coefficient 

Δα                  Relative rotation 

Δ�̇�𝛼  Relative rotational velocities 
  

Figure 3: Mechanical stiffness of normal, tangential and rolling contact models[16]  

Based on Mohr-Coulomb equation Figure 3 represents the mechanical response of normal, 
tangential and rolling contact model [17].  

To solve the complex granular mechanism a numerical approach should be adopted [15].  In 
this paper an explicit finite difference, time-stepping algorithm, based on a Newton integration 

Contact moment, Ic 

Relative rotation 

kr 

1 

Couple due to 
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load 

Shear force, ft 

Shear displacement  

ks 

1 

Strength due 
to friction 
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equation, has been developed. The present numerical model is validated with experimental 
studies.  

3 METHODOLOGY 
   To understand the mechanical behavior of granular materials a discrete element model 

(DEM) has been developed by using open-source discreet element software (YADE).To 
illustrate the capability of our numerical approach for modelling loose, semi- aggregated and 
fully aggregated samples, a series of investigations are carried out.  

Numbers of spheres are created with specific grain size distribution in defined cubic format. 
Then property of material is assigned to spheres by defining the micro parameters. By 
controlling the number of grains and size of cube are the desired porosity is defined.  The DEM 
models are closely calibrated to the initial configurations and packing densities of the 
experimental, as well as the contact and size distributions of the constituent particles.  

3.1 Loose and Semi-aggregated Grains 
In a loose or semi-aggregated state, the grains do not form a solid mass. Thus, they deform 

under the action of gravity and form a heap. When they are packed in a container and then the 
walls are removed, the grains move to form a heap. In the loose state, the grains are free to slide 
or roll over other grains once the intergranular friction is overcome. There is no cohesion 
between the grains. Partial aggregation is considered to be a state when some grains have 
bonded together due to MICP and formed a clump. Although the movement of the grains is 
prevented somewhat due to the formation of clumps, but the bonding is not wide spread so that 
the formation of heap under the action of gravity is prevented.   The shape of the heap is 
dependent on the degree of aggregation. The semi aggregated state is modelled by rigidly 
connecting three grains together to create triads. The fraction of triads is proportional to the 
degree of aggregation. The shape of the heap is altered due to the formation of triads.  

To illustrate the capability of our numerical approach to model this effect, a model has been 
developed in YADE. A cubic granular sample surrounded by walls is developed. All walls are 
removed simultaneously and the grains fall under the action of gravity. The released grains roll 
and slip on each other until their motion is below a set threshold. The threshold is set on the 
mean force magnitude of inter-particle interactions. Initially, there are a lot of movements, and 
the time progresses the particles stabilize into a shape resulting in negligible interaction forces.  
The tolerance value for this study for mean forces is 1e-2 Pa. In other words, the heap obtained 
when the mean interaction force drops below this threshold, all grains are considered static and 
the heap is considered to be the final configuration. A common assumption is that the shape of 
the heap will be conical and it can be represented by just the angle of repose. However, for 
semi-aggregated grains the shape of the heap is more complex and more parameters may be 
necessary to define the shape. 

3.2 Aggregated Grains 
In case of aggregated samples, the specimen retains its shape under the action of gravity. In 

addition to the frictional resistance against the relative motion between the grains, there is inter-
granular cohesion due to the deposition of calcium carbonate at the grain intersections. The 
cohesive strength is dependent on the degree of MICP. As the samples are able to retain their 
shapes under the action of gravity, it is not necessary to contain them with the walls. Cylindrical 
samples have been developed with the specified grain size distribution. The samples have been 
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subjected to uniaxial compression at a constant rate until they collapse. In contrast to the 
previous case, in case of aggregated samples, the grains are tightly connected in the beginning. 
As a result, there is very little inter-granular movement, but as the load increases the inter-
granular stress exceed the cohesive strength of MICP at a few locations resulting in cracking. 
As the cracking in the sample increases, the inter-granular movement also becomes more 
pronounced. As a result, the mean force magnitude of inter-particle interactions rises 
exponentially at the end of the numerical process indicating large inter-granular motions leading 
to collapse. 

4 RESULTS 
Results of simulation of grains aggregated in varying degrees by MICP using YADE is 

presented here. The aim is to validate the numerical observations with experimental results. The 
DEM simulation is controlled by the parameters described in (eqns. 1-6) that determine the 
inter-granular interaction (micro-parameters). It is not possible to have all these parameters 
measured experimentally. Thus, some of the parameters are adjusted to obtain the desired 
macro-parameters such as the angle of repose or the compressive strength.  

4.1 Loose spherical glass bids 
Zhou et al. [18] studied the angle of repose for mono-sized coarse spheres with 2mm 

diameter glass beads constrained by two glass walls separated by 40mm. The numerical model 
was developed by developing a container consisting of four glass walls with 80×8mm in pan 
and 40mm in height. The contained was filled with 2mm diameter glass bids. Then two smaller 
walls have been removed to allow flow of bids under the action of gravity. Flow through the 
shorter sides was allowed while the longer sides were rigidly constrained. The micro-
parameters for the simulation are presented in Table 1 and the shape of the heap after 10000000 
time steps is illustrated in Fig. 4. The angle of repose measured from the simulation and the 
experimentally observed angle are around 37°. Clearly, the present DEM model was able to 
model the stable configuration of the heap of glass beads. 

 
                                        (a)                                                               (b) 

Figure 4: (a) The proposed numerical model in this study, (b) The experimental study by Zhou et al. [18], the 
angle of repose in both study is 37 degree 

Table 1: The variables which have been considered for validation 
Name of variable Base value Name of variable Base value 

Number of particles 2000 Density 2500 kNs2/m 
Time step 10000000 Poisson ratio 0.3 

Particle size 2 mm Young’s Modulus 2.16e6 Pa 
Rolling friction coefficient 0.05 Damping 0.4 
Sliding friction coefficient 0.5 Friction angle 22◦ 

Container thickness 40 mm  
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4.2 Semi-aggregated granules 

To assess the intermediate situation, when a few grains have aggregated, but it is not enough 
to prevent the flow under the action of gravity, an experiment with a box of popcorns was 
conducted. The popcorns can approximate the shape of a triad where three spheres are clumped 
together signifying partial aggregation. A plastic container was filled with popcorns. The box 
was placed faced down on a firm table (Fig. 5a). Then the container was lifted suddenly. The 
popcorn takes the shape of a heap (Fig. 5b). The shape of the heap is noted by fitting a smooth 
curve to the contour of the heap.  

 

 
(a)                                                                                  (b) 

Figure 5: Angle of repose study with pop-corn (a) pop-cons in container (b) accumulated shape of pop-corns 
after removing the container 

The experiment has been simulated in a numerical model where the popcorn has been 
approximated as three spheres joined as a triad. The shape of the heap after 1e7 time steps is 
illustrated in (Fig. 6a) where the number of grains are 5000. A confined space of the same shape 
and size of the container is created by introducing four rigid walls. The confined space has been 
filled with the triads. Then the walls have been removed and the triads have been allowed to 
move until a stable configuration is reached (Fig. 6a). The shapes obtained from the experiment 
and the numerical model have been found to agree very well.   

 
                                                                                  (a) 
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                                                                     (b) 

Figure 6: Comparison of Numerical model – the coloured grains have been used to make clumps distinguishable 
(a) and Experimental study (b) for semi-aggregated heaps, where the pop-cone grains shape is simulated as 3 

spheres clumped 

4.3Aggregated cylinders 
Simulations of aggregated particles are validated with two experimental results at different 

extents of aggregation and particle size distribution. Jawad et al. [19] reported the results of 
unconfined compression tests of sand of single particle size (Fig. 7a) aggregated with MICP. 
While Porter et al. [20] reported MICP in well graded sand samples(Fig. 7b). Both samples 
were simulated in DEM and subjected to a displacement controlled unconfined compression 
test and the stress-strain curve for the sample has been plotted. It is important to set the micro-
parameters for DEM to obtain a close fit with the experiments. The initial part of the curve is 
closely related to the elastic modulus of the grains. When the inter-granular stress exceed the 
strength of the cementation the grains start separating, sliding and rolling. Under these 
conditions the cohesion parameters play the most important role. Post-peak part of the stress-
strain curve is dominated by the rolling stiffness and plastic moment limit strain. 

Table 2 shows the values of parameters that are studied in the numerical approach to model 
the experimental of Jawad et al. [19]. Figure 8 illustrates the stress-strain curves from the 
numerical and experimental results. It can be seen that the two curves agreed overall. However, 
there are local differences between them. The initial slope of the numerical curve was 
considerably higher than that of the experiment. However, the slope reduced considerably 
between 2 and 4% strain and there was a good agreement at the peak stress and the strain at that 
instant. It is known that the samples created through MICP often have unevenness at their end 
surfaces, As a result, the initial slope is lower than expected as during the initial loading the 
uneven areas get gradually flattened resulting in more uniform distribution of stresses within 
the sample. The post-peak behavior of the samples was similar.  
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(a)                                                                                  (b) 

Figure 7: Sand grain distribution to study Jawad et al. [19] , Porter et al. [20] 
 

Table 2 Optimum values of micro parameters to model Jawad [19] experimental results 
 

Name of variable Base value Name of variable Base value 
Number of particles 10000 Height of sample 80mm 

Time step 1e7 Diameter of sample 37mm 
Particle size 0.1 mm Porosity 37.67% 

Friction angle 36.5◦ Young modulus 17e6 Pa 
Sliding friction coefficient 0.4 Normal cohesion 30e4 Pa 

Density 2500 Kg/m3 Shear cohesion 9e6 Pa 
Poisson ratio 0.4 Rolling stiffness coefficient 0.5 

Damping 0.4 Plastic moment limit coefficient 0.15 

 

 

 

 

 

Figure 8: The stress–strain of the proposed numerical and experimental study [19] 

 
The experiment reported by Porter et al. [20] has well graded grains. The samples have been 

given a lower level of MICP treatment resulting in intermediate level of aggregation, enough 
to have a cylinder but of lower strength than the previous example. The sphere packing 
technique is used to model the experimental samples to reach the porosity of sample around 
36%. The parameters set in the DEM for this example are presented in Table 3. The stress-
strain plots of the experimental and the numerical results are presented in Fig. 9. In this case 
too there was a good overall match between the experiment and numerical simulation. The 
initial apparent softness in the sample due to the unevenness of the loading surfaces is 
discernible in this experiment as well. The peak stress in the simulation occurred slightly later 
than that observed in the experiment. The post-peak behavior was captured well by the DEM. 
These examples demonstrate the capability of DEM in capturing the stress-strain behavior of 
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granular samples aggregated by MICP for a range of grain size distribution and extent of 
aggregation.  

Table 3: Optimum values of micro parameters to model Porter et al. [20] experimental results 
Name of variable Base value Name of variable Base value 

Number of particles 10000 Height of sample 60mm 
Time step 1e7 Diameter of sample 30mm 

Particle size 0.45 mm and 0.07 mm Porosity 37.67% 
Friction angle 36.5◦ Young modulus 17e6 Pa 

Sliding friction coefficient 0.4 Normal cohesion 25e6 Pa  
Density 2500 Kg/m3 Shear cohesion 6e3 Pa 

Poisson ratio 0.4 Rolling stiffness coefficient 0.15 

Damping 0.4 Plastic moment limit 
coefficient 0.15 

 

Figure 9: The stress–strain of the proposed numerical in current study and experimental study by Porter et al. 
[20] 

We further explore the ability of DEM to identify cracks as they develop in the sample with 
the increasing load. Figure 10 shows the network of inter-granular distance for the grains on 
the surface of the cylinder. As cracks appear the grains that were initially cemented together 
separate when the stress in the cementation exceeds the cohesive strength. It can be noted that 
DEM predicts a developing vertical crack as the loading progresses. The red areas can be 
considered as separation as in those areas the distance between the grains has exceeded the 
average inter-grain distance at the beginning of the experiment. DEM predicts a vertical split 
failure of the sample. Fig. 11 presents the failure predicted by the DEM and that obtained in the 
experiment. There is a striking similarity between the two. Thus, it can be concluded that DEM 
is able to predict the failure mode of the Aggregated MICP samples.   

Figure 10: Inter-grain distances at different stages of the compression test on a highly complex structural frame 
where different colours are representing distance between grains, the blue is the smallest and red is largest 

distance– unit is mm 
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Figure 11: Comparison of failure modes obtained through the experiment and DEM simulation –unit is mm 

 
6 CONCLUSIONS 

 
This investigation explore the capability of DEM simulation for aggregation of grains by 

MICP to different extents. Comparing the series of simulation results with experiments the 
following conclusions can be made: 

- Dem is able to model the aggregation of sand due to MICP at all the stages. The overall 
stress-strain graphs match well. However, the parameters of DEM must be set properly 
to get the best results. 

- The shape of semi-aggregated heap can be modelled by clumping of grains to form 
triads.  

- The stress-strain graphs of aggregated cylinders as obtained in the experiments can be 
emulated through DEM. However, the limit strength parameters such as cohesion and 
plastic moment limit have to be set properly.  

- The inter-grain distance is a good measure for tracking cracks in aggregated cylinders. 
The failure mode predicted by the DEM was very close to that obtained in the 
experiment. 

- The results of this investigation encourage us to explore the DEM modelling further 
for capturing MICP for a wide range of applications. A reliable numerical model would 
certainly expand the understanding of this exciting new technology for a wide range of 
applications. 
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Abstract. We present the Parallel Particle-Mesh Environment (PPME), a domain-
specific language (DSL) and development environment for numerical simulations using
particles and hybrid particle-mesh methods. PPME is the successor of the Parallel
Particle-Mesh Language (PPML), a Fortran-based DSL that provides high-level abstrac-
tions for the development of distributed-memory particle-mesh simulations. On top of
PPML, PPME provides a complete development environment for particle-based simu-
lations usin state-of-the-art language engineering and compiler construction techniques.
Relying on a novel domain metamodel and formal type system for particle methods, it
enables advanced static code correctness checks at the level of particle abstractions, com-
plementing the low-level analysis of the compiler. Furthermore, PPME adopts Herbie for
improving the accuracy of floating-point expressions and supports a convenient high-level
mathematical notation for equations and differential operators. For demonstration pur-
poses, we discuss an example from Discrete Element Methods (DEM) using the classic
Silbert model to simulate granular flows.

1 INTRODUCTION

Developing applications for scientific high-performance computing (HPC) requires in-
depth knowledge of the underlying, potentially heterogeneous hardware and programming

1
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models, as well as the corresponding numerical simulation methods and parallel program-
ming patterns. This leads to a low level of achievable abstraction, which is known to cause
the “knowledge gap” in scientific programming [22]. To address this gap, scientific libraries
and domain-specific languages (DSLs) have evolved into an important toolset in scientific
HPC. In the domain of particle methods, this notably includes the Parallel Particle Mesh
library (PPM) [23, 22, 4] and the Parallel Particle Mesh Language (PPML) [3, 5] as a
library and a DSL for large-scale scientific HPC. The abstractions in PPM and PPML
allow scientific programmers to write more concise and declarative code in comparison to
hand-coded implementations. Essentially, it frees developers from the burden of writing
boilerplate code that manages parallelism, synchronization, and data distribution. How-
ever, PPML has downsides, which we address in PPME [17]: The lightweight embedding
of PPML into Fortran, based on language macros, and the lack of a fully integrated lan-
guage model prevent advanced code analysis and complex compile-time computations.
This makes debugging PPML programs hard and prohibits domain-specific static code
optimization [11]. In contrast, PPME closely follows the paradigm of language-oriented
programming [28], where extensible DSLs are created to describe and solve software prob-
lems instead of writing programs in general-purpose languages. This serves to increase
maintainability and productivity through domain abstractions. PPME is integrated into
the meta programming system (MPS) [8, 16], a model-driven language workbench [9].
We developed a language model that enables us to implement analysis and optimization
algorithms that are well-suited for particle methods. The model is the basis of a formal
type system for particle simulations, including optional verification of physical dimen-
sions. This enables advanced domain-specific correctness checks at compile time, such as
checking for dimensional correctness. PPME further supports numerical accuracy opti-
mization capabilities of floating-point expressions by leveraging domain knowledge and
adopting the Herbie accuracy checker [19]. Due to MPS’ projectional editing capabilities,
convenient high-level mathematical notation for equations and differential operators is
supported. In this paper, we present PPME and show its use in Discrete Element Meth-
ods (DEM). In particular, we use PPME to implement a simulation of granular flows on
distributed-memory parallel computers using a classical Herzian contact force model.

The remainder of this paper is structured as follows: Section 2 discusses related work.
Section 3 presents the architecture of PPME and its integration with the PPM Library.
Section 4 introduces our case study from the domain of discrete element methods while
its implementation in PPME and results are discussed in Section 5. Section 6 concludes
the paper and gives an outlook of future work.

2 RELATED WORK

In scientific computing, several DSL-like approaches have successfully been proposed
in the past: Blitz++ [25] is a template-based library and DSL for generating stencils
from high-level mathematical specifications of mesh-based computations. Freefem++ [10]
is a software toolset and DSL for finite-element methods. This DSL allows users to

2
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define analytic or finite-element functions using domain abstractions such as meshes and
differential operators. Liszt [7] extends Scala with domain-specific statements for defining
solvers for partial differential equations on unstructured meshes with support for several
parallel programming models including message passing. The FEniCS project [13] created
a finite element library, the unified form language (UFL) [1], and several optimizing
compilers for generating code that can be used with the library. Firedrake [20] adds
composing abstractions such as parallel loop operations.

Domain-specific optimizations carry great potential since scientific codes often induce
specific boundaries on data access and numeric algorithms. This has been particularly
studied for representation code of element tensors in the finite-element method [18]. The
representation code is written in UFL variational forms. The proposed optimization
strategies yield significant runtime speedups and leverage domain knowledge to automate
nontrivial optimizations. Loop-level optimizations for finite-element solvers in the COm-
piler For Fast Expression Evaluation (COFFEE) [15] are discussed in Ref. [14]. Therein,
heuristics are used to predict operation counts at runtime, using well-known transforma-
tions such as code motion, expansion, and factorizations. Domain-specific optimizations
are superior to general-purpose ones that are used by standard compilers to reduce the
operation count in nested loops.

This includes checking and optimizing variables based on their physical dimensions.
For this, an analysis technique based on unit annotations has been proposed [6] that does
not require extending or changing the base language. Furthermore, unit annotations for
linear-algebra and finite-element calculations are available [2], which is comparable to
what we have realized for particle methods with dimensional annotations in PPME.

3 THE PARALLEL PARTICLE-MESH ENVIRONMENT (PPME)

PPME is part of the PPM stack and provides several abstractions and analysis algo-
rithms for parallel particle-mesh methods. The PPM library supports simulations of both
discrete and continuous models using either particles, meshes, or a combination thereof.
In discrete models, particles directly interact by pairwise kernels. In continuous models,
differential operators are discretized on particles using, e.g., the SPH or DC-PSE meth-
ods [24]. In DC-PSE, the discretized kernels are automatically computed at runtime. As
PPM is a Fortran library, clients are required to write plain Fortran code in order to use
the library. PPML partially frees the developer from this burden by providing a collection
of macros and code transformations that can be used as high-level abstractions. However,
using PPML can be problematic as it does not provide error checking and debugging
capabilities so that errors are only detected by the compiler in the generated Fortran code
and are not related to the PPML program. PPME addresses this problem by analyzing
the user code and providing an extensible infrastructure for incorporating domain-specific
optimizations.
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PPM language

PPM core PPM numerics

single processordistributed memoryshared memoryvector

Message Passing Interface (MPI) PETSc METIS FFTW

PPM Environment

Figure 1: Layered architecture of the PPM/PPME stack.

3.1 Architecture of PPME

Figure 1 provides an overview of the current PPM/PPME stack. The architectural
details of the computer hardware are located on the lowest layer and are accessed through
common low-level libraries such as MPI for message passing, PETSc for direct and itera-
tive solvers, METIS [12] for graph partitioning, and FFTW for Fourier transforms. In the
layer above, the PPM library provides its major subcomponents: PPM core contains the
distributed Fortran data structures and methods for describing particle simulations, while
PPM numerics provides frequently used numerical algorithms such as multi-grid solvers,
spectral solvers, boundary element methods, and fast multipole methods [21]. These are
partly implemented using the objects provided by the PPM core, and partly based on
wrapping external libraries. PPML sits on top of PPM. Based on its abstractions, mixed
with plain Fortran for direct library access, PPML provides a high-level domain-specific
language that is translated to plain Fortran code code that links against the PPM Library,
as well as the underlying libraries [3, 5]. Offering a consistent DSL layer, PPME resides
in the top-most layer and does not require any adaptation of the underlying framework.
Thus, it uses PPML as an intermediate representation, preserving its concepts and ab-
stractions so that the original tool chain remains intact. However, PPME allows scientists
to bypass the details of the PPML programming languages and the problem associated
with debugging or optimizing PPML programs. PPME is generic to all types of particle
and particle-mesh methods, such that different “client applications”, symbolized by the
square boxes on top, can be implemented.

3.2 Internal Structure of PPME

Internally, PPME is organized in language packages as illustrated in Figure 2. These
packages correspond to solutions in MPS, constituting the domain language model. We
briefly describe the packages here. For a more detailed discussion on the model and type
system we refer to Ref. [17].

The package ppme.expressions provides a domain-independent set of notations for
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ppme.modules

ppme.statements ppme.expressions

ppme.core

extensions

JetBrains MPS  
code generation 

PPML/Fortran

ppme.physunits ppme.analysis

Figure 2: Internal structure of PPME and integration into the MPS language workbench.

mathematical and logical expressions, and literals for integer and floating-point num-
bers. Moreover, the base types available in PPME and parts of the type system (static
analysis) are defined in this package. The package ppme.statements contains universal
imperatives, such as expression statements, if-else clauses, and loops. The type system
is enriched with variable support where necessary. The core package ppme.core contains
elements that are tailored to particle methods, domain-specific types, expressions, and
statements, e.g., a timeloop construct. The package ppme.modules provides the top-level
structure for client programs written in PPME. Modules contain the simulation code and
optional control parameters. A module translates to a PPML client that then translates
to Fortran code.

A major concept of PPME, and of language-oriented programming in general, is to
flexibly add language extensions as needed. So far, we have incorporated two optional
extensions: The package ppme.physunits enables annotating further meta information
to variables and constants. This includes specifications of physical units and dimension
which are then accessible to the type system. The package ppme.analysis provides an
exemplary binding of Herbie as an external analysis tool for improving floating-point
expressions [19]. This integration is based on a general framework enabling the access
of custom tools into the environment. For details on both extensions and application
examples, we refer to Ref. [17].

3.3 Code Generation

We illustrate PPME by comparing the input and output of the PPME code generator
in a simple example: a Gray-Scott reaction-diffusion simulation. The two versions of
the code, PPML and PPME, are juxtaposed in Figure 3. For both, we show the part
that integrates the governing equations discretized over the particle set c using the 4th-
order Runge-Kutta method (“rk4”). In PPME, the equations are conveniently defined
over particle attributes, here the two scalar fields U and V . Static analysis extracts the
required information from the code, for example identifying two applications of differential
operators, ∇2c → U and ∇2c → U , and automatically deriving and adding local variables
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A

P
P
M

E

1 deqn method "rk4" on c

2 ∂c→U
∂t

= constDu * ∇2 c→U - c→U * c→V2 + F * (1.0 - c→U)

3 ∂c→V
∂t

= constDv * ∇2 c→V + c→U * c→V2 + (F + kRate) * c→V

4 end deqn

P
P
M

L

1 rhs grayscott_rhs_0(U=>c, V)
2 get_fields(dU, dV)
3
4 dU = apply_op(L, U)
5 dV = apply_op(L, V)
6
7 foreach p in particles(c) with positions(x) sca_fields(U, V, dU, dV)
8 dU_p = constDu * dU_p - U_p * (V_p**2) + F * (1.0 - U_p)
9 dV_p = constDv * dV_p + U_p * (V_p**2) - (F + kRate) * V_p

10 end foreach
11 end rhs

Figure 3: Equations of a Gray-Scott reaction-diffusion system in PPME (input) and
PPML (output).

dU and dV for them. In the generated PPML code, this information is then contained
explicitly, demonstrating some key benefits of a holistic code representation and analysis:
since all required information is extracted by the PPME compiler, redundant statements
encoding this information are explicitly avoided, which leads to less code, less compile-
time errors, and improved readability. Also note PPME’s support of basic mathematical
notation, such as the Nabla operator ∇ and the partial derivative ∂. From the initial 4
lines of PPME code, 11 lines of PPML code, and more than 100 lines of Fortran code are
generated, which corresponds to factor of 25 in code-size reduction (cf. [17]).

4 CASE STUDY: DISCRETE ELEMENT METHODS (DEM)

Discrete element methods are a fundamental tool for the study of granular materi-
als. It has been shown that DEM methods allow determining material properties [32]
and effective macroscopic dynamics for which closed-form theory lacks. Therefore, DEM
simulations have become invaluable in the search for continuum theoretic descriptions
of granular matter [36, 33, 34, 35]. In the processing industry, granular materials are
center stage, and DEM simulations are widely used to engineer and optimize production
and transport processes. DEM simulations, for example, have been used to understand
packing in a cylindrical container [39] for better silo engineering, and to study concrete
structures under load in order to predict failure points and weaknesses [29, 30, 31].

Granular materials can be modeled by interacting particles, where each particle is
a physical granule or a volume of material [38]. The modeled interaction between the
particles defines the microscopic behavior of the material.

A classical model for DEM simulations of spherical granular flows is the Silbert model [37].
It includes a Herzian contact force, as well as elastic deformation of the grains. Each par-
ticle is represented by the location of its center of mass �ri and is characterized by its
radius R, mass m, and polar moment of inertia I. Whenever two particles i and j collide
or are in contact with each other, the radial elastic contact deformation is given by:

δij = 2R− rij , (1)

6
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with �rij = �ri−�rj the vector connecting the two particle centers and rij = ‖�rij‖2 its length.
The normal (radial) and tangential components of the relative velocity at the point of
contact are given by:

�vnij
= (�vij · �nij)�nij , (2)

�vtij = �vij − �vnij
−R (�ωi + �ωj)× �nij , (3)

where �nij = �rij/rij is the unit normal vector connecting the two particle centers, �ωi is the
angular velocity of particle i, and �vij = �vi − �vj the relative velocity of the two particles.
The tangential elastic displacement �utij is integrated over time for the duration of contact,
using an explicit Euler time-stepping scheme:

�utij ← �utij + �vtijδt (4)

with time-step stize δt. This deformation is stored for each particle and for each contact
point. For a new contact, the tangential elastic displacement is initialized to zero. Thus
for each unique pair of interacting (colliding) particles, the normal and tangential contact
forces become:

�Fnij
=

√
δij
2R

(
knδij�nij − γnmeff�vnij

)
, (5)

�Ftij =

√
δij
2R

(
−kt�utij − γtmeff�vtij

)
, (6)

where kn,t are the elastic constants in the normal and tangential direction, respectively,
and γn,t the corresponding viscoelastic constants. The effective collision mass is given by
meff =

mimj

mi+mj
. In order to enforce Coulomb’s law ‖�Ftij‖2 < ‖µ�Fnij

‖2, the tangential force
of each contact point is bounded by the normal force. This is achieved by scaling the
tangential force with

�Ftij ← �Ftij

‖µ�Fnij
‖2

‖�Ftij‖2
. (7)

This implies a truncation of the elastic displacement, since the Coulomb limit is reached
when two spheres slip against each other without inducing additional deformations. Thus,
the deformation is truncated as:

�utij = − 1

kt

(
�Ftij

√
2R

δij
+ γtmeff�vtij

)
. (8)

Considering that each particle i interacts with all particles j it is in contact with, the
total resultant force on particle i is computed by summing the contributions of all contact
pairs (i, j). Including also gravity, we obtain the total force on grain i:

�F tot
i = m�g +

∑
j

(
�Fnij

+ �Ftij

)
, (9)
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create topology topo with
boundry condition: "ppm_param_bcdef_periodic"
decomposition: <no decomposition>
processor assignment: <no processor_assignment>
ghost size: cutoff + skin

{! fields and properties
property <real, ppm_dim, "velocity", <no prec>, true> v
property <real, ppm_dim, "force", <no prec>, true> F
property <real, ppm_dim, "omega", <no prec>, true> omega
property <real, ppm_dim, "tau", <no prec>, true> tau
property <real, max_contacts_def, "contacts_def", <no prec>, true> cpd
property <real, max_contacts, "contacts_ids", <no prec>, true> cpi
property <real, 1, "n_cp", <no prec>, true> ncp
property <real, 1, "type", <no prec>, true> tt
property <real, 1, "gid", <no prec>, true> gid

}

v_nij = (v_rel[1] * n_ij[1] + v_rel[2] * n_ij[2] + v_rel[3] * n_ij[3]) * n_ij;

v_tij = v_rel - v_nij - v_cross;

[F_nij = SQRT(delta_ij/2/R) * (k_n*delta_ij*n_ij(:) - gamma_t*m_eff*v_nij(:))]

F_tij = F_tij * (F_nij_sq / F_tij_sq);

Figure 4: Excerpts of the PPME code for parallel DEM simulations.

where �g is the acceleration due to gravity. In the Silbert model, particles also have a
rotational degree of freedom. Therefore, the total torque on particle i is calculated as:

�T tot
i = −R

∑
j

�nij × �Ftij . (10)

We integrate the equations of motion using the second-order accurate leap frog scheme

�vn+1
i = �vni +

δt

m
�F tot
i , �rn+1

i = �rni + δt�vn+1
i (11)

�ωn+1
i = �ωn

i +
δt

Ii
�T tot
i , (12)

where �rni , �vni , �ωn
i denote respectively the position, velocity, and angular velocity of particle

i at time step n, and δt is the time-step size.

5 RESULTS

We describe how the above DEM model is implemented in PPME and present the
results of a simulation using 82,300 particles. Figure 4 shows excerpts of the PPME code
for the model described in Section 4. The code for setting up the parallel simulation is
in section (1). It defines the external boundary conditions on the computational domain,
decomposes the problem onto the available processors, and adds ghost (halo) layers around
each processor. The particle properties and their datatypes are defined and initialized
by the code section (2). Each particle property has a datatype, a dimension, a human-
readable name, a numerical precision, a flag stating whether this property is required, and
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(a) t = 0 s (b) t = 2.0 s (c) t = 4.0 s

Figure 5: Visualization of PPME simulation results of an avalanche down and inclined
plane. The panels show the particles at the indicated times. Color from blue to red
indicates the x-component of the velocity of the particles.

a variable name. The remaining code (3-6) shows the implementations of Equations 2,
3, 5 and 7, respectively. Equation 2 is an example of native PPME code, using particle
properties. Equation 5 is an example of inline Fortran code, enabling access to functions
not supported in PPME.

We illustrate the PPME implementation using a classical test case for granular flow
simulations: an avalanche down an inclined plane. The same test case has also previously
been implemented in PPM [26, 27], enabling direct comparison of the codes and results.
We set up the simulation as described [27] and run it using 82,300 particles with kn =
7.849, kt = 2.243, γn = 3.401, µ = 1, R = 0.06. All particle masses are set to m = 0.001
and the gravitational acceleration to g = 9.81. The size of the box-shaped domain is fixed
to 8.4× 3.0× 3.18. Initially, the particles are placed on a regular Cartesian grid inside a
box of size 4.26×3.06×1.26. The simulation box is inclined by 30 degrees in the xz plane
by appropriately rotating the gravity vector. The y-direction of the domain is periodic.
Figure 5 visualizes the simulation results at different time points, showing the avalanche
down the inclined plane. Color indicates the x-component of the particle velocity from
low (blue) to high (red). The fixed walls on the bottom, left, and right of the domain
are modeled by immobile particles of the same kind. The visualizations are done using
ParaView, directly reading the VTK files produced by a single PPME “print” statement,
illustrating the parallel file I/O amenities of PPME.

6 CONCLUSIONS

We presented PPME, an integrated development environment for parallel particle-
mesh simulations. PPME is based on a complete language model for particle methods.
Based on the core model, PPME provides an extensible static type system, including
physical dimensions. For demonstration purposes, we exemplarily implemented a classical
DEM model in PPME and used it to generate executable Fortran code that links against
the PPM library and can be executed on distributed-memory computers using message
passing. In the future, we will extend PPME to support additional abstractions from
the particle-mesh domain. We will improve the internal architecture of PPME by adding
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an additional target-language abstraction layer in order to be able to support output
languages other than Fortran. This will provide a versatile and standard platform for
parallel particle methods across a wide range of applications from discrete to continuum
simulations.
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Abstract. We developed three continuum forms for brick structures, predicted the elas-
tic wave characteristics and investigated the range of validity of the predictions. One
of the continuum form is based on continuumnization by Hori et al. and the other two
are based on Taylor series expansion. Both continuumnization and second order Taylor
expansion based continuum forms can predict p- and s-wave characteristics accurately for
wavelengths larger than 7 times the brick dimensions. The second order Taylor expansion
can also predict the r-wave characteristics accurately in the same range of wavelengths. It
is demonstrated that the full Taylor series based continuum form can predict the elastic
wave properties to a remarkable accuracy for the whole range of frequencies and wave num-
bers. These predictions will be useful in verification of simulation codes, utilizing FEM
for analyzing brick structures and engineering applications like non-destructive testing,
vibration control, etc.

1 INTRODUCTION

We propose three equivalent continuum forms for identifying the elastic wave properties
of regularly packed brick-mortar systems and apply those to analytically predict the char-
acteristics of elastic waves properties. These analytical predictions can be used in wide
range of applications like verification of numerical codes, non-destructive identification of
material properties, vibration control, design, etc.

Two approaches are used in deriving continuum forms; Continuumnization proposed
by Hori et al.[1] and Taylor series expansion. A regularly packed brick mortar system is
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idealized as a discrete block spring system. Three continuum forms of governing equations
are obtained assuming the existence of smooth and continuous vector fields which can ap-
proximate the field variables of the idealized discrete system. Continuumnization utilizes
the limiting process to approximate difference operations in the discrete form of the gov-
erning equations, while the other two continuum forms approximate the field variables of
idealized discrete system using Taylor series expansion. One of the Taylor series based
continuum form uses second order Taylor expansion while the other uses the whole Taylor
series. The continuum from obtained with the whole Taylor series can predict the elastic
wave characteristics up to the smallest meaningful wavelength, while the predictions of
the other two are accurate within the wavelengths of engineering applications.

The rest of the paper is organized as follows. The section two presents the derivations of
the three continuum forms of equation of motion, and corresponding characteristic equa-
tions for predicting wave properties for regularly packed brick mortar systems. The third
section investigates the range of applicability of each continuum form. Some concluding
remarks are given in the last section.

2 CONTINUUM FORMS FOR REGULARLY PACKED BRICK SYSTEM

As the starting point to derive the three equivalent continuum forms, first the discrete
equations of motion for a regularly packed brick mortar system is obtained. The rest
of this section presents the derivation of the three continuum forms and the analytical
predictions of the elastic wave properties.

2.1 Regularly packed bricks as a discrete system

We idealize a single layer brick wall as a network of rigid rectangular blocks connected
with infinitesimally short linear elastic springs, as shown in Fig.1(a). The springs represent
elasticity of both the bricks and mortar layers while the domain of each rigid block includes
a portion of cement layers so that the domain occupied by the brick mortar system is
perfectly tessellated.

(a) Neighboring blocks of regularly packed bricks (b) Contact area of two neighboring blocks

Figure 1: Idealized block-spring model.

2

577



Sumet SUPPRASERT, Lalith WIJERATHNE, Muneo HORI AND Jian CHEN

Consider an arbitrary block µ of a regularly packed brick mortar system (see Fig. 1(a))
and let its centroid be xµ. The pair of neighbors located in the γth direction, rγ±, are
denoted as γ±, and let their centroids be xµ+2rγ±. Note that rγ± denote the relative
position vectors of the centroid of the contact areas with the neighbors γ±. Let nγ, tγ

and sγ be an orthonormal coordinate system on contact area with the neighboring block
in rγ+ direction (see Fig. 1(b)). Let the dimension of this rectangular contact area be
2bγt×2bγs . Let (xt,xs) be an arbitrary point on this contact area, with respect to this local
coordinate system.

Assume that the bricks are rigid and undergo infinitesimally small translations and
rotations. Let the translation and rotation of µth block be uµ and θµ, while those of
neighbors are uγ± and θγ±. The corresponding relative displacement at the point (xt,xs)
is

Lµγ+ =
(
uγ+−uµ

)
−
(
θγ++θµ

)
×rγ++

(
θγ+−θµ

)
×
(
xtt

γ++xss
γ+
)
.

If k and h are the normal and tangential spring constants, respectively, the elastic energy
stored in the spring due to the relative deformation Lγ+ is

V µγ+ =
1

2

bγs∫

−bγs

bγt∫

−bγt

k
(
nγ+·Lµγ+

)2
+h

{(
tγ+·Lµγ+

)2
+
(
sγ+·Lµγ+

)2}
dxtdxs,

and the Lagrangian for the whole discrete system is

L =
∑
µ

(
1

2
mu̇µ·u̇µ+

1

2
θ̇µ·I·θ̇µ−V µ

)
, (1)

where V µ= 1
2

∑
γ(V

µγ++V µγ−). m and I are the mass and inertia tensor of each block.

Applying the Hamilton’s principal of stationary action, δ
∫
Ldt=0, we can obtain the

following governing equations of motion for the discrete system

müµ =
∑
γ

Kµγ·
(
uγ+−2uµ+uγ−)−K̂µγ·

(
θγ+−θγ−)

I·θ̈µ =
∑
γ

(
K̂µγ

)T

·
(
uγ+−uγ−)−K

µγ·
(
θγ++2θµ+θγ−)+K

µγ
·
(
θγ+−2θµ+θγ−),(2)

where
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Kµγ = 4bγt b
γ
s (kn

γ⊗nγ+htγ⊗tγ+hsγ⊗sγ)

K̂µγ = 4bγt b
γ
s {knγ⊗(rγ×nγ)+htγ⊗(rγ×tγ)+hsγ⊗(rγ×sγ)}

K
µγ

= 4bγt b
γ
s {k(rγ×nγ)⊗(rγ×nγ)+h(rγ×tγ)⊗(rγ×tγ)+h(rγ×sγ)⊗(rγ×sγ)}

K
µγ

=
4

3

{
h
(
bγt b

γ3
s +bγ3t bγs

)
nγ⊗nγ+kbγt b

γ3
s tγ⊗tγ+kbγ3t bγss

γ⊗sγ
}

For the sake of brevity, γ denotes γ+ in the above set of equations. It is straight forward
to obtain expressions for γ− using the following relations: Kµγ+=Kµγ−; K̂µγ+=−K̂µγ−;

K
µγ+

=K
µγ−

; and K
µγ+

=K
µγ−

. The set of equations for discrete system given in Eq.
(2) can be used to simulate a brick structure as a mass spring system. Though the elastic
wave characteristics for given brick mortar properties can be obtained by analyzing the
results of such simulations, what is desired for design and verification purposes is the
predictability of wave characteristics for arbitrary material properties.

2.2 Equivalent continuum forms

The derivations of the different continuum forms presented in this paper are motivated
by Hori et al.’s work on Continuumnization. Hence we first briefly present the outline
of their formulation of continuum form, followed by the newly proposed Taylor series
approach. Both the approaches assume the presence of smooth vector fields u and θ which
satisfy u(xµ)=uµ and θ(xµ)=θµ, and make different approximations to the discrete terms
uγ±−uµ and θγ±±θµ of Eq. 2.

2.2.1 Continuumnization

In their original work on continuumnization, Hori et al. expressed the discrete terms
uγ±−uµ and θγ±−θµ with differential operators considering the limits lim‖rγ‖→0

uγ±−uµ

‖rγ‖ ≈
±rγ·∇u and lim‖rγ‖→0

θγ±−θµ

‖rγ‖ ≈±rγ·∇θ. As it will be shown in section 2.2.3, an equivalent
continuum form can be obtained by substituting these approximations to Eq. 2.

2.2.2 Taylor series

Instead of using the limiting process, here we use Taylor series expansion to obtain
continuous approximations for discrete terms uγ±−uµ and θγ±−θµ. As an example, uγ±

can be approximated as

uγ± ≈ uµ±2ri

[
∂u

∂xi

]

xµ

+2rirj

[
∂2u

∂xi∂xj

]

xµ

±23rirjrk
3!

[
∂3u(x)

∂xi∂xj∂xk

]

xµ

+... (3)

Based on the above expression, we can approximate (uγ+±uγ−) and (uγ+−uγ−) as
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uγ++uγ− ≈ 2uµ+
23rirj
2!

[
∂2u(x)

∂xi∂xj

]

xµ

+
25rirjrkrl

4!

[
∂4u(x)

∂xi∂xj∂xk∂xl

]

xµ

+...

uγ+−uγ− ≈
[
∂u(x)

∂xi

]

xµ

22ri+
24rirjrk

3!

[
∂3u(x)

∂xi∂xj∂xk

]

xµ

+... (4)

Similarly, it is straight forward to express (θγ+±θγ−). The Taylor series approach uses
the above expressions for approximating the discrete terms (uγ+±uγ−) and (θγ+±θγ−)
in terms of continuous vector fields u(x) and θ(x).

2.2.3 Equivalent continuum forms of discrete governing equations

Neglecting all the third or higher order derivatives terms of Eq. 4 and substituting to
Eq. 2, we can obtain the following second order accurate continuum form for the idealized
discrete brick mortar system.

m

Vb

ü = ∇·(c:∇u)−q :∇θ

1

Vb

I·θ̈ = qT :∇u−d·θ+∇·(v :∇θ), (5)

where Vb is the volume of a block. c, q, d, and v are 4th, 3rd, 2nd, and 4th-order tensors
composed of material and geometric (i.e. block geometry and packing) properties. Explicit
expressions for these tensors for the second order Taylor series based continuum form are

c =
16

Vb

∑
γ

bγt b
γ
s (kr

γ⊗nγ⊗rγ⊗nγ+hrγ⊗tγ⊗rγ⊗tγ+hrγ⊗sγ⊗rγ⊗sγ)

q =
16

Vb

∑
γ

bγt b
γ
s {knγ⊗rγ⊗(rγ×nγ)+htγ⊗rγ⊗(rγ×tγ)+hsγ⊗rγ⊗(rγ×sγ)}

d =
16

Vb

∑
γ

bγt b
γ
s {k(rγ×nγ)⊗(rγ×nγ)+h(rγ×tγ)⊗(rγ×tγ)+h(rγ×sγ)⊗(rγ×sγ)}

v =
16

3Vb

∑
γ

bγt b
γ
sr

γ⊗
{{

h
(
bγ2s +bγ2t

)
nγ⊗rγ⊗nγ+kbγ2s tγ⊗rγ⊗tγ+kbγ2t sγ⊗rγ⊗sγ

}

−3{k(rγ×nγ)⊗rγ⊗(rγ×nγ)+h((rγ×tγ)⊗rγ⊗(rγ×tγ)+(rγ×sγ)⊗rγ⊗(rγ×sγ))}}

In the original work by Hori et al.[1], a first order approximation is made for the term

(θγ++2θµ+θγ−)≈4θ(xµ), instead of 4θ+4rirj

[
∂2θ(x)
∂xi∂xj

]
xµ

used in the above second order

Taylor series approximation. Consequently, the term ∇·(v :∇θ) of Eq. 5 is not present in
the continuum form of governing equations from continuumnization.

5

580



Sumet SUPPRASERT, Lalith WIJERATHNE, Muneo HORI AND Jian CHEN

Table 1: Wave velocities and corresponding modes {u1,u2,θ3} for θξ=90◦ and θξ=0◦.
ζ=a2/a1 and η=h/k

wave type
θξ=90◦ θξ=0◦

phase velocity mode shape phase velocity mode shape

p
√

2ka2
ρ

{0,1,0}
√

ka2(η+4ζ)
2ρζ2

{1,0,0}

s
√

2ka2η(1+4ηζ)
ρ(1+4ηζ+4ηζ2)

{
1,0,− 4ηζ2ξi

1+4ηζ+4ηζ2

} √
2ka2η(1+4ηζ)
ρ(1+4ηζ+4ηζ2)

{
0,1,− (1+4ηζ)ξi

1+4ηζ+4ηζ2

}

r - {0,0,1} - {0,0,1}

While the above second order Taylor expansion based continuum form was indepen-
dently developed by the authors, Stefanou et al.[2] also have proposed similar idea of
obtaining equivalent continuum form of regularly arranged brick structures based on sec-
ond order Taylor expansion.

2.2.4 Prediction of elastic wave characteristics

A major advantage of Eq.(5) is that it makes it possible to analytically study the
dynamic characteristics of the approximated discrete system. As an example, consider
the two dimensional single layered brick wall shown in Fig.2. For this given packing,
we can evaluate the four tensors, c, q, d, and v, and obtain the equivalent continuum
form of equations of motion (i.e. Eq.(5)). Taking the Fourier transform of the resulting
equations, with the kernel of eı(ξ·x−ωt), where ξ=ξ{cosθξ,sinθξ}, and solving the resulting
characteristic equations, the relations between the wave frequencies and wave numbers for
in-plane deformations can be obtained. Since the system is anisotropic, the wave velocities
depend on the direction of the propagating wave. Table 1 shows the p-, s- and r- wave
charateristics based on the continuum form with the second order Taylor expansion.

Figure 2: A single layered 2 dimensional brick arrangement.

Though r-wave speed is undefined, we can obtain following expression for frequency of
rotational mode

ωspin=

√
3ka21+12ha1a2+12ha22

2ρa21a2+2ρa32
. (6)
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2.2.5 Prediction of elastic wave characteristics based on an arbitrary order
approximation

In the section 2.2.3, we used only the terms up to the second order derivatives in Eq.(4).
It surely is odd to consider all the infinite terms of the Taylor expansion in approximating
variables. However lets consider all the terms of Taylor series expansion and obtain a
continuum form, which is obviously too complicated for any practical use. The presence of
some series solutions make it is possible to obtain a quite compact characteristic equation
when all the infinite terms of Eq.(4) are used.

With a little bit of mathematical manipulations, the following two relations for the
Fourier transform of Eq.(4) can be established; note that all the infinite terms in the
Taylor series are included.

∫ (
uγ++uγ−)eı(ξ·x−ωt)dxdt ≈ 2

(
1−2sin2(ξ·rγ)

)
û

∫
(uγ+−uγ−)eı(ξ·x−ωt)dxdt ≈ 2ı{sin(2ξ·rγ)}û (7)

û and θ̂ are the Fourier transform of u and θ with respect to the kernel eı(ξ·x−ωt). Now, ap-
proximating the discrete terms (uγ+±uγ−) and (θγ+±θγ−) of Eq.(4) with the full Taylor
series and taking the Fourier transform, we can obtain the following set of equations.

0 = det


 −ω2M+

∑
γ4sin

2(ξ·rγ)Kµγ 2ı
∑

γ sin(2ξ·r)K̂µγ

−2ı
∑

γ sin(2ξ·rγ)
(
K̂µγ

)T

−ω2I+4
∑

γ

(
cos2(ξ·rγ)K

µγ
+sin2(ξ·rγ)K

µγ)



M=m1 is the mass matrix and I is the inertia tensor of a brick; 1 is the identity matrix.
Though the above is too complicated to solve for analytical relations between frequen-

cies and wave numbers, ω and ξ, we can numerically solve it to find relation between ω
and ξ. As it will be shown in the next section, the wave properties predicted with this
characteristic function is valid for much wider range of wave numbers, compared to above
obtained predictions from continuumnization and second order Taylor series approxima-
tion.

3 VERIFICATION OF THE PREDICTED WAVE PROPERTIES

To verify the elastic wave characteristics predicted in sections 2.2.4 and 2.2.5 and
identify the applicable range of these predictions, we compared the predicted properties
with the results obtained from a Rigid Body Spring Model (RBSM) simulation. The
details of this comparison is presented in this section.

7
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3.1 Basic problem settings

A brick wall of width 20.3m and height 13.0m shown in Fig.3 was used for the RBSM
simulations. The bricks are 60mm in width, 30mm in height, and 40mm in thickness.
The density of each block is assumed to be 1850kg/m3. k and h, are determined as
5.12×1011N/m3 and 2.22×1011N/m3, respectively.

For the sake of simplicity, 2D settings was assumed and the domain was excited with
an in-plane wave at center of the domain. We considered 3 cases with different inputs.
First and second cases were with transnational waves of vertical and horizontal excitation.
The third case was with a rotational wave input. In all the cases, the wave form shown
in Fig. 3b was used.

(a) Domain (b) Input wave f (t)= 4
3
√
3
A
(
sin ωt

2 − 1
2 sinωt

)

Figure 3: Domain and the wave form used in the numerical experiments.

A and ω are the amplitude and circular frequency of the input. For vertical and horizontal
inputs A=2mm while A=0.035 radians for the rotational input. To obtain narrow wave
fronts, so that peaks and valleys of waves are clearly visible, input circular frequency
ω is set 1.57×104radian/s for vertical and horizontal input, and 2.11×105radian/s for
rotational input.

In order to obtain accurate results, we used a second order velocity Verlet algorithm
with 1µs time step for time integration. As an indirect check of accuracy of the simulation,
energy and momentum of the whole system were monitored. Near perfect preservation of
energy and momentum was observed, indicating that the simulations were accurate.

3.2 Comparison of translational waves

The color contours of Fig. 4(a) and (b) show the distribution of translational wave am-
plitudes at time 2ms. The two black color curves indicate the analytically predicted wave
fronts based on the continuum form from the second order Taylor expansion presented in
the section 2.2.3.

8
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3.2.1 P-wave

As is seen, the analytically predicted p-wave fronts are in good agreement with numer-
ical results in the regions indicated with letter A. The wave profiles along section P-P,
shown in the left side pair of Fig.5 clearly indicate that the analytical predictions are in
good agreement with the numerical results. In Fig.4(a), since the input wave is oriented
in vertical direction, the p-wave amplitude is highest in up and down directions, while it
is extremely low in other directions. This is why no p-wave fronts are visible in the nu-
merical results except in up and down directions in Fig.4(a), and left and right directions
in Fig.4(b).

3.2.2 S-wave

Also, the Fig. 4(a) and (b) show that the theoretically predicated s-wave fronts are also
in good agreement with that of numerical results in the regions marked with letter B. The
right hand side pair in Fig.5 provides clear evidences to support this claim. Amplitude
of the main s-wave is weak in most directions, except orthogonal to the direction of
excitation. This is why there seems to be a significant mismatch between numerical and
analytical wave fronts in regions except B.

(a) with vertical input (b) with horizontal input

Figure 4: Comparison of predicted p- and s-wave fronts with those of numerical results,
at 2 ms. The colors indicate the amplitude of translational waves.

3.3 Comparison of rotational waves

Fig. 6 shows the distribution of the amplitudes of rotational waves (r-wave) generated
by the rotational wave input, at 2 ms. Unlike the translational wave inputs, dispersion of
the rotational wave occurs. In order to check the accuracy of predictions, we compared
the circular frequency ω versus the normalized wave number ξai where a1 and a2 are the

9
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verticle input horizontal input

(c) along sections P-P

verticle input horizontal input

(f) along sections S-S

Figure 5: P-wave profiles along sections P-P (left pair) and s-wave profiles along sections
S-S (right pair), at 2 ms. Arrows indicates the analytically predicted wave front.

half of the dimensions of a brick (see Fig.2). The ω versus ξai relations of the numerical
results are obtained by Fast Fourier Transform (FFT) with respect to space and time.
FFT was conducted for two narrow vertical and horizontal spatial domains shown with
yellow lines in Fig.6.

The results of the double FFTs are shown in Fig.7. As seen, in addition to the r-wave,
small amplitude p- and s-waves are also present. This gives us a good opportunity to
make a further check the accuracy of predicted p- and s- wave characteristics.

Figure 7 (a) and (b) compare the predictions with continuumnization by Hori et al.[1].
The analytical prediction of rotational frequency is in agreement only in a small neigh-
borhood of |ξa1|=|ξa2|=0, and it rapidly diverges when move away from this small neigh-
borhood. This is not surprising since continnumnization uses only the 0th-order approxi-
mation (θγ++2θµ+θγ−)≈4θµ.

As show in Fig. 7 (c) and (d), the predictions with the second order Taylor expansion
(see section 2.2.3) are in good agreement with the numerical solution within the range
|ξai|<0.5. P-, s- and r-wave predictions based on this continuum form are valid for the
wavelengths grater than 7 times the size of bricks.

The advantage of the continuum form obtained with the full Taylor series is clearly
seen in Fig. 7 (e) and (f). Analytical predictions for s- p- and r-waves are in near perfect
agreement with the numerical results for a whole range of wave numbers considered. Note
that we limited our analysis to the range ξai≤1.5 since it corresponds to the shortest
meaningful wavelength for the considered problem; ξai≤1.5 includes wavelengths two
times larger than the respective dimensions of a brick.

4 CONCLUDING REMARKS

Three equivalent continuum forms are developed for regularly packed brick structures
and utilized to predict the elastic wave characteristics. The predicted p- and s-waves char-
acteristics based on continnumnization and second order Taylor expansion are accurate for
wavelengths greater than 7 times the size of bricks. In case of r-wave, while the predictions
of second order Taylor expansion approach is accurate in the same wavelength range, that
of continnumnization is limited to narrow range of wavelengths. The full Taylor series
based continuum form can predict the elastic wave properties to a remarkable accuracy

10
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Figure 6: Magnitude of the rotational waves at 2 ms, generated by rotational wave input.
Two lines indicate the domains used for double FFT.

for the whole range of wave numbers. These predictions will be useful in verification of
numerical simulations and engineering applications like non-destructive testing, vibration
control, structural design, etc. For the ordinary design purposes the predictions based
on continnumnization or second order Taylor expansion is sufficient, while the full Taylor
series model will be useful in physics applications involving high frequencies. Further, it
is straight forward to develop Finite Element extensions based on these continuum forms
for analyzing brick structures.
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(a) Along the vertical domain (b) Along the horizontal domain
Continnumnization

(c) Along the vertical domain (d) Along the horizontal domain
Second order Taylor series

(e) Along the vertical domain (f) Along the horizontal domain
Full Taylor series

Figure 7: Comparison of numerical results and the analytical predictions based on dif-
ferent continuum forms. Contour plots show the numerically obtained amplitude of ω vs.
ξai relation. The curves shows the analytical prediction for p-, s- and rotational waves.
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Abstract. The granular gripper is an innovative device designed to grasp objects using
the jamming properties of granular materials. However, these properties that influence its
performance is still poorly understood. Moreover, to date, there is no numerical model for
the granular gripper. In this paper, we combine numerical and experimental approaches
to examine the effects of the mechanical properties of the grains on the grip force, with
the goal to gain better insight on the influence of these properties and to improve the
performance of the granular gripper.
On the numerical side, a model based on Discrete Elements Method (DEM) is developed
to predict the effect of the granular properties, such as the roughness, on the holding
force. Two different ways of modelling the gripper system are presented and compared.
The DEM model is tested for different pressures around the jamming pressure. On the
experiment side, a granular gripper apparatus is mounted and used to find the relation-
ship between the grains properties and the holding force. The experimental apparatus is
also used to validate the DEM model.
We found that grains with higher surface roughness result in a higher holding force on a
cubical aluminium object. We also found agreements between the results of the exper-
iments and the DEM models. Lastly, advice is given about approximating the holding
force for a given gripper system and about further optimizing this system in terms of
holding force, pressure and particle roughness.
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Figure 1: Functioning of the granular gripper [1].

1 Introduction

Gripping, holding and moving parts in industrial applications are tasks done by robotic
grippers. Often these tasks are done by complex robotic hands which require a lot of
processing power and optimization [1, 2]. However, a new and more universal way of
gripping objects has come to light. A lot of complexity and therefore costs can be avoided
by gripping objects using a granular gripper [1, 2, 3]. The functioning of the granular
gripper consists of four phases which are shown in figure 1. The holding force that
is exerted on the object has three contributions, static friction from surface contact,
geometrical interlocking and vacuum suction from an airtight seal [2]. This research will
mainly focus on the static friction contribution. The holding force at jamming pressure
can be used to determine the performance of a granular gripper. The jamming point,
the jamming transition from a fluid-like state of the granular material to a solid-like
state occurs at this jamming pressure [4]. Optimization of the granular gripper will help
improving its performance and therefore its usability. Discrete element method modelling
is a useful tool for this optimization problem. In DEM modelling deformations of particles
are simplified to the overlap, δ, of two particles which corresponds to an interaction force
[5].

So far ground coffee is found to have the best properties for a high strength-to-weight
ratio. A property that is used to measure the performance of systems containing granular
material [3], like the gripper. A hypothesis for this is the influence of the surface rough-
ness and irregularities [3], because ground coffee is relatively rough and non-spherical
compared to other granular media such as glass beads for example. In order to explore
the influence of roughness on the gripper performance, the problem is studied by com-
bining gripper experiments, microscope image analysis on single particles roughness and
numerical simulations. A roughness experiment is first conducted to identify the rough-
ness of different batches of particles by taking samples. Also from the other batches of
particles containers are filled and tested in the granular gripper set-up. Then, the rough-
ness is examined against the holding force in the granular gripper and an implementation
of the roughness in the simulation is established.
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2 Roughness experiment

2.1 Method

Samples of Silibeads® Type M Borosilicate glass beads with a diameter of 2.5±0.2 mm
are tested. Both a matte as well as a polished type is used in the experiments. The exper-
iment is conducted using the Keyence VK-9700 series Color 3D Laser Scanning Confocal
Microscope. The microscope is used with the laser shutter as well as the aperture shutter
opened. The lens with 100x magnification was used for making surface measurements
of the centre of the particle surface. Afterwards the results are processed by the VK
Analyser software that comes with the microscope. In this software, the scanned surface
is flattened using the ”sec curved surf.(auto)” correction method. The value for RMSf

is then found by taking the root mean squared roughness of the whole measured surface
which is about 105 µm x 140 µm. After each experiment, it is made sure that the same
bead is not used again in any later experiment. By linear fitting measurement data from
[6] the following approximation is found for the mean RMSf value in micrometers and
the static coefficient of friction µs:

µs = 2.012 ·RMSf − 0.0026 (1)

2.2 Results

Type Mean RMSf [µm] St. dev. [µm]
polished 2.5 mm 0.060 0.016
polished 4 mm 0.152 0.028
matte 2.5 mm 0.458 0.018
matte 4 mm 1.063 0.122

Table 1: Surface roughness results for the flattened plane RMS roughness, RMSf for a surface of 105 µm
x 140 µm.

Type Mean coefficient
polished 2.5 mm 0.12
polished 4 mm 0.3
matte 2.5 mm 0.92
matte 4 mm 2.14

Table 2: Mean static friction coefficient, µs, approximation using equation (1).

In table 1 the average flattened RMS surface roughness values can be found. For each
type 6 experiments are conducted. The standard deviation from the mean is also shown
as a measure of accuracy. In figure 2 examples of typical tested surfaces for the respective
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A B

C D

Figure 2: Microscopical view of the surface of the samples. A: polished 2.5 mm, B: polished 4 mm, C:
matte 2.5 mm, D: matte 4 mm.

types are shown which consists of two layers. The first layer is the coloured view from the
microscope and the second view is the laser view. The flattened RMS surface roughness
values are filled into equation (1) to approximate the static friction, µs. The result can be
found in table 2. Since the friction values in [6] did deviate much at the same roughness,
this friction value is only an indication.

2.3 Conclusions & discussion

In table 1 it can be seen that the matte Silibeads® Type M Borosilicate glass beads
have a higher RMSf value than the polished ones. This difference is also expected for the
static friction, µs, values. A bigger diameter results in a higher RMSf value and therefore
also a higher static friction, µ is expected.

3 Model validation

3.1 Method

A model of the granular gripper set-up is made to simulate the holding force. Firstly,
some experiments are conducted using the experimental set-up. Then in the simulation
the same experiment is conducted. Afterwards the results are compared. The DEM
software that is used for doing the simulations is LIGGGHTS®-PUBLIC version 3.5 [7].
The contact model that is used for all contacts is the Hertz model combined with the
tangential history model. For the contact between the aluminium cube and the particles,
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a function ”limitForce” was used to prevent attractive forces which is unwanted behaviour
[8]. Both models and the function are included in the software. In both the experiment
and the simulation, the holding force is determined by taking the highest force value that
occurred while being in the upward motion. The residuary settings of both the set-up
and the model will now be discussed.

The polished & matte Type M borosilicate 2.5 mm particle types from section 2 are
used for model verification. For every particle type one or two containers are utilized in
the experimental set-up. The weight for every container filled with particles is tested not
to differ more than 10 grams from the measured average of 310 grams. It is chosen to do
this for a more accurate performance comparison between the types. In the simulation,
the friction coefficient values from table 2 are used for the holding force comparison.

3.1.1 Experimental set-up

Figure 3: On the left: total set-up, on the right: mechanical part of the set-up.

Property Value Unit
Particle diameter 0.0025 m
Bellow radius 0.025 m
Total mass particles 0.310± 0.010 kg

Table 3: Properties used in the experiment.
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Abstract. The paper presents a preliminary numerical study aimed to improve the safety
on haul roads in surface mining. The interaction and collision between granular berms and
ultra-class haul trucks are investigated by using non-smooth multi-domain dynamics. The
haul truck is modelled as a rigid multibody system and the granular berm as a distribution
of rigid particles using the discrete element method. A non-smooth dynamics approach
is applied to enable stable and time-efficient simulation of the full system with strong
coupling. The numerical model is first calibrated using full-scale data from experimental
tests and then applied to investigate the collision between the haul truck and granular
berms of different geometry under various approach conditions.

1 INTRODUCTION

Berms of granular materials are commonly used along haul roads of surface mines to
protect haul trucks from rolling over an edge and to avoid collisions. Their current design
is based on rules of thumb [1]. However, their behaviour is still poorly understood and
accidents, where haul trucks collide with a berm and run over the edge and down the
front slope, are still happening on a regular basis [2]. In addition, there is common sense
that the current rules of thumb do not apply to the new generation of ultra-class haul
trucks but it is unclear how berms need to be designed in order to be efficient for stopping
a runaway haul truck. Hence, the need for a more rigorous design approach is emerging
within the mining industry and accurate specific numerical modelling could represent a
valid tool for this purpose. The main aim of the current research is to understand, how
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efficient granular berms are in stopping a runaway haul truck. Therefore, it is crucial to
understand the behaviour of a granular berm upon collision with a haul truck travelling
at various velocities. This problem is very complex and has to take into account large
displacements of the granular material the berm is built of and the interaction of such
material with large-scale mobile equipment. In addition, the variability of the available
material on site used to build the berms, mostly waste rock material of various origins
and grade, should also be considered [1]. Generally this material has a huge variation in
terms of particle size, particle shape and hardness and cannot be easily characterised.

The discrete element method (DEM) is widely used to study the dynamic behaviour of
granular materials including waste rock material. More recently, the DEM has also been
coupled to multibody dynamics (MBD) for the investigation of soil–structure interaction
problems and the simulation of the working process of construction machines [3, 4]. MBD
allows studying the dynamic behaviour of interconnected rigid or flexible bodies, each of
which can undergo large translational and rotational displacements. It is therefore the
ideal method to model mobile equipment such as the haul truck. Coupled with the DEM
it will allow to capture the dynamic behaviour of the machine and its interaction with
granular material in an efficient way. Simulation coupling is, however, associated with
a number of challenges that affect the computational performance, stability or interface
forces between the coupled systems [5].

The following work presents an attempt to provide a deeper understanding of the
problem using non-smooth multi-domain dynamics. The haul truck and the granular berm
are modelled by means of a non-smooth approach to multibody dynamics and discrete
elements that automatically support strong coupling without co-simulation. The general
numerical framework is presented in Section 2 followed by a discussion on the calibration
and validation (Section 3). Finally, preliminary results of simulations of collisions between
a haul truck and granular berms of different berm geometry under various approach
conditions are presented in Section 4.

2 NUMERICAL FRAMEWORK

The haul truck and the granular berm are modelled within the non-smooth multi-
domain dynamics framework of the commercial software package AGX Dynamics [6].
In non-smooth multi-domain dynamics, the simulated system is composed by multiple
heterogeneous subsystems with stiff dynamics and unanticipated events where the con-
nectivity and number of variables suddenly change. The dynamics that occur on short
time scales, compared to the time-step, are best treated as non-smooth [7, 8, 9]. This
means that velocities may change discontinuously in accordance with some impact law,
expressed in terms of inequality and complementarity conditions, in addition to the equa-
tions of motion and the differential algebraic equations used to describe the sub-systems.
This is necessary for implicit time-stepping of dynamic systems with impacts, dry fric-
tion, joint limits, electric and hydraulic circuit switching that cause instantaneous impulse
propagation throughout the system. The non-smooth discrete element method (NDEM)
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implemented in AGX Dynamics can be seen as a time-implicit version of the classical
smooth DEM [10]. The contact forces are modelled using impact laws and kinematic
constraints for unilateral contacts and friction. Hence it allows strong dynamic coupling
with other multibody systems such as the haul truck.

The equations of motion for modelling granular materials strongly coupled with rigid
multibody systems are [11]:

Mv̇+ Ṁv = fext +GT
nλn +GT

t λt +GT
r λr +GT

j λj, (1)

0 ≤ εnλn + gn + τnGnv ⊥ λn ≥ 0, (2)

γtλt +Gtv = 0, |λ
(α)
t | ≤ µt|G

(α)T
n λ(α)

n |, (3)

γrλr +Grv = 0, |λ
(α)
r | ≤ µrr|G

(α)T
n λ(α)

n |, (4)

εjλj + ηjgj + τjGjv = 0. (5)

Eq. (1) is the Newton-Euler equation of motion for rigid bodies with external (smooth)
forces fext and constraint force GT

λ with Lagrange multiplier λ and Jacobian G, divided
into normal (n), tangential (t), rolling (r) and articulated and possibly motorised joints
(j). M is the generalised mass matrix and v is the generalised velocity vector. Eqs. (2)-
(3) are the Signorini-Coulomb conditions with constraint regularisation and stabilisation
terms εn, τn and γt. With εn = τn = 0, Eq. (2) states that bodies should be separated
or have zero overlap, gn(x) ≥ 0, and if so the normal force should be non-cohesive,
λn ≥ 0. With γt = 0, Eq. (3) states that contacts should have zero relative slide velocity,
Gtv = 0, provided that the friction force remains bounded by the Coulomb friction law
with friction coefficient µt. Eq. (4) similarly constrains relative rotation of contacting
bodies provided the constraint torque do not exceed the rolling resistance law with rolling
resistance coefficient µr and radius r. The constraint force,GT

j λj, arise for articulated rigid
bodies jointed with kinematic links and motors represented with the generic constraint of
Eq. (5). With εj, τj = 0 and ηj = 1, it becomes an ideal holonomic constraint g(x) = 0.
For ε, η = 0 and τ = 1, it becomes an ideal Pfaffian constraint Gẋ = 0. With ε, η, τ �= 0
it can represent a generic constraint with compliance and damping.

The Lagrange multiplier λ become an auxiliary variable to solve for in addition to
position and velocity. The regularisation and stabilisation terms, ε and γ, introduce
compliance and dissipation in motion orthogonal to the constraint manifold. The numer-
ical time integration scheme is based on the SPOOK stepper [12] derived from discrete
variational principle for the augmented system (x,v,λ, λ̇) by applying a semi-implicit
discretisation. Stepping the system position and velocity, (xi,vi) → (xi+1,vi+1), from
time ti to ti+1 = ti + h involves solving a mixed complementarity problem [13]. This is
solved using a hybrid solver where a projected Gauss-Seidel solver [10] is applied for the
NDEM subsystem and a direct solver for the articulated rigid multibodies.
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3 CALIBRATION AND VALIDATION

The experimental full-scale tests presented in [1] are used for calibration of the main
input parameters and validation of the coupled model. In the experiments, a haul truck
reversed into a trapezoidal granular berm and the motion of the truck was monitored
using high-speed cameras. The granular material is modelled by spherical particles with
a diameter in the range of 60 to 700mm. The granular berm is initialised in a mould
and friction is set to zero initially in order to get a dense granular assembly. The shape
effect of the particles is taken into account using a rolling friction model. The haul truck
considered in the following study is a CAT 797F. This is an ultra-class haul truck with
a gross vehicle weight of 624 t (fully loaded). The load is not modelled explicitly, instead
the mass of the empty body is adapted to reflect the gross vehicle weight. The centre
of mass of the vehicle is positioned to reflect the manufacturer’s specifications (i.e., mass
distribution front 34% and rear 66%). The key dimensions of the truck are summarised in
Tab. 1. The MBD model of the truck is built from a simplified CAD model and comprises
19 rigid bodies. The suspension is explicitly modelled and the tyres are represented by a
two-body tyre model [14].

Table 1: Key dimensions of the CAT 797F.

Description Dimension
Overall rear tyre width 6.23m
Overall length 15.08m
Height (empty) 7.00m
Wheelbase 7.19m
Tyre diameter 4.02m
Tyre width 1.47m

A sensitivity analysis is performed to identify the most critical parameters. The analy-
sis showed that the contact parameters (e.g., elasticity, friction, rolling) have a secondary
influence on the results. The two main parameters influencing the results are the centre
of mass of the vehicle and the geometry of the berm. The former is not known exactly
and it is assumed according to the manufacturer’s specifications. The latter is crucial es-
pecially in the area where the truck first contacts the berm. In fact, the numerical model
of the berm introduces a sharp kink between terrain and berm. In the experimental tests,
the transition from terrain to berm is much smoother and the shape of the berm in the
experiment is not a perfect trapezoid.

Fig. 1 shows a comparison between the measured results of one test presented in [1]
and the numerical predictions using the final set of calibrated parameters. The numerical
model is able to predict the general trend of the experimental test reasonably well, how-
ever, it can be noted that the predicted wheel climb and horizontal wheel displacement
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are slightly lower. The numerical model gives almost identical results for both left hand
side (LHS) and right hand side (RHS) whereas the experimental values vary considerably
between the two wheels. This is justified by the ideal trapezoidal shape of the numer-
ical berm compared to the rather irregular berm shape used in the experiment. Fig. 2
shows a comparison of a screenshot of the numerical simulation and an image from the
experimental tests where this difference can clearly be seen.

Figure 1: Measured vs. predicted results for final set of calibrated parameters.

Figure 2: Screenshot of the numerical simulation (left) and corresponding picture from the experimental
full-scale testing (right) at maximum wheel climb.
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4 NUMERICAL INVESTIGATIONS

In the following, the numerical model is applied to investigate if the haul truck can
be safely stopped by the granular berm. In particular, the study considers the collision
between the haul truck and granular berms of different geometry under various approach
conditions. Two main scenarios are considered. In the first scenario, the ultra-class haul
truck is reversing into a triangular berm at relatively low velocity. This represents a
dump-point scenario similar to the one investigated in [1]. The second scenario represents
a runaway haul truck that is colliding head-on with a granular berm at higher velocities.
Such a scenario is relevant for trapezoidal roadside berms and ramps where truck drivers
could potentially lose control. In both cases, the length of the granular berm is 12m and
the truck is initialised with a specific velocity in the centre in front of the berm. The
batter angle of the berms is 40◦. The particle size distribution is the same as in Section 3.

Figs. 3–4 and Figs. 5–6 summarise the results for the first scenario where the haul
truck is reversing with a velocity of v = 15 km/h and colliding with a triangular berm of
height H = 2m and H = 3m respectively. From the horizontal wheel position in Fig. 3
it can clearly be seen that the rear axle passes the centreline of the berm with H = 2m.
Fig. 5 shows the same results for a berm with H = 3m. In this case, the numerical model
predicts that the rear axle of the truck is not passing the centreline. Hence, increasing
the berm height from H = 2m to H = 3m provides safe stopping conditions and at the
same time it keeps the truck back from the edge of a dump. It should be noted, that the
maximum reversing speed of a CAT 797F ultra-class haul truck is v = 11.9 km/h. The
considered reversing velocity is slightly higher in order to be on the safe side.

Figs. 7–8 and Figs. 9–10 summarise the results for the second scenario where the haul
truck is colliding head-on with a trapezoidal granular berm with H = 4m and a top
width of B = 1m and B = 4m respectively. The truck is initialised with a velocity of
v = 40 km/h (the actual top speed of a CAT 797F is v = 67.6 km/h). For the berm with
B = 1m the numerical model predicts that the front axle passes the end of the berm
(Fig. 7). This could have fatal consequences considering that in most cases there would
be a slope at the other side of the berm. Increasing the berm width from B = 1m to
B = 4m provides safe stopping conditions (Fig. 9). This can also be seen when comparing
the screenshots in Fig. 8 and Fig. 10.

5 CONCLUSIONS

In this paper, non-smooth multi-domain dynamics is used to investigate the collision
between an ultra-class haul truck and granular berms used in surface mining. The haul
truck is represented by rigid bodies interconnected with ideal joints and the granular ma-
terial is modelled using rigid spherical particles. First, the numerical model is calibrated
and validated using full scale experimental tests. Then the model is used to investigate
two typical scenarios. In the first scenario the truck is reversing into a triangular berm.
The effect of the berm height is shown. In the second scenario the truck is colliding
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Figure 3: Summary of results for reversing scenario with v = 15 km/h and triangular berm withH = 2m.

t = 1.65 s t = 4.00 s

Figure 4: Screenshots of the collision at different time steps t for reversing scenario with v = 15 km/h
and triangular berm with H = 2m.

7

606



K. Thoeni, M. Servin and A. Giacomini

Figure 5: Summary of results for reversing scenario with v = 15 km/h and triangular berm withH = 3m.

t = 1.65 s t = 3.10 s

Figure 6: Screenshots of the collision at different time steps t for reversing scenario with v = 15 km/h
and triangular berm with H = 3m.
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Figure 7: Summary of results for head-on collision with v = 40 km/h and trapezoidal berm withH = 4m
and B = 1m.

t = 1.75 s t = 5.00 s

Figure 8: Screenshots of the collision at different time steps t for head-on collision with v = 40 km/h
and trapezoidal berm with H = 4m and B = 1m.
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Figure 9: Summary of results for head-on collision with v = 40 km/h and trapezoidal berm withH = 4m
and B = 4m.

t = 1.75 s t = 4.20 s

Figure 10: Screenshots of the collision at different time steps t for head-on collision with v = 40 km/h
and trapezoidal berm with H = 4m and B = 4m.
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head-on with a trapezoidal berm. In this case the height is kept constant and the effect
of the width of the berm is shown. A more detailed analysis is currently on the way to
provide surface mining operators with more rigorous guidelines.
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Abstract. Understanding and controlling the flow of fluids through porous media such as 
rocks, fibres, granular media and paper is of fundamental significance to a variety of 
industries such as oil and gas, chemical production, health and sanitary products. Numerical 
modelling of this physical process can be difficult not only because of the complex, three-
dimensional topology of the porous medium but also because of computational limitations.  
For example, shale rocks which is now being intensively investigated for its oil and gas 
resources have porosity over a wide range of length scales from nano-metres up to 
millimetres. It has been shown that the micro-porosity is fundamental to the fluid movement 
through the rock. However, current numerical models, which work off computed tomo-
graphical (CT) scans of the rock will be excessively large if they are to fully model all length 
scales which may span six or more orders of magnitude.      
 Here we consider the development of a lattice Boltzmann (LB) technique which may 
be able to solve the fluid flow over a wide range of length scales. In the past LB techniques 
have proven to be ideal to model fluid flow in complex porous media since it can readily 
import and process digital data from CT scans. Hence the fluid flow field is quickly 
determined and permeabilities can be predicted. However, when the CT data contains micro-
porosity, the conventional LB method is not applicable and a modified LB method needs to be 
developed. Here we consider a gray-scale LB method which works on voxels which are not 
fully void or solid but something in between, i.e. each voxel is partially resistant to fluid flow. 
We firstly outline the model, then validate it on test cases and then demonstrate its 
applicability on real porous media.         
 We develop models not only for single phase fluid flow, but also multiphase fluid flow 
(i.e. a gas and a liquid) as well as a temperature model, where the temperature field is 
advected by the fluid flow. For all these cases the models are developed and validated and 
then demonstrated on realistic media. It is shown that the gray-scale LB model may be able to 
solve for fluid flow through multiple length scales – a difficult computational problem which 
is of increasing significance in many real-world applications. 
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2

1 INTRODUCTION 
The lattice Boltzmann (LB) method is a fluid particle based numerical method which 

considers the Boltzmann transport equation as the basis for fluid motion. The lattice 
Boltzmann solution is restricted to discrete lattice sites (nodes) but has proven to be a 
powerful alternative to solving the Navier-Stokes equations, especially for problems with 
complex boundaries [1, 2] such as those found in porous media.  

In the past the LB method has been successfully to solve for fluid flow through rocks, such 
as sandstone, carbonates and shales or fibrous materials such as paper products. In these cases 
if a digital image of the sample (i.e. a computed tomo-graphical or CT scan) is available, the 
LB method may be applied to this image to obtain the fluid flow through the sample. 
Conventionally, each voxel of the digital image corresponds to a region of solid material (i.e. 
not available for fluid flow) or pore space (i.e. void region which is available for fluid flow) 
and the LB method solves then on all the void voxels, with appropriate boundary conditions at 
the interface between solid and void. The fluid flow through the porous sample may be then 
determined. In this paper we refer to such a model as a black-white model as each voxel 
(lattice node) corresponds to either solid or fluid. Through a Chapman-Enskog expansion, the 
LB scheme has been shown to be equivalent to solving the Navier-Stokes equations for fluid 
flow [1, 2]. 

The gray-scale LB method attempts to lift the restriction that each lattice node is either 
fluid or solid. In this case, nodes can be anything between solid or void, i.e. a gray-scale 
value. Fluid can then flow through these gray lattice nodes, but there is an increased fluid 
resistance associated with this flow. The magnitude of this fluid resistance at a particular 
voxel will be related to the degree of gray shading of that voxel. Such a model should be 
useful in situations where the corresponding CT scan has a lower resolution than the fine-
scale structure of the sample (i.e. the CT scan resolution may be of the order of microns, but 
the pore structure might be of the order of 10-100nm). Thus a specific voxel will contain both 
solid and void regions and would appear as a shade of gray in the CT image.    

To develop a suitable gray-scale LB model it is useful to first outline the main steps for the 
conventional (black-white) LB solution. LB is a class of cellular automata, which is solved on 
a regular lattice (usually simple-cubic in three dimensions). On each lattice vertex or node, 
where the location of each node is the centre of a voxel from the CT scan, a set of fluid 
particle distribution functions is defined. There are Q distribution functions defined on each 
node. LB method then consists of three main steps. The first step is called streaming, in which 
all fluid packets (distributions) are moved to adjacent sites. This streaming can be correlated 
to the normal advection of fluid. The second step is called bounce back, which accounts for 
fluid-solid boundary conditions. Here fluid packets at boundary nodes are reversed in 
direction (or more complicated half-way bounce back or interpolation boundary conditions 
may be implemented). The final step in LB is a collision step where fluid packets converging 
on a given node are redistributed according to the Maxwell distribution. The LB method then 
consists of iterating these three steps (in a pseudo time-stepping manner) to give a solution. In 
the gray-scale model there are no fluid-solid boundaries, as such. All voxels are allowed a 
certain degree of flow. This can be related to the solid fraction in that voxel, but other effects 
such as tortuosity, topology, mineral content etc can be included into the model to contribute 
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to the voxel’s resistance to flow. To account for this, a partial bounce-back rule is imposed on 
each voxel [3,4]. 

This means at each voxel a certain fraction of fluid packets (which were streamed into a 
node) will be bounced back. We denote the fraction of fluid packets, which are bounced back 
at a node by ns (0 ≤ ns ≤ 1) and each node can have a different ns value. 
 At important question in the implementation of a suitable gray-scale LB model is how 
does one estimate the bounce-back fractions ns from a gray-scale CT sample? As a first-step 
towards doing this, we estimate this by using the partial volume fractions of materials and 
pores which are generated through a data-constrained modelling (DCM) approach [5]. In this 
method each voxel is represented by partial volumes of various different materials rather than 
the binary value of only one material present in the traditional image segmentation. The DCM 
methodology has been applied to a number of other systems successfully. It is important to 
emphasize that ns may have a number of other contributions, rather than just partial volume 
fractions of different materials, e.g. fine-scale topology, tortuosity and anisotropy. 
 In this paper we present a gray-scale model for single phase fluid flow through a 
digital image of porous media where each voxel (which makes up the digital image) imparts a 
certain resistivity to fluid flow. We only use a single-relaxation time (SRT) in this paper, 
although the gray-scale can be readily applied to multiple relaxation time schemes. After 
validating the model, we apply it to real-world rock samples. We then show how the gray-
scale LB model can be extended to multiphase, immiscible flow and again validate the model 
against test cases, before applying it to some more realistic samples. Finally we couple the 
gray-scale fluid flow model to heat transfer, where the heat may be convected via the fluid or 
heat may naturally diffuse through the fluid. The heat transfer model is once again validated 
against test cases before application to an actual rock sample. 

2 GRAY-SCALE LB  
The LB model is a mesoscopic numerical method used to study incompressible fluid 

dynamics. Its main advantages over more conventional CFD techniques (which directly solve 
the Navier-Stokes equations) are its programming simplicity, computational efficiency and 
inherent parallelism due to a large amount of local computations. In addition, as mentioned in 
the Introduction, it naturally deals with complex porous media if suitable digital information 
is provided. Details of this method, applied to single phase flow, are available [1,2] and thus 
we shall only focus here on the LB method applied to gray-scale models. 

As explained in the Introduction, LB consists of streaming, collision and bounce-back 
at boundaries. More complex and accurate boundary conditions such as half-way bounce-back 
or linear interpolation boundary conditions are also possible. In the collision step particle 
distributions relax towards a given equilibrium distribution - a Maxwellian distribution. Then 
macroscopic properties such as fluid density, fluid velocity and the stress tensor can be 
derived from the particle distributions. If we are dealing with only a single fluid, one set of 
particle distributions is defined, i.e. f(r, u, t) which denotes the distribution of particles 
travelling with a particular velocity u at time t at lattice node r. We will only consider a three 
dimensional (3D) model in this paper so that we implement the common D3Q19 model which 
indicates that there are 18 possible vectors, ei, in which particles may move in addition to the 
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null vector. These 18 possibilities are the vectors (±1, 0, 0), (0,±1,0), (0,0,±1), (±1,±1,0), (±
1,0,±1), (0,±1,±1).  

We solve the following LB equation at every node for the distribution function with 
velocity ei: 
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The term fi
eq is the equilibrium Maxwell distribution given by 
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where wi are weights which are defined for the given D3Q19 model. In Eq.(1), τ  represents a 
relaxation time and it can be shown to be related to kinematic viscosity via ν = cs

2(τ - 1/2) 
where cs is the sound speed and cs

2 equals  1/3. The pressure, P, in this model is given by the 
equation of state P = cs

2ρ. The LB equation (1) is known in the literature as single relaxation 
time (SRT) scheme, because only one relaxation time is involved. 

The relationship to macroscopic parameters such as density and velocity are given by 
)(and 3.fρfρ

i i
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To model forces (such as body forces to mimic gravity or even surface forces between 
different phases when we model two or more phases) we add an explicit forcing term to the 
LB equation (1). This forcing term is defined by 
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where F is the force. The macroscopic velocities are modified in this case to
∑ +=

i
ii /2fρ Feu and ueq = u. This implementation of an applied force is not only accurate, but 

also exhibits correct time evolution of the flow. 
Typically LB methods solve on (100%) void nodes and don’t solve on solid nodes. To 

simulate no-slip boundary conditions, at boundaries between void and solid nodes, a bounce-
back step is performed which simply reverses the direction of the streamed distribution 
function. In the gray LB methods, one solves at all nodes. Since there are no solid nodes, as 
such, a full bounce back is not performed. Rather, on any given node a certain fraction of the 
fluid packets that are streamed into that node are bounced back. This fraction of fluid packets 
which are bounced back at any given node is given by ns and so equation (1) is replaced by 
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The last term with the circumflex on the distribution function indicates the distribution 
function to be added is in the opposite direction to i. The parameter ns is between 0 and 1, and 
can be related to voxel compositional and/or topological properties (among other things).  The 
macroscopic velocity is now  

)6(./2f)1(ρ
i
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Equation 5 represents the gray-scale LB model of Walsh et al [3]. This gray-scale LB 
model was validated against the Brinkman extended Darcy model with the flow field equation 
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given by 

G
1

uu2

ρνν
φ =
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                              (7) 

where G is a driving force or pressure gradient, u is the velocity field, ν is the kinematic 
viscosity, ρ fluid density and φ is a damping coefficient. Equation 7 is the Brinkman extended 
Darcy equation where φ is related to ns via φ = 2ns [3]. When φ → 0, the solution to (7) 
returns to the standard Poiseuille equation. It can be solved analytically with solution 
expressed as   
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where φ and r  are related via r = (φ/ν)1/2.
Solutions for various ns values are shown in Fig, 1 and we also show the 

corresponding permeability as a function of ns. Excellent agreement is found between the 
analytic and LB gray-scale method. Further comparisons for layered channels (i.e. variable ns) 
between the LB gray-scale model and analytic solution also show excellent agreement [4]. 

Figure 1a) Comparison between analytic solution (black curves) and LB gray-scale model for various ns values 
for a) velocity field and b) effective permeability for Brinkman flow in a 3D channel .  

3 MULTIPHASE FLOW 
Figure 1 gives us some confidence in the single phase gray-scale LB model so that we 

now proceed to applying an extension of it to two (or more) immiscible phases. In principle 
there can be n phases. To model this with our LB method we now define n sets of 
distributions functions, which represent each immiscible phase - f1(r,u,t) ... fn(r,u,t). For each 
phase we solve the LB equation at node i. So for the kth phase (where k ∈ 1,...n) we need to 
solve the LB equation (1), with k (possibly different) relaxation times. Values for various 
macroscopic variables in this model then follow almost analogously to the single phase 
equations for density, viscosity and momentum flux for each phase.  

To model immiscibility between phases we implement the pseudo-potential model [6] 
which employs nearest neighbour inter-particle potentials to model the interactions between 
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components. In a sense this follows physical reality at the microscopic level where molecules 
interact via short-range Lennard-Jones type potentials. In the original Shan-Chen [7] model 
lattice nodes which have a separation of less than or equal to 21/2 units are coupled together. 
The interaction potential between components is accommodated via a force, Fk which is 
introduced through the added force term (Eq. (4)). The equilibrium velocity is re-defined to 
accommodate multiple phases, i.e., uk

eq = u'. Here u' is a combined velocity and to satisfy 
momentum conservation must be 
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The fluid-fluid interaction for phase k at lattice node r is then given by 
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where gkk' is the interaction potential (or coupling parameter) between dissimilar components. 
The weights w depend on the separation between interacting nodes with w(1)=1/6 and 
w(2)=1/12. Note, we assume the coupling is zero for similar components. The pressure in this 
model is given by the equation of state 
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One of the issues with this nearest neighbour implementation is that it leads to large 
spurious currents which are a numerical artefact.  These numerical artefacts, if not reduced to 
a minimum, will lead to large numerical instabilities.  Thus we shall attempt to reduce these 
numerical instabilities. It has been found extending the range of the pseudo-potential leads to 
a significant reduction (up to 1000 times) of these spurious currents. The range of pseudo-
potential can in principal go to infinity but this of course comes at a computational cost. We 
have implemented here both 6th order (including all neighbours less than or equal to 2 units 
away) and 8th order (including all neighbours less than or equal to 81/2 units away) pseudo-
potentials. This increases the number of neighbours to be sampled from 18 (Shan-Chen) to 32 
(6th order) to 64 (8th order), but greatly enhances the numerical stability of the method. 
Weights, which are required in Eq. (9), for the additional neighbour pairs have been given 
previously. 

The final step in the gray-scale, multiphase LB model is to incorporate the effect of 
voxel resistivity to flow. We assume the resistivity of a particular voxel can be different for 
different phases. Physically this may be the case if there are different materials in a voxel 
which have different slip conditions with different fluids. So equation (5) becomes: 
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The macroscopic velocity for each phase is defined similarly to equation (6) with suitable ns
k, 

fk and Fk values used for each component.  
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For the simulations presented here we use τΑ = 1, τΒ = 2.0, which implies 
νΑ = 1/6, νΒ = 1/2, the mass of phase A is 1.0 while mass of phase B is 2.0. The surface 
tension gAB between phases is 1.33. Note, that unless we use the numerically stable multiphase 
model described above, we would not be able to have a disparity in these values (between the 
phases) and such a large gAB value.  

We initially look at two-phase channel flow, i.e. phase 1 displacing phase 2 in a 
narrow channel (width 42 units, depth 22 units and length 152 units). We tried a range of ns

values to see how the flow changed. Figure 2 (which is a slice taken at the middle of the 
smallest dimension) shows the flow for ns = 0.1 with a given body force of 6.8 x 10-3. Note 
that we impose periodic boundary conditions in the direction parallel to the body force, i.e. 
any fluid exiting the domain through a face perpendicular to the body force vector re-enters 
on the opposite face. Other cases of ns = 0.0, 0.05, 0.3, 0.5 and 0.7 were also simulated with 
the gray-scale LB method.  

Figure 2. a) Two phase flow in a channel of width 41 units and depth 21 units for ns = 0.1 after 2100 LB time-
steps. The A-phase begins at the bottom of the channel. b) Plot of the average channel velocity of phase A versus 
(1-ns)/ns. Red circles come from gray-LB method while the dashed line is a best fit to these results with a 
gradient of 4.6 × 10-3.This dashed line should be compared to Eq. 14. 

The shape of the interfaces in Fig. 2 result from a combination of the surface tension, 
applied body force and applied ns value. In Fig. 2a although the ns value is 0.1, the 
comparatively large body force results in a large fluid velocity, which yields a curved 
(parabolic) interface profile. As the ns value is increased, the interface becomes less curved 
and more flattened. A larger body force needs to be applied as the ns value is increased 
because ns is directly related to fluid drag.  

According to Darcy’s Law the average velocity in a porous medium is given by 

)13(.
νρ
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So the average velocity is proportional to the permeability, k. In the gray-scale models 
the permeability is related to ns  via k = (1-ns)ν/2ns [3], so that the average velocity along the 
channel is given by 
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x n

nG
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−
=

We can determine the average velocity quite easily in these simulations by tracking the 
location of the advancing interface (fluid front). Doing this for the four different simulations 
(at the same G value) and plotting the average velocity as a function of ns gives Fig. 2b. Note, 
we have also added the ns = 1 value which gives zero channel speed (see equation (6)). We 
obtain a linear relationship between the average channel velocity and (1-ns)/ns, as predicted by 
equation (14).  Furthermore, from the gradient of the graph and assuming an average A-phase 
density of 0.75, we predict the body force is 6.9 x 10-3, which agrees well with the body force 
we have applied in these cases. 

Further test were also carried out to validate the model [4] and demonstrated the model 
was accurate. One important note here is that to increase the numerical stability of this model 
it is desirable to use multiple relaxation time (MRT) scheme,  

4 GRAY-SCALE LB WITH TEMPERATURE COUPLED TO FLOW 
The temperature field is assumed to be only advected by the fluid flow. Viscous fluid 

heating is assumed to be insignificant and hence is neglected in this model. The model used 
for the temperature field calculation is the passive-scalar model and has been implemented 
before with a single-relaxation time LB model for binary (black-white) nodes [8].  The 
temperature field obeys the equation 


 +  ∙ ∇ = ∇ ∙ ∇ +      (15) 

where T is the temperature, u is the velocity field, α is the thermal diffusivity and ψ accounts 
for all (heat) source terms. This equation has a similar form to the momentum (Navier-Stokes) 
equation and so the same equilibrium distribution function (i.e. Eq. 2) that has already been 
used for the fluid density and velocity fields may be also used for the temperature. However a 
different relaxation time (in the collision operation, i.e. Eq. 5) is used. This relaxation time, 
which we denote as τα   is related to the thermal diffusivity by α = cs

2(τα  − 1/2). The 
temperature is then given by the summation of probability distribution functions, with τα  used 
in the collision process. Appropriate boundary conditions are used on the temperature field (at 
boundaries between solid and liquid) such as constant temperature and at inlets or outlets [9] . 

To validate the gray-scale LB temperature model we again consider Brinkman flow 
solution for the fluid (Eq. 8) and couple this with temperature evolution equation (15). We 
consider the steady-state solution so that the time dependent term is zero. The solution 
depends on the Peclet number, Pe, which is defined ratio of advective transport to diffusive 
transport. We solve this partial differential equation in a channel with a uniform ns value. The 
ns value determines the magnitude of the fluid velocity which in turn determine the Peclet 
number.  The partial differential equation is solved with a finite difference method and the 
solution is then compared to the corresponding gray-scale LB solution. Figure 3 shows 
comparison of the longitudinal (in the direction of the pressure gradient) and orthogonal 
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temperature profiles for a Peclet number of 0.194. The black circles correspond to the LB 
simulation solution while the red curve corresponds to the finite difference solution of the 
continuum partial differential equation. Excellent agreement is obtained between the two 
methods. Further validations have also been carried out for other Peclet values [9] which 
show a similar level agreement between LB and finite difference solution. This indicates the 
LB gray-scale method has good accuracy. 

Figure 3: Temperature profile in a 2D Brinkman channel for Peclet number of 0.194 (ns = 0.4). a) Along the 
centre-line, parallel to the pressure gradient direction. b) Orthogonal to the centre-line at X = 0.35. Black circles 
are gray-scale LB result while red-dashed lines are results from finite-difference solution. 

5 APPLICATION TO REAL SAMPLES 
 We have so far validated the gray-scale LB model for single phase flow, multiphase 
immiscible flow and a coupled fluid flow and temperature model. We would now like to 
demonstrate the developed models on real world, physical samples. To do this we apply the 
gray-scale model we have just outlined to digital sample of tight sandstones which consists of 
quartz, albite, calcite and pyrite obtained from the Yaodian area of Yan’an in Erdors Basin, 
China. The 3D microscopic distribution of mineral phases in the sample is generated with the 
DCM software [5]. Each voxel represents a size of 3.7 × 3.7 × 3.7 µm3 and the total size of 
the domain we apply the LB method to is 100 × 100 × 120 voxels.  
 In the sample pyrite, quartz and albite are not permeable. Fluid can flow through the 
void and the partially permeable calcite. The resistivity to fluid flow of the calcite is not 
known precisely and so we assume it is proportional to the solid calcite fraction in a voxel. 
The proportionality constant is denoted ns

c and can vary from zero (no resistivity) up to one 
(complete resistivity to fluid flow). Then the bounce-back fraction for a given voxel is given 
by ns = 1 – vo - ns

cvc , where vo and vc denote the volume fractions of void and calcite in a 
particular voxel respectively.  

5.1 Single phase flow 
 Figure 4 shows the voids (dark blue) and semi-permeable calcite (lighter blue to 
white) regions in the sample. The solid regions (quartz, albite, pyrite) have been made 
transparent so as to make the void and calcite regions more easily visible. For this case we use 
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a ns
c value of 0.2 which leads to a porosity in the sample of 0.11. To drive the fluid flow a 

body force of 6.8 × 10-7 in the positive z direction of the sample.  
  

Figure 4: Tight sandstone sample on which we performed the gray-scale LB calculation. a) Distribution of voids 
(blue) in gray-scale sample. b) Velocity field. 

The steady state flow field for the sample is shown in Fig. 4b. One can clearly see lighter 
coloured flow-paths which align generally with the long (z-axis) of the sample which is 
primarily due to the body-force in the z direction, but also may indicate a degree of anisotropy 
in the underlying rock micro-structure. The maximum speed in the sample is approximately 
2.8 × 10-4 and is achieved in a few regions (e.g. in the middle of the sample). Overall the 
speed of the fluid is quite small and reflects the fact that the medium has very low porosity 
and thus should be quite impermeable. To calculate the sample’s permeability, k, we can use 
the following equation 

)16(,u
G

k
ν=

where u is the superficial velocity (i.e in the direction of the body force, G) and the angular 
brackets represent a statistical average over the whole sample. Using this equation we 
estimate the permeability of the sample is 5.703 × 10-14 m2 or 57.03 mD.  This relatively low 
permeability reflects a low convective fluid flow. 

5.2 Multi-phase immiscible flow 

To demonstrate multiphase flow on the rock sample of Fig, 4a we initially placed a 
reservoir of the invading phase at the inlet (bottom end) and the rock sample is filled with the 
defending phase (with periodic boundary conditions on all faces). The immiscible fluids are 
driven through the sample with the same body force (as for single phase flow). In this case 
there is no (wetting or non-wetting type) interaction of the fluids with the solid matrix, 
although this can be readily incorporated into the model [6]. 
 Figure 5a shows the flow pattern at breakthrough of the invading phase. In this 
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complex three-dimensional media, it is difficult to get a full idea of the flow a two-
dimensional snap-shot. However, they do show preferential fingering of the invading phase, 
following paths of least (fluid) resistance. We also calculate the permeability at various times 
(invading fluid volume fraction) during the flood and this is given in Fig. 5b. For three 
dimensional flow, both phases can simultaneously have non-zero relative permeability, while 
in two-dimensions this is generally not possible, i.e. as soon as the invading phase breaks 
through the defending phase gets cut-off. 
  

Figure 5 Two phase immiscible flow through the gray-scale tight sandstone sample of Fig. 4a. a) Invading phase 
(redish-orange colour) at breakthrough. b) Relative permeability curves for invading phase (red) and defending 
phase (black). The symbols correspond to the LB simulation, while the dashed-lines are only for the eye. 

5.3 Coupled temperature and fluid flow 

The temperature field for the same rock sample was simulated with two different thermal 
diffusivities of 1/6 and 1/30. The first diffusivity of 1/6 coupled with the low velocity field 
magnitude results in a low Peclet number flow. As a result the calculated temperature (Fig. 
6a) is quite uniform with a creamy/white shading. As soon as one moves away from the inlet 
(where the temperature is 1.75) the temperature diminishes rapidly to one. As the solid 
regions in the sample have an imposed (boundary) temperature of one, the temperature in the 
adjacent semi-permeable regions is also close to one and the flow field has little effect on the 
temperature. Thus we are in the diffusion dominated regime for this flow.   
 For the smaller diffusivity of 1/30 the temperature field shows much more variability 
with orange/redish colours dispersed throughout the sample. These regions correspond to the 
higher fluid flow regions (and also the void regions) of the sample. Hence fluid convection 
now transports the temperature field through the sample. 

6 CONCLUSION 
We have presented a LB model to treat digital samples where voxels can have a continuum 

of values between zero and one, which we call a gray-scale model. The model has been 
developed for single phase flow, multiphase flow and coupled temperature and fluid flow. 
Each model was firstly validated quantitatively with independent methods and excellent 
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agreement was obtained. Then each method was applied to a real-world rock sample. The 
flow fields, fluid displacements and temperature fields were all realistic, which gives us 
confidence in future applications of this technique. 

Figure 6: Temperature field for the tight sandstone sample shown in Fig. 4a. a) For a thermal diffusivity of 1/6 
which gives a diffusive dominated temperature distribution and b) for a thermal diffusivity of 1/30 which gives a 
convective dominated temperature distribution. 
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Abstract. The Lattice-Boltzmann method (LBM) is an alternative and flexible approach for 
computational fluid dynamics (CFD). Unlike many other direct numerical simulation (DNS) 
techniques, LBM is not solving the Navier-Stokes equations but is based on the kinetic theory 
and the discrete Boltzmann equation. LBM utilizes a Cartesian mesh and hence does not require 
a complex mesh derivation or a re-meshing in case of moving boundaries. Thermal LBM 
(TLBM) which is capable of solving thermal convection/diffusion problems relies on a set of 
two distribution functions, the so called double distribution function (DDF) approach; one for 
the fluid density and one for the internal energy. For the carried out numerical investigations a 
3D TLBM framework is derived involving a multiple-relaxation-time (MRT) collision operator 
for both, the fluid and the temperature field which is yet not applied widely. Hydrodynamic and 
thermal boundary conditions are represented by interpolated bounce back schemes. The derived 
TLBM framework is applied to diffusion and convection-diffusion problems (e.g. forced 
convection) for plane and curved boundaries and is validated against analytical solutions, when 
available or compared to established correlations. The thermal MRT operator is further 
compared against an existing LBM model based on a thermal Bhatnagar-Gross-Krook (BGK) 
operator regarding accuracy and numerical stability. Averaged and local heat transfer 
coefficients are presented. The findings indicate that the double MRT framework with 
interpolated boundary conditions offers a highly accurate and efficient approach for the analysis 
of heat transfer problems especially for particle/fluid systems under detailed resolved flow.  

 
 
1 INTRODUCTION 

CFD simulations of particle/fluid systems – like packed beds, fluidized beds and pneumatic 
conveying – which resolve the flow around particles, have become increasingly important in 
the past [1–8]. Resolved flow approaches provide the most detailed level of insight and can e.g. 
be applied for creating closure correlations for momentum [2–4] and heat transfer [5–8] for 
single particles and particle packings. Derived closures can be used for large particle/fluid 
systems where the flow conditions are prescribed by a non-resolved CFD approach as it is often 
the case in the DEM/CFD.  

Established DNS methods rely mostly on solving the discretized Navier-Stokes equations 
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using particle surface-adapted meshes. A less frequently used technique to perform CFD 
simulations of particle/fluid systems is the so called lattice Boltzmann method (LBM). In 
contrast to other established DNS simulations, LBM relies on the discrete Boltzmann equation 
and is primary used in combination with an equidistant Cartesian grid. Thermal (LBM) relies 
on a double distribution function approach [9], where the hydrodynamic part is represented by 
density distributions 𝑓𝑓𝑖𝑖 and the thermal part by energy distributions 𝑔𝑔𝑖𝑖. Here the hydrodynamic 
side can be prescribed by the Bhatnagar–Gross–Krook [10] or by multiple-relaxation-time 
collision models [11] and the thermal side was solely represented by the Bhatnagar–Gross–
Krook model in the past [9]. MRT/MRT or double MRT models, meaning hydrodynamic and 
thermal part are solved by a MRT operator, were introduced most recently [12,13]. It should be 
noted, that the MRT collision operator is more advanced and is reported to be more accurate 
and stable than the BGK operator.  

Boundary conditions have also a great influence on the simulations results regarding 
accuracy and stability. The most common boundary condition is the so called half way bounce 
back rule. Based on that very native method interpolated bounce back routines were presented 
for hydrodynamic [14] and thermal side [1]. Besides interpolated bounce back methods 
boundary conditions using energy balancing of a node under the usage of summation and 
target/actual-value comparison were introduced by Liu et al. [15]. The present study deals with 
the evaluation of the thermal MRT collision operators and the influence of thermal boundary 
conditions. A double MRT framework is compared against a MRT/BGK model using different 
boundary conditions with regard to numerical accuracy. Local and global heat transfer is 
addressed and compared to analytical solutions or to results obtained from scientific literature.  

 

2 NUMERICAL METHOD 

2.1 Lattice Boltzmann Method 
The underlying numerical method of this investigation is a three dimensional double 

distribution function Lattice Boltzmann model. The fluid flow is represented by a multiple-
relaxation-time collision operator (MRT) with 19 discrete velocity directions (D3Q19) as 
proposed by d’Humiéres et al. [11] which is described by the following expression: 

𝑓𝑓𝑖𝑖(�⃗�𝑥 + 𝑒𝑒𝑖𝑖⃗⃗⃗ ⃗𝛥𝛥𝛥𝛥, 𝛥𝛥 + 𝛥𝛥𝛥𝛥) = 𝑓𝑓𝑖𝑖(�⃗�𝑥, 𝛥𝛥) − 〈𝑀𝑀−1 ∙ �̂�𝑆 ∙ [𝑚𝑚𝑖𝑖(�⃗�𝑥, 𝛥𝛥) − 𝑚𝑚𝑖𝑖
𝑒𝑒𝑒𝑒(�⃗�𝑥, 𝛥𝛥)]〉𝑖𝑖+𝐹𝐹𝑖𝑖, (1) 

where 𝑓𝑓𝑖𝑖 is the density distribution function, with 𝑒𝑒𝑖𝑖 being the discrete velocity of each 
distribution function. In eq. (1) 𝐹𝐹𝑖𝑖 is an external force which can be applied along the 𝑖𝑖 − 𝛥𝛥ℎ 
lattice direction if desired. 𝑀𝑀 is a 𝑛𝑛 × 𝑛𝑛 transformation matrix and �̂�𝑆 a 𝑛𝑛 × 𝑛𝑛 diagonal collision 
matrix, with 𝑛𝑛 being the number of discrete directions e.g. 𝑛𝑛 = 19 for D3Q19. For a detailed 
description e.g. of the choice of relaxation rates or equilibrium momenta 𝑚𝑚𝑖𝑖

𝑒𝑒𝑒𝑒 the reader is 
referred to [11]. 

For the thermal side three collision operators are investigated here: a D3Q19 Bhatnagar-
Gross-Krook operator (BGK) proposed by Peng et al. [16], which is given by:  

𝑔𝑔𝑖𝑖(�⃗�𝑥 + 𝑒𝑒𝑖𝑖𝛥𝛥𝛥𝛥, 𝛥𝛥 + 𝛥𝛥𝛥𝛥) = 𝑔𝑔𝑖𝑖(�⃗�𝑥, 𝛥𝛥) − 1
𝜏𝜏𝑔𝑔

[𝑔𝑔𝑖𝑖(�⃗�𝑥, 𝛥𝛥) − 𝑔𝑔𝑖𝑖
𝑒𝑒𝑒𝑒(�⃗�𝑥, 𝛥𝛥)], (2) 

a D3Q7 MRT and a D3Q19 MRT model proposed by Li et al. [12] which are based on the 

625



Bogdan Kravets, Harald Kruggel-Emden 

 3 

model proposed by Yoshida and Nagaoka [13] and are represented by the following expression: 

𝑔𝑔𝑖𝑖(�⃗�𝑥 + 𝑒𝑒𝑖𝑖⃗⃗⃗ ⃗𝛥𝛥𝛥𝛥, 𝛥𝛥 + 𝛥𝛥𝛥𝛥) = 𝑔𝑔𝑖𝑖(�⃗�𝑥, 𝛥𝛥) − 〈𝑀𝑀−1 ∙ �̂�𝑆𝑔𝑔 ∙ [𝑚𝑚𝑖𝑖𝑔𝑔(�⃗�𝑥, 𝛥𝛥) − 𝑚𝑚𝑖𝑖𝑔𝑔
𝑒𝑒𝑒𝑒(�⃗�𝑥, 𝛥𝛥)]〉𝑖𝑖 . (3) 

In eqs. (2) and (3) 𝑔𝑔𝑖𝑖 is the energy distribution function and 𝑀𝑀 and �̂�𝑆𝑔𝑔 are transformation and 
collision matrix respectively. 𝑀𝑀 is given in [11] for a D3Q19 and in [13] for a D3Q7 model. Li 
et al. [12] propose equilibrium momenta 𝑚𝑚𝑒𝑒𝑒𝑒 for both D3Q7 and D3Q19 schemes. The 
underlying discrete velocities for the D3Q7 and the D3Q19 model are shown in Figure 1.  

 

(a) 
 

 
 

 

(b) 
 

 

 
Figure 1: Discrete velocity vectors in (a) D3Q7 and (b) D3Q19 model. 

2.2 Hydrodynamic Boundary Conditions 
The most common hydrodynamic boundary condition in LBM is the so called bounce back 

rule, where the distribution function pointing outside the numerical domain is reflected in the 
reversed direction: 

𝑓𝑓𝑖𝑖(𝑟𝑟𝑖𝑖, 𝛥𝛥 + 𝛥𝛥𝛥𝛥) = 𝑓𝑓𝑖𝑖
∗(𝑟𝑟𝑖𝑖, 𝛥𝛥), (5) 

where 𝑓𝑓𝑖𝑖 denotes the unknown incoming density distribution and 𝑓𝑓𝑖𝑖
∗ denotes the post collision 

distribution function which points outwards towards the fluid boundary. Here it is assumed that 
the wall is located in the middle between two lattice nodes. In case the wall is not located at 
 𝛥𝛥𝑥𝑥 2⁄  the interpolated bounce back rule proposed by Bouzidi et al. [14] can provide more 
accurate results. The unknown distribution functions can be prescribed by linear or by quadratic 
interpolation. In the present study only quadratic interpolation is used for the hydrodynamic 
boundary conditions. Figure 2 schematically shows the interpolated bounce back routine with 
dependence on the wall position q. For further details see [14]. 
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Figure 2: Schematic representation of the interpolated boundary condition [14].  

2.3 Thermal Boundary Conditions 
Based on the idea of the simple bounce back, Yoshida and Nagaoka [13] proposed the 

following thermal Dirichlet boundary condition: 
𝑔𝑔𝑖𝑖(𝑟𝑟𝑖𝑖, 𝑡𝑡 + 𝛥𝛥𝑡𝑡) = −𝑔𝑔𝑖𝑖

∗(𝑟𝑟𝑖𝑖, 𝑡𝑡) + 𝜀𝜀𝐷𝐷𝜙𝜙𝐷𝐷 (4) 

Similar to the hydrodynamic boundary conditions 𝑔𝑔𝑖𝑖 denotes the unknown energy 
distribution and 𝑔𝑔𝑖𝑖

∗denotes the known post collision energy distribution which points outwards 
of the fluid domain towards the fluid boundary. With 𝜙𝜙𝐷𝐷 being the Dirichlet source term 
representing the internal energy at the regarded node and ε𝐷𝐷 the Dirichlet coefficient which 
depends on the weighting factor of the LBM model [3,4]. Li et al. [1] extended this model to 
an interpolated thermal bounce back (similar to the hydrodynamic boundary condition proposed 
by Bouzidi et al. [14]) and proposed three different interpolation schemes of which scheme 1 

𝑔𝑔𝑖𝑖(𝑟𝑟𝑖𝑖, 𝑡𝑡 + 𝛥𝛥𝑡𝑡) = (−2𝑞𝑞)𝑔𝑔𝑖𝑖
∗(𝑟𝑟𝑖𝑖, 𝑡𝑡) + (2𝑞𝑞 − 1)𝑔𝑔𝑖𝑖

∗(𝑟𝑟𝑖𝑖 − 𝑒𝑒𝑖𝑖, 𝑡𝑡) + 𝜀𝜀𝐷𝐷𝛷𝛷𝐷𝐷 for 𝑞𝑞 < 1
2 , (5) 

𝑔𝑔𝑖𝑖(𝑟𝑟𝑖𝑖, 𝑡𝑡 + 𝛥𝛥𝑡𝑡) = − 1
2𝑞𝑞 𝑔𝑔𝑖𝑖

∗(𝑟𝑟𝑖𝑖, 𝑡𝑡) + (2𝑞𝑞 − 1)
2𝑞𝑞 𝑔𝑔𝑖𝑖

∗(𝑟𝑟𝑖𝑖, 𝑡𝑡) + 1
2𝑞𝑞 𝜀𝜀𝐷𝐷𝛷𝛷𝐷𝐷 for 𝑞𝑞 ≥ 1

2
(6) 

and scheme 3 

𝑔𝑔𝑖𝑖(𝑟𝑟𝑙𝑙⃗⃗⃗, 𝑡𝑡 + 𝛥𝛥𝑡𝑡) = − 𝑔𝑔𝑖𝑖
∗(𝑟𝑟𝑙𝑙⃗⃗⃗, 𝑡𝑡) +

(2𝑞𝑞 − 1)
(2𝑞𝑞 + 1) 𝑔𝑔𝑖𝑖

∗(𝑟𝑟𝑙𝑙⃗⃗⃗ − 𝑒𝑒𝑖𝑖⃗⃗⃗ ⃗, 𝑡𝑡) +
(2𝑞𝑞 − 1)
(2𝑞𝑞 + 1) 𝑔𝑔𝑖𝑖̅

∗(𝑟𝑟𝑙𝑙⃗⃗⃗ − 𝑒𝑒𝑖𝑖⃗⃗⃗ ⃗, 𝑡𝑡) + 2 𝜀𝜀𝐷𝐷𝛷𝛷𝐷𝐷
(2𝑞𝑞 + 1)

(7) 

are considered in the present study. Scheme 1 and scheme 3 reduce to the simple thermal bounce 
back in eq. (4) for 𝑞𝑞 =  1 2⁄ . 

Apart from the interpolated thermal bounce back other thermal boundary conditions were 
proposed in the near past. Liu et al. [15] proposed the following thermal boundary rule: 

𝑔𝑔𝑖𝑖(𝑟𝑟𝑖𝑖, 𝑡𝑡 + 𝛥𝛥𝑡𝑡) = 𝑔𝑔𝑖𝑖
∗(𝑟𝑟𝑖𝑖, 𝑡𝑡) +  𝑤𝑤𝑖𝑖𝐺𝐺𝑐𝑐, (8) 

where 𝑔𝑔𝑖𝑖 and 𝑔𝑔𝑖𝑖
∗ are the unknown and known distributions respectively, 𝑤𝑤𝑖𝑖 the weighting factor 

of the LBM model and 𝐺𝐺𝑐𝑐 is the corrector which is enforcing the internal energy and is given 
as: 

𝐺𝐺𝑐𝑐 = 𝜌𝜌0𝑒𝑒 − 𝜌𝜌0𝑒𝑒∗

∑ 𝜔𝜔𝑖𝑖
𝑛𝑛
𝑖𝑖=0

.
(9) 

Here 𝑒𝑒∗ is the target value for internal energy, and 𝑒𝑒 is the actual internal energy and which 
can be determined by linear  
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𝜌𝜌0𝑒𝑒𝐴𝐴 =  𝜌𝜌0(𝑒𝑒𝑊𝑊 + (𝑒𝑒𝐸𝐸 − 𝑒𝑒𝑊𝑊)) 𝐴𝐴𝐴𝐴̅̅ ̅̅ ̅
𝐸𝐸𝐴𝐴̅̅ ̅̅ ̅  ,

(10) 

or by quadratic interpolation 

𝜌𝜌0𝑒𝑒𝐴𝐴 = 𝜌𝜌0 (𝑒𝑒𝑊𝑊 + (𝑒𝑒𝐸𝐸 − 𝑒𝑒𝑊𝑊) 𝐴𝐴𝐴𝐴̅̅ ̅̅ ̅
𝐸𝐸𝐴𝐴̅̅ ̅̅ ̅ + (𝑒𝑒𝐸𝐸 − 𝑒𝑒𝑊𝑊

𝐸𝐸𝐴𝐴̅̅ ̅̅ ̅ − 𝑒𝑒𝐹𝐹 − 𝑒𝑒𝐸𝐸
𝐸𝐸𝐸𝐸̅̅ ̅̅ ) 𝐴𝐴𝐸𝐸̅̅ ̅̅ ∙ 𝐴𝐴𝐴𝐴̅̅ ̅̅ ̅

𝐸𝐸𝐴𝐴̅̅ ̅̅ ̅ ) .
(11) 

The internal energy for a lattice can be obtained by the summation of all energy distributions 
𝑒𝑒 = ∑ 𝑔𝑔𝑖𝑖

𝑛𝑛
𝑖𝑖=0 . If the regarded point (e.g. E, F) doesn’t coincide with the LBM mesh (curved 

boundary), trilinear interpolation is used to determine the value in this point. For details on the 
geometric properties / location of E, F see [17]. 

 

3 RESULTS 

3.1 Heat diffusion cases 
As an initial case a 1D diffusion problem is regarded. A simulation domain of the length 𝐿𝐿 

with constant boundary temperature 𝑇𝑇𝑠𝑠 = 10 and the initial Temperature 𝑇𝑇𝑖𝑖𝑛𝑛𝑖𝑖𝑖𝑖 = 0 was 
selected. To study the performance of the collision operators and boundary conditions the 
simulation domain was refined as follows: 𝐿𝐿 = 20, 𝐿𝐿 = 40, 𝐿𝐿 = 80, 𝐿𝐿 = 160 and 𝐿𝐿 = 320. The 
boundary wall was located between two nodes (simple half way bounce back rule). Thermal 
MRT collision operators for D3Q7 and D3Q19 [13] as well as the thermal BGK operator for 
D3Q19 proposed by Peng et al. [16] were studied. Furthermore, two different boundary 
conditions [1,15] were investigated. Thermal relaxation time was set to 𝜏𝜏𝑔𝑔 = 0.53 for all 
simulations. The obtained temperature profile was compared to an analytical solution.  

This analytical solution for a 1D diffusion problem with constant boundary conditions is 
given by the following expression: 

𝑇𝑇(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇𝑠𝑠 + (𝑇𝑇𝑖𝑖𝑛𝑛𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑠𝑠) ∑ 𝑎𝑎𝑛𝑛exp (− 𝑛𝑛2𝜋𝜋2𝛼𝛼𝑖𝑖
𝐿𝐿2 )  𝑠𝑠𝑠𝑠𝑠𝑠 (𝑛𝑛𝜋𝜋𝑛𝑛

𝐿𝐿 )∞
𝑛𝑛=0 , (12) 

where 𝑎𝑎𝑛𝑛 = 4 𝜋𝜋𝑠𝑠⁄  for odd n and zero for even n, 𝛼𝛼 is the thermal conductivity and 𝑡𝑡 the 
simulation time. The analytical expression can be used with physical or non-dimensional LBM 
quantities.  

Figure 3 shows the averaged relative error for each simulation. As can be seen from the 
obtained results all investigated collision operators and boundary conditions are second order 
accurate in space. For 1D diffusion problems MRT D3Q7 provides the greatest accuracy which 
is in good agreement with results presented by Li et al. [1]. It can be noted, that the investigated 
thermal MRT models proposed by Yoshida and Nagaoka [13] are superior in terms of accuracy 
compared to thermal BGK proposed by Peng et al. [16]. Boundary conditions proposed by 
Yoshida and Nagaoka [13] are three to five times more accurate compared to boundary 
conditions proposed by Liu et al. [15]. It should be stressed out in conclusion, that the boundary 
conditions have a major influence on the numerical accuracy.  
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Figure 3: Relative error over grid resolution 1/𝐿𝐿 for the 1D thermal diffusion problem. 

As second case a 3D diffusion problem is considered. The cubic domain of size 8 ∙ 𝑑𝑑𝑝𝑝 has 
periodic boundaries. The particle diameter is varied as follows: 𝑑𝑑𝑝𝑝 = 5,  𝑑𝑑𝑝𝑝 = 10, 𝑑𝑑𝑝𝑝 = 20 and 
𝑑𝑑𝑝𝑝 = 40. The thermal relaxation time was chosen as 𝜏𝜏𝑔𝑔 = 0.53. The analytical solution to the 
described problem is given by 

𝑇𝑇(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇𝑠𝑠 + (𝑇𝑇𝑆𝑆 − 𝑇𝑇∞) 𝑅𝑅
𝑥𝑥 (1 − 𝑒𝑒𝑒𝑒𝑒𝑒 ( 𝑥𝑥−𝑅𝑅

√4𝑡𝑡𝑡𝑡))       𝑒𝑒𝑓𝑓𝑒𝑒 𝑥𝑥 > 𝑅𝑅, (13) 

where 𝑒𝑒𝑒𝑒𝑒𝑒 is the error function, 𝑥𝑥 is the distance from the sphere center and 𝑅𝑅 the particle radius. 𝑇𝑇∞ is 
the temperature of the undisturbed fluid and can be considered as the initial temperature for a 
sufficient small simulation time 𝑡𝑡. Figure 4 shows the temperature distribution of the described 
case. 
 

 
Figure 4: Distribution of dimensionless temperature 𝜃𝜃 = (𝑇𝑇 − 𝑇𝑇𝑖𝑖)/(𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑖𝑖) around a fixed sphere.  

ϴ 

x 

y 
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In contrast to 1D diffusion problems – where the distance from wall to fluid node is constant 
for each node – curved boundaries have a different wall-node distance for every discrete node. 
This influences the numerical error as was shown by Li et al. [1]. It can be concluded from the 
presented results in Figure 5 that all investigated collision operators and boundary conditions 
provide second order accuracy for curved boundaries regarding the grid resolution. Thermal 
MRT collision operators [12,13] are more accurate compared to the investigated thermal BGK 
operator [16]. However, boundary conditions have a major influence on the numerical accuracy. 
It should be noted that boundary conditions proposed by Li et al. [1] have a greater numerical 
accuracy in the regarded case than the conditions proposed by Liu et al. [15]. 

In particular scheme 1 (eqs. (5)-(6)) provides the best accuracy. Linear and quadratic 
interpolated boundary conditions proposed by Liu et al. [15] rely on 3D interpolation routines 
to determine the exact node temperature which causes a greater numerical error and an irregular 
course. quadratic interpolated boundary conditions are superior to linear interpolated. Scheme 
1 provides the greatest accuracy among all investigated boundary conditions.  

  

 
 
 

 

 
 

Figure 5: Relative error over grid resolution 1 𝑑𝑑𝑝𝑝⁄  for diffusive heat transfer of an isothermal sphere: (a) 
thermal bounce back scheme 1, (b) thermal bounce back scheme 3, (c) linear interpolation and (d) quadratic 

interpolation. 
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3.2 Forced convection case  
Numerical investigations of an isothermal sphere passed by a fluid were performed in order 

to study the influence of the convective part of the thermal LBM model. The Reynolds number 
was stepwise increase up to 𝑅𝑅𝑅𝑅 = 800 and the Prandtl number was set to 𝑃𝑃𝑃𝑃 = 𝜈𝜈 𝛼𝛼⁄ = 1 for all 
simulations. To eliminate wall effects the simulation domain was chosen to be 30 ∙ 𝑑𝑑𝑝𝑝 × 15 ∙
𝑑𝑑𝑝𝑝 × 15 ∙ 𝑑𝑑𝑝𝑝 with 𝑑𝑑𝑝𝑝 = 40 with adiabatic and free slip boundary conditions at walls parallel to 
the flow. The flow is initiated at −𝑥𝑥 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 with a constant fluid velocity and temperature. To 
verify the correctness of the flow conditions and the accuracy of the implemented LBM 
framework the obtained drag coefficients 𝐶𝐶𝐷𝐷 were compared against established scientific 
closure correlations [18–24] and experimental data [25]. Obtained drag coefficients are 
presented in Figure 6. 

 

 
Figure 6: Drag coefficient over Reynolds number for a static sphere. 

It can be concluded that the LBM reflects the flow conditions very accurately and in very 
good agreement with published results. If we regard the most recent correlation proposed by 
Mikhailov and Silva Freire [18] we obtain an average error of 3.72% for the present study. 

 
For convection diffusion problems scheme 1 (eqs. (5)-(6)) proposed by Li et al. [1] with all 

introduced thermal collision operators were regarded. Particle averaged (or global) Nusselt 
numbers were evaluated and are presented in Figure 7 (a). Regarding the heat fluxes of the used 
set up, where the only heat sources are the domain inflow and the particle surface, and the heat 
sink is the domain outflow, the following relationship for the particle averaged Nusselt number 
can be derived: 

𝑁𝑁𝑁𝑁 = 𝑈𝑈0𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜋𝜋𝑑𝑑𝑝𝑝𝛼𝛼

(�̅�𝑇𝑜𝑜𝑜𝑜𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − �̅�𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
(𝑇𝑇𝑆𝑆 − �̅�𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) ,

(14) 

where 𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is the surface area of the inlet, 𝑈𝑈0 the fluid velocity (or superficial velocity) at the 
inlet, �̅�𝑇𝑜𝑜𝑜𝑜𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and �̅�𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 are the velocity averaged fluid temperatures at the inlet and outlet of the 
domain and 𝑇𝑇𝑆𝑆 is the particle surface temperature.  
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It can be concluded from the obtained results, that thermal BGK and MRT models prove 
high accurate results for convection-diffusion problems. However, the BGK operator remains 
stable only up to 𝑅𝑅𝑅𝑅 = 240 for 𝑑𝑑𝑝𝑝 = 40. Thermal MRT models are up to three times more 
numerically stable than the thermal BGK model. Please note that the thermal BGK referred in 
this work is the collision operator proposed by Peng et al. [16]. It should be noted that BGK 
operators with a different 𝑔𝑔𝑒𝑒𝑒𝑒 may behave differently. 

 
(a) 

 

(b) 

Figure 7: (a) Nusselt numbers over Reynolds numbers for a sphere attributed to forced convection at 𝑃𝑃𝑃𝑃 = 1 (b) 
Distribution of dimensionless temperature 𝜃𝜃 = (𝑇𝑇 − 𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖)/(𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖) for 𝑅𝑅𝑅𝑅 = 800 and 𝑃𝑃𝑃𝑃 = 1 prescribed 

with a double MRT D3Q19 model and scheme 1 (eq. (5)-(6)) at the sphere surface. 

 
To evaluate local heat transfer coefficients, the temperature gradient at the boundaries is 

regarded: 

𝑁𝑁𝑁𝑁𝑖𝑖 = ℎ𝑓𝑓 ∙
𝑑𝑑𝑝𝑝
𝑘𝑘𝑓𝑓

= 𝜕𝜕𝑇𝑇𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

𝑑𝑑𝑝𝑝
(𝑇𝑇𝑆𝑆 − 𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟)

,
(15) 

where Index 𝑖𝑖 represents the 𝑖𝑖 − 𝑡𝑡ℎ boundary node in which the local Nusselt number is 
evaluated. The particle diameter 𝑑𝑑𝑝𝑝 is the reference length, 𝑇𝑇𝑆𝑆 is the particle surface temperature 
and 𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟 is the particle reference temperature which is here the temperature of the undisturbed 
fluid (�̅�𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖). Apart from eq. (14) particle averaged Nusselt numbers can also be obtained by 
surface integration: 

𝑁𝑁𝑁𝑁 = 1
𝜋𝜋𝑑𝑑𝑝𝑝2

∫𝑁𝑁𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑
(16) 

If the treatment is discrete, we can simplify this equation to Nu = ∑𝑁𝑁𝑁𝑁𝑖𝑖 𝑛𝑛𝑖𝑖𝑛𝑛𝑛𝑛𝑒𝑒𝑠𝑠⁄ . 𝑁𝑁𝑁𝑁𝑖𝑖 is the 
local Nusselt number (see eq. (15)) and 𝑛𝑛𝑖𝑖𝑛𝑛𝑛𝑛𝑒𝑒𝑠𝑠 the number of considered discrete nodes. For 
more details on calculation of local heat transfer coefficients see [26].  

 Figure 8 (a) shows the obtained Nusselt numbers plotted over the corresponding polar angle 
𝜙𝜙 for Re = 200 and Pr = 1.The maximum of the Nusselt number is located at the front 
stagnation point (𝜙𝜙 = 0°) while the minimum can be found at 𝜙𝜙 ≈ 130° for the presented 
Reynolds number. The obtained results are compared to numerical studies by Dhole et al. [27]. 

BGK D3Q19 
stability limit 

x 

y 

ϴ 
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It can be concluded, that the thermal MRT and the BGK models in combination with scheme 1 
provide not only very accurate particle averaged Nusselt numbers but also accurately reflect 
their local distribution. The deviations to Dhole et al. [27] can be explained by the advantage 
of surface adapted meshes used in the introduced study. Especially the evaluation in a Cartesian 
mesh is regarded as a limiting factor. As can be seen in Figure 8 (a) and (b) D3Q7 suffers from 
notable over- and underestimation in the area of the curved boundary (𝜙𝜙 ≈ 20 − 70°). This can 
be explained by the lack of some of the discrete velocities in the D3Q7 model which are 
however provided in the D3Q19 model.  

 
(a) 

 

(b) 

 

 
Figure 8: (a) Local Nusselt numbers of a sphere over polar angle 𝜙𝜙 for 𝑅𝑅𝑅𝑅 = 200 and 𝑃𝑃𝑃𝑃 = 1 (b) Local Nusselt 

numbers normalized with results by Dhole et al. [27]. 

 

4 CONCLUSIONS 
- A thermal LBM framework based on a double MRT model has been derived and its 

performance has been evaluated. Diffusion and convection-diffusion problems for 
plane and curved boundaries have been studied. It was shown that the presented LBM 
models provide highly accurate results for particle averaged and local heat transfer 
coefficients. Second order accuracy in space for all cases was achieved. 

- MRT/MRT models [12] are superior to MRT/BGK [16] models in terms of numerical 
stability and accuracy. Double MRT models are up to three times more stable than the 
investigated thermal BGK operator.  

- For curved boundaries the D3Q19 model provides more accurate results than the D3Q7 
model, especially when the local heat transfer distribution is regarded. D3Q7 suffers 
from notable over- and underestimation in the area of the curved boundary (𝜙𝜙 ≈ 20 −
70°) due to possibly the lack of some discrete velocities in the D3Q7 model. 

- Thermal boundary conditions based on the thermal bounce back idea [1], are more 
accurate compared to boundary conditions based on energy balance and the usage of 
target/actual-value comparison [15]. Furthermore, methods based on the bounce back 
idea are far more efficient, since no 3D interpolation is required. 
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Abstract. In bulk handling applications, such as conveying and storage, understanding the 
DEM particle characteristics to best simulate the flow of particulate systems at the 
macroscopic scale addresses an uncertainty in the DEM simulation of operational unit design 
and handling scenarios. This research provides a better understanding of the role adequate 
DEM material properties have on the flow-ability of bulk solid materials through the 
development, implementation and application of a generic material model procedure used in 
developing DEM input properties from physical testing data. This investigation proposes 
coupling physical material testing procedures with a DEM history dependent particle-particle 
macroscopic elasto-plastic adhesive contact model that accounts for both elastic and plastic 
contact deformations and cohesive attractions [1, 2]. The research application tasks are 
focused on three major areas: 1) measure a bulk solid’s cohesive and frictional properties 
under mass flow and pressure, 2) simulate each material sample through a series of test 
controlled standards, 3) verify the suitable predicted material properties in the test 
applications simulate and are comparable to experimental results. As part of physical testing, 
such simulations can be used as part of the optimization for bulk handling design and 
operation.   

 
 
1 INTRODUCTION 

The interactions between granular bulk material and machinery plays an important role in 
our mining industry. A promising model of these interaction comes from the discrete element 
method. The difficulty with DEM however, is determining the behavioral flow of the macro 
material from the material micro-properties. In DEM, each particle has material parameters 
that influence the particle and its bulk behavior (e.g. spring stiffness, friction coefficients, 
damping values, bonding strength). Laboratory experiments and in-situ tests are necessary to 
determine these properties before any useful modelling can be performed. Developing 
methods to accurately calibrate and numerically quantify the bulk mechanical behavior of 
granular materials from measured properties is a formidable task [3-5]. Even then, the 
resulting simulations and the validity of the measured parameters is not without uncertainty.  
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The objective of this study is to develop a calibration process in which the DEM material 
parameters can be determined. For this purpose, experimental and DEM results from shear 
tests and industry field tests are used.  

2 NUMERICAL MODELING USING A MACRO ELASTO-PLASTIC ADHESIVE 
(MEPA) MODEL 

The contact model used in this study follows the MEPA cohesive model implementation 
for stress history dependency. The MEPA model is a three branched non-linear contact model 
that simulates the elastic and plastic regimes of particulate solids. It is capable of modeling 
material yielding through hysteresis and steady-state flow. This section describes the 
approach to the contact duration with cohesive attraction for each particle contact.  

2.1 The MEPA Cohesive Model  
The MEPA model uses a maximum force-based failure criterion. It determines the 

maximum displacement of the contact with a material stiffness described by the material's 
tensile strength, elastic modulus and Poisson's ratio. This model is used to simulate the 
mechanical behavior of material physical data in a shear test rather than the micro and 
molecular mechanics laws. It simulates the results from the physical testing used to determine 
the parameters of the Mohr-Coulomb shear failure criterion and complements studies in 
cohesive, frictional bulk solids for micro- and macro-models of different materials [6-12].  

2.2 Particle Contact Constitutive Model  
The relationship between the interaction force and the normal overlap of two rigid DEM 

particles is shown in Figure 1. The loading, unloading/re-loading and cohesive branches in the 
MEPA model are represented by four parameters: the virgin loading stiffness parameter𝑘𝑘1, 
the unloading and reloading stiffness parameter 𝑘𝑘2, the cohesive stiffness parameter 𝑘𝑘𝑎𝑎𝑎𝑎ℎ and 
the index parameter n, controlling the nonlinear force-displacement response of the system [9-
11]. In the initial loading of the contact, the force increases with stiffness 𝑘𝑘1. A linear viscous 
damping dash-pot is used to dissipate energy during contact. Cohesion between the contacts is 
represented by cohesive stiffness 𝑘𝑘𝑎𝑎𝑎𝑎ℎ, which allows for attraction forces controlled by a 
limiting force 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚. Note, when n = 1, the model becomes linear and is represented by the 
branched model of Figure 1a. If 𝑘𝑘1 is set equal to 𝑘𝑘2, the model is reduced to the linear or 
Hertzian contact model previously discussed. Each branch can be expressed by the following 
sets of bounding equations: 

 
 𝑓𝑓1(𝛿𝛿) = 𝑘𝑘1𝛿𝛿𝑚𝑚 (1) 
 
 𝑓𝑓2(𝛿𝛿) = 𝑘𝑘2(𝛿𝛿𝑚𝑚 − 𝛿𝛿𝑝𝑝𝑚𝑚) (2) 
 
 𝑓𝑓3(𝛿𝛿) = −𝑘𝑘𝑎𝑎𝑎𝑎ℎ𝛿𝛿𝑚𝑚 (3) 
 

where 𝑓𝑓1(𝛿𝛿) represents the virgin loading branch, 𝑓𝑓2(𝛿𝛿) the re/unloading branch, and 𝑓𝑓3(𝛿𝛿)
the cohesive branch. The branched relationship as a whole can be expressed as:  
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(a) Linear MEPA cohesive contact law.  (b) Non-linear MEPA cohesive contact law. 

 
Figure 1: Different MEPA contact models from [13]. 

 𝑓𝑓ℎ𝑦𝑦𝑦𝑦 = {
𝑓𝑓1(𝛿𝛿) 𝑖𝑖𝑓𝑓 𝑓𝑓2(𝛿𝛿) ≥ 𝑓𝑓1(𝛿𝛿)
𝑓𝑓2(𝛿𝛿) 𝑖𝑖𝑓𝑓 𝑓𝑓1(𝛿𝛿) > 𝑓𝑓2(𝛿𝛿) > 𝑓𝑓3(𝛿𝛿)
𝑓𝑓3(𝛿𝛿) 𝑖𝑖𝑓𝑓 𝑓𝑓3(𝛿𝛿) ≥ 𝑓𝑓2(𝛿𝛿)

 (4) 

 
The normal force on particle i is described by:  
 

 𝒇𝒇0𝑛𝑛 = −𝛾𝛾𝑛𝑛𝒗𝒗𝑛𝑛 + 𝑓𝑓ℎ𝑦𝑦𝑦𝑦𝒏𝒏 (5) 
 
with the normal direction unit vector �̂�𝑛 directed from the center of particle j to particle i. The 
variable 𝒗𝒗𝑛𝑛 describes the normal relative velocity of the particle and 𝛾𝛾𝑛𝑛 the viscous 
dissipation coefficient. The tangential force includes dissipation due to Coulomb friction and 
tangential elasticity that allows for stick-slip behavior at the contact level [6, 11-12]. The 
tangential force is related to the normal force via Coulomb’s law in equation 6.  
 

 𝑓𝑓𝑡𝑡 ≤ 𝜇𝜇𝑦𝑦𝑓𝑓ℎ𝑦𝑦𝑦𝑦 (6) 
 
The maximum adhesion is determined by the stiffness parameters and the maximum 

normal overlap 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚. The tangential stiffness is calculated based on the contact stiffness 𝑘𝑘𝑡𝑡, 
which is set to the value of 𝑘𝑘1. The tangential force is calculated from the product of the 
tangential stiffness and the tangential displacement, subject to the frictional limit according to 
Coulomb's law. At the maximum contact overlap, 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚, the contact stiffness increases 
instantaneously to the value 𝑘𝑘2. Further loading and unloading is defined by the force-
displacement relation 𝑓𝑓 = 𝑓𝑓2(𝛿𝛿). Elastic unloading to a zero contact force leads to a non-zero 
contact overlap equal to the maximum plastic contact indentation, 𝛿𝛿 = 𝛿𝛿𝑝𝑝, which is recorded 
and updated over the contact lifetime. When the contact overlap is further decreased as the 
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particles separate, the contact force enters the tensile regime. The maximum tensile contact 
force 𝑓𝑓 = −𝑘𝑘𝑎𝑎𝑎𝑎ℎ𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚  that the contact can experience corresponds to a contact displacement 
𝛿𝛿 = 𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚. Further unloading in the tensile regime generates a tensile contact force that 
decreases in accordance with 𝑓𝑓 = −𝑘𝑘𝑎𝑎𝑎𝑎ℎ𝛿𝛿. In addition to the loading and unloading branches 
shown in Figure 1a and b, loading and unloading may also occur within the bounding 
branches. Any loading stage within the bounding branches loads or unloads elastically in 
accordance with 𝑓𝑓 = 𝑓𝑓2(𝛿𝛿) [14].  

3 SETUP OF CALIBRATION PROCEDURE 
 To provide the experimental shearing data of the material under various conditions, the 

laboratories of Jenike & Johanson are used. To assist in the calibration of numerical 
parameters required for DEM simulations a set of in situ materials tests are also performed. 
The material properties should represent a range of possible operating conditions, as used in 
the design process. These standards will be inferred to be applicable by choice of and 
referenced by the test laboratory. A secondary purpose of the testing is for the DEM analyst to 
understand unique properties of the materials outside of the tests described that might impact 
the behavior of the bulk material.  

3.1 Material Preparation 
Proper collection of data for DEM simulations starts with a representative collection of 

the sample material. Figure 2 shows an example of material pulled from a transfer line and 
has been dried before proceeding. The bulk material is further sieved for size distribution and 
conditioned for uniformity of testing. All material smaller than ~1.5mm is set aside and not 
included in further testing.  

 
 

Figure 2: Images of received material (Waste Rock and Clay Ore) 

3.2 Density Testing 
 The density of the test samples is evaluated using containers having a minimum minor 

dimension of 10x the median particle for each sample. The container is filled through a sieve 
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approximately 2x the median size and weighed after filling without vibration or jostling. The 
container with material is weighed and the internal dimensions of the container measured to 
calculate the volume. The average density is defined as the total material mass divided by the 
volume filled by the material [15]. 

In the simulation, the assembly of particles is given an initial density and the system 
allowed to reach static equilibrium. The density is calculated in the same manner as the 
physical test. Using an iterative approach, the DEM particle density is modified until the 
average density is representative of the measured value.  

3.3 Wall Friction 
The preferred method of measuring the wall friction is with a modified shear cell with a 

minimum dimension of 5x the median particle. A bed depth of at least 3x the median particle 
is used to limit rotation. If a shear cell is used, tests will be made with pressures up to the 
equivalent hydrostatic pressure of approximately 50x the median particle deep.  

In situ test cases where a layer of a single particle deep slides on an inclined plane without 
rolling, the wall friction is determined as the tangent of the wall angle determined from an 
inclined plane test procedure as shown in figure 3.  

 
(a) Image of netting for wet bulk sliding. (b) DEM vector simulation for the sliding friction 

analysis of wet clay ore. 
 
   Figure 3: Lab image of wall friction lab and DEM simulation setup. 

 
In the simulation, the particles are initially at rest as the plane increases in angle from the 

horizontal. The velocity vector of the particles are tracked and the wall friction angle 
calculated as the angle upon which the velocity vector of the particles is no longer moving 
with the plane and the angular velocity is still zero indicating slip condition only.  

3.4 Rotational Resistance 
Rotational resistance is tested on an inclined plane test stand. If the particles roll before 

sliding on an inclined chute material, the sliding will have to be determined with a shear cell 
test and the rolling resistance is determined with an inclined test on the wall material sample. 
If it is necessary to prevent particle sliding on an inclined plane the rolling resistance is tested 
with an otherwise smooth surface equipped with lateral rows of wire of diameter ~20% of the 

640



Liz I. Del Cid and Ajith Subramanian 

 6 

median particle size spaced at 2x the particle median size. Alternatively, a machined saw 
tooth surface of the same dimensions oriented to resist sliding is used. 

In the simulation, the particles are initially at rest as the plane increases in angle from the 
horizontal. The angular velocity of the particles are tracked and the rotational resistance 
coefficient calculated as the angle upon which the angular velocity of the particles is non-
zero. 

3.5 Angle of Repose 
A conical angle of repose test as described in the CEMA 550 with a rough base is used to 

characterize the bulk material flow potential. For the DEM simulation, the geometry is scaled 
to the selected particle size accordingly. Figure 4 displays pile formations obtained following 
the testing standard.  

 
(a) Dry waste rock pile formation (b) Wet clay ore file formation 

 
   Figure 4: Lab image of angle of repose pile formation for dry and wet waste rock and clay. 
 

Figure 5 demonstrates the DEM simulation iterations of the same simulated procedure as the 
sliding inter particle friction coefficient increases. The number of iterations required depends 
on the accuracy desired and the initial friction coefficient range. Typically 6 iterations are 
performed with dry loose material under a one degree tolerance of the measured angle of 
repose. Figure 6 displays the measurement made by the DEM simulation when the system has 
reached static equilibrium.  

 
   Figure 5: Angle of repose iterations of simulated material. 
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Figure 6: Angle of repose of final material simulation. 

 

3.5 Physical Translational Shear Tester 
The physical shearing test performed uses the Jenike Shear Tester, a translational shear 

tester. The shear cell is composed of a base located on the frame of the shearing machine. A 
ring rests on top of the base with a cover or lid. The surface conditions of the bottom of the 
cover and the inside of the base are rough to increase adhesion of the tested solid. The 
material is loaded into the base and ring and then covered. A normal force, FN is applied 
centrally on the cover and held. The upper part of the shear cell is displaced horizontally 
against the fixed bottom base by a stem. The measured value is the shearing force exerted by 
the stem [16]. The normal stress, 𝜎𝜎, and the shear stress, 𝜏𝜏, acting in the horizontal plane 
between the top and bottom rings are determined by dividing the normal force, FN; and shear 
force, FS, by the cross-sectional area of the shear cell, A. The standard shear cell is 95.25 mm 
in diameter with a shearing rate of 4:487 x 10-5 𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠 [16, 17]. A schematic of the physical tester 
with the dimensions defined in millimeters is shown in figure 7. 

 
Figure 7: Jenike and Johanson direct shear test schematic from [16]. 

 
In the simulation, the experimental data sets are obtained with the ring cell shear tester 

developed by Dietmar Schulze [18, 19] are used to minimize localized stresses. Figure 8 

642



Liz I. Del Cid and Ajith Subramanian 

 8 

shows a schematic of a ring shear tester series RST-01 [16, 18-20]. The ring-shaped bottom 
ring of the shear cell contains the material sample, while the lid is placed on top of the 
material and fixed at a crossbeam. A normal force is exerted to the crossbeam in the rotational 
axis of the shear cell and transmitted through the lid to the material sample. The 
counterbalance force, FA, acts in the center of the crossbeam and counteracts the gravity 
forces of the lid, the hanger, and the crossbeam [16]. To shear the sample, the lid and the 
bottom ring of the shear cell rotate relative to each other. This is achieved by rotating the 
bottom ring while the lid and the crossbeam are prevented from rotating by the connecting tie-
rods. Each of the tie-rods are fixed at a load-beam from which the forces acting on cell can be 
measured. The test procedure is comparable to the one performed by the Jenike shear tester. 
The yield locus from the measured shear points as per the physical test procedure. Modeling 
the consolidation of material with time history is the advantage of using the MEPA model as 
the particle contact model.  

 

 
Figure 8: Shear Cell of a ring shear tester type RST-01 from [16, 18-20]. 

 

4 BULK MATERIAL PROPERTIES DETERMINATION 
This procedure to DEM material characterization has been used for dry material over a 
number of industry projects. Cohesive materials provide the greatest uncertainly in material 
flow behavior. For this investigation various tests were conducted on wet copper ore with a 
top size of 7 mm. The simulation involved evaluating the particle size distribution seen in 
figure 9. Some of the experimental parameters are listed on Table 1. The boundary material 
for static wall friction testing #2B finish stainless steel sheet. An image of the copper ore 
material is shown in figure 10.  
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Figure 9: Particle size distribution of copper ore.  

       

  
(a) Physical copper ore material at 8% mc (b) Virtual DEM copper ore material at 8% mc. 

 
  Figure 10: Lab and DEM simulation image of the sample material copper ore at 8% moisture content. 

 

Table 1: Measured properties of iron ore 

Parameter value 
Particle Density, 𝜌𝜌𝑠𝑠 (𝑘𝑘𝑘𝑘 𝑚𝑚−3) 2481.3 
Bulk Density, 𝜌𝜌𝑏𝑏𝑏𝑏 (𝑘𝑘𝑘𝑘 𝑚𝑚−3) 1042.8-1752.4 (5% wb moisture content) 
Bulk Density, 𝜌𝜌𝑏𝑏𝑏𝑏 (𝑘𝑘𝑘𝑘 𝑚𝑚−3) 1350.4-1797.3 (8% wb moisture content) 
Internal Frictional Angle, 𝜑𝜑 (degrees)  47.3 (5% wb moisture content) 
Internal Frictional Angle, 𝜑𝜑 (degrees)  46.7 (8% wb moisture content) 
Wall Friction Angle, 𝜑𝜑 (degrees) 30.0 (5% wb moisture content) 

5 RESULTS AND DISCUSSION OF DEM MATERIAL CHARACTERIZATION  
The approach to characterizing cohesive copper ore started with lab tests, which provided 

the parameters values of Table 1 and the failure envelopes for a range of conditions. To begin, 
the young’s modulus was set to known values for copper ore, approx. 113-119 GPa with a 
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Poisson’s ratio of 0.34. These parameters governed the stiffness, 𝑘𝑘1 and 𝑘𝑘2, values of the 
elasto-plastic model. The inter-particle friction and cohesive stiffness were adjusted to 
simulate the experimental measured profile of the Mohr Coulomb failure criteria. For copper 
ore with 5% moisture content, figure 11 displays the data the DEM simulation was to closely 
match.  The inter particle friction and cohesive stiffness used came to 0.35 and 𝑘𝑘𝑎𝑎𝑎𝑎ℎ =
3.56𝑥𝑥108 𝑁𝑁

𝑚𝑚 respectively. Figure 12 displays the resulting DEM profile of this condition.  
 

 
 

Figure 10: Physical testing results of the loading for Copper Ore Sample 1 at 5% mc. 
 

The angle of repose simulation was not performed as this test has a greater uncertainty 
with highly cohesive materials. However, the wall friction test using the inclined plane 
simulation was performed and a frictional coefficient value of 0.7 was observed resulting in a 
wall frictional angle of 35 degrees ± 3 degrees. The number of iterations performed was not 
sufficient to more closely simulate the laboratory findings. Table 2 summaries the DEM 
parameters determined through the simulation of the laboratory tests. Utilizing the parameters 
determined for copper ore, the agglomeration of the physical material can be observed in the 
virtual DEM simulated material as seen in figure 10. To perform a through calibration 
requires computation time and human resources. For this material set, a loose tolerance was 
acceptable to minimize project cost.   
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Figure 11: Simulated testing results of the loading for Copper Ore Sample 1 at 5% mc. 

 
Table 2: Simulated properties of iron ore 

Parameter Simulation value 
Internal Frictional Angle, 𝜑𝜑 (degrees)  47 ± 3 (5% wb moisture content) 
Internal Frictional Angle, 𝜑𝜑 (degrees)  45 ± 3 (8% wb moisture content) 
Cohesive Stiffness, 𝑘𝑘𝑎𝑎𝑎𝑎ℎ (𝑁𝑁

𝑚𝑚) 3.56 𝑥𝑥 108 (5% wb moisture content) 

Cohesive Stiffness, 𝑘𝑘𝑎𝑎𝑎𝑎ℎ (𝑁𝑁
𝑚𝑚) 5.93 𝑥𝑥 108 (8% wb moisture content) 

Wall Friction Angle, 𝜑𝜑 (degrees) 35 ± 3 (5% wb moisture content) 

6 CONCLUSION 
Numerous methods for material testing were presented to assist in the calibration process 

of the material parameters needed in DEM simulations. In this study, numerical results for 
cohesive granular material was compared to experimental data of copper ore at varying 
moisture content levels. The DEM parameters such as frictional coefficients and cohesive 
stiffness were varied until acceptable material conditions were met. The developed technique 
has proven to be successful in our projects involving the transfer of dry granular materials and 
has shown promising results in the calibration of cohesive materials. For full implementation 
of this method, optimizing simulation time would aid the computational cost. Further 
investigation is being conducted to access the validity and accuracy of our approach to DEM 
material characterization for cohesive granular materials.  
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Abstract. Landslides and avalanches cause loss of lives, as well as generate significant 
economic cost. Protection barriers help reduce the impact of such events. However, the design 
of the barriers requires the prediction of the landslide flow trajectory and the estimation of 
impact force. Material Point Method appears to have great potential for estimating those, since 
it can account for large displacement nature of sediment flows and their nonlinear behaviour. 
Therefore, it may be able to capture the complex interaction of landslides or avalanches with 
the ground and structures. 

 This study focuses on simulating granular flows with Generalized Interpolation Material 
Point Method. The calculations use a constitutive model inspired by the Bagnold theory of 
granular flow [1] to model sand landslide / avalanche experiment [2] with sand treated as a 
linear elasto-plastic material. Shown simulations aim was to replicate the experiment. In 
particular, the paper focuses on estimation of the impact force of sand flow on a fixed rigid 
wall. Such force estimation is a first step to validate the Generalized Interpolation Material 
Point Method for use as a tool for the design of barriers defending against landslides and 
avalanches. 

 
 
1 INTRODUCTION 

Natural or manmade phenomena may cause instabilities in slopes resulting in landslides and 
sediment flows. These flows may contain soil, debris and rock mixed together. The avalanches 
can reach high speed quickly after formation and carry significant amount of energy. Therefore, 
they can ravage areas and impose destructive forces onto anything on their way. The sediment 
flows and avalanches results in significant damages to infrastructures and economic losses 
every year while being also a threat to people living in the landslide prone areas. In order to 
reduce the threat of debris flows, protective actions are necessary. For example, protective 
barriers placed on the path of debris flows can stop the flows or at least decrease their speed 
and energy. Economical design of those protective barriers requires estimation of debris flow / 
avalanche impact force.  
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Researchers have used different approaches for estimating the impact force of debris flows. 
Empirical models were used alongside statistical analysis to identify problematic slopes [3]–
[5]. Such an approach is certainly useful for general risk estimation. However, it is of limited 
help in design of the protection structures, as it cannot take details of each case into 
consideration. On the other hand, there are experimental data and tests which investigate the 
impact force of flows, e.g. [2], [6]–[8]. These tests are the most accurate and reliable approach, 
however, they can be very expensive, require significant time and, in many cases, simply not 
feasible as they cannot replicate full scale landslide. Therefore, numerical simulations may be 
the method, which could offer affordable assessment of the impact force of sediment flows. For 
example, Moriguchi et al. [2] performed numerical simulations within computational fluid 
dynamic framework, confined interpolation profile and Bingham constitutive model to simulate 
granular flow and estimated impact force of it on rigid obstacles [2]. On the other hand, Ceccato 
and Simonini [9] used Material Point Method (MPM) for modelling granular flows experiment 
in [2]. They used two different constitutive models (elastic-perfectly plastic and viscoplastic 
models) to describe granular materials.  

This paper uses Generalized Interpolation Material Point to estimate normal impact force of 
sand flow on rigid barriers. The investigation focuses on replicating the dry Toyoura sand flow 
experiments [2]. 

2 GENERAL SPECIFICATIONS 

 2.1 Description of Laboratory Experiments 
This paper presents modelling of small scale experiments on sand flow performed by 

Moriguchi et al. [2]. The described experiment involved placing 50 kg of dry Toyoura sand in 
a box on top of a flume with variable slope angles. After quick opening of the box, the sand 
flew on the flume surface, which was coated with the same sand used for the experiment. A 
load cell at the bottom of the flume measured the normal impact force on the obstacle. The 
opening mechanism is believed to be such that the sand box opening has no effect on the initial 
flow behaviour of the sand. Figure 1 shows a schematic illustration of the tests. 

 
Figure 1- schematic illustration of the experiment tests (after [2]) 
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 2.2 Description of Numerical Models 
The simulations shown used Generalized Interpolation Material Point (GIMP) method and 

investigated flow of Toyoura sand. Bardenhagen and Kober introduced GIMP in 2004 as an 
advancement to Material Point Method [10]. MPM is itself a development in particle cell 
method (PIC) tailored for solid mechanic by Sulsky et al. [11], [12]. Material Point Method 
simulations have the advantage of being free from mesh tangling common e.g. in the Finite 
Element Method and have no problem in modelling fluid-structure interaction [13] while using 
the continuum mechanics framework. In this research, GIMP method encoded in the software 
suite Uintah (http://uintah.utah.edu) was used. 
 
The calculations approximated the laboratory experiments as plane strain problems with the 
flume in all models aligned to the horizontal axis and gravity varying instead of changing the 
flume inclination. In all the simulations, rigid wall was 0.3m high and 0.1m thick. The initial 
distance between the rigid wall and sand was 1.8m. Furthermore, a layer of the same sand, but 
fixed, approximated the surface coating. All the numerical model included an extra 0.3m 
domain in the left side of the rigid wall similar to simulations performed in [2]. This extra 
domain allowed for simulation of sand overtopping the wall. Figure 2 shows the schematics of 
numerical models used in this research. This figure also shows the temporary walls in the 
models. These walls blocked sand in the first 0.5s of simulation to replicate the initial stress in 
the soil and modelled the box in the experiments. The total simulation time was 2.5s, with the 
temporary walls deleted from all the models after the first 0.5s.  

 
Figure 2- schematics illustration of numerical models 

 2.3 Constitutive Model 
Numerical simulations used an elasto-plastic constitutive model based on the Mohr-

Coulomb model enhanced with Bagnold scaling [1]. The sand was assumed to be a linear elastic 
material for stress states not on the yield surface. Equation 1 shows the formulation for 2 
dimensional Coulomb friction criterion where � is shear stress, � is normal stress, tan � is 
friction angle and c is cohesion [14]. Granular materials are cohesionless and c value is 0 in 
them.  

� − tan � � − � = 0                                                                 (1) 
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Experiments have shown that flow of granular material happens in parallel layers [1]. 
Bagnold used this observation to express a dependency between shear stress and rate of 
shearing. Internal stress also effects shear stress along each layer. Those led to Bagnold scaling 
relation shown in equation 2 where � is the shear stress, � is the normal stress, tan � is the 
internal friction parameter and ��  is the rate of simple shear.   

� − tan � � ∝  �� �                                                                   (2) 
The equation above can be generalised and used to enhance the Mohr-Coulomb model. 

Comparison of equations 1 and 2 shows that during the flow of granular material non-zero  
strain rate leads to some shear resistance, which is mathematically same to the Mohr-Coulomb 
cohesion. Therefore, one can use a factor of shear rate squared (� �� �) instead of cohesion in the 
Mohr-Coulomb yield surface equation. Such model should be suitable for granular flow that is 
flow for materials in which cohesion for small strain rates would be zero. Equation 3 shows the 
obtained formulation of the modified Mohr-Coulomb yield surface,  

 
� = (�� − ��) − (�� + ��) sin � − 2 (� �� �) cos � = 0                      (3) 

 
where �� the maximum is principal stress, �� is the minimum principal stress, � is the 

friction angle, ��  is the rate of simple shear and � is the calibration parameter. The difference 
between this formulation and the Mohr-Coulomb model is just the replacement of cohesion 
with the factor related to the shear strain rate squared. 

The implemented yield surface and its rate dependent mechanism of flow has provided good 
predictions when solid fraction of granular flow is constant (i.e. uniform flow). On the other 
hand, this constitutive law does not have any way to account for the non-uniformity [14] in the 
flow. Therefore possible non-uniformity of the flow should be addressed differently. 

3 NUMERICAL MODEL 

3.1 Choosing Parameters of Constitutive Model 
The model requires calibration of 2 elastic parameters and 3 parameters related to the yield 

surface and flow behaviour of the material. The elastic parameters used were the shear modulus 
and the Poisson ratio. The shear modulus of sand is high at very small strain and decreases 
when strains become larger [15]. In the calculations, as the sand is in the state of flow and very 
large shear strains are applied to it, a very low value of 20 kPa was used. Even though the 
chosen value of shear modulus is very low, the extensive set of data provided in [15] on shearing 
of sand suggests that it is not unrealistic. Elastic modulus in this range has been used in other 
researches investigating granular flows [9], [16]. 

Investigations on heap flows and rough inclined planes [14], [17], [18] revealed the existence 
of two regions in the granular flows. One region in lower parts where the ground surface 
prevents the grains from flowing freely and deform volumetrically. Another region is near the 
surface of the flow where nothing blocks the motion of grains. The constitutive model 
implemented in the simulations cannot address that difference. Therefore, the simulations 
approximated that constrain with soil layers which have different Poison ratio to account for 
the non-uniformity of the material during the flow.  In all the models, 5 layers of sands with 
different Poisson ratio were considered at the initial state. Figure 3 shows Poisson ratio of each 
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layer and their height in the beginning of simulations. Poisson ratio of the lowest layer was 
0.495 (non-compressible) while the top layer had a Poisson ratio of 0.3 (a standard value for 
the Poisson ration for Toyoura sand).   

 
Figure 3- Poisson ratio of layers and their height (Not scaled) 

The friction and dilation angles control the plastic behaviour of sand in the Mohr-Coulomb 
model. Laboratory tests on granular materials, including Toyoura sand, have shown that the 
friction angle at the critical state is independent from the initial void ratio and stress path. 
Furthermore, variations in the volumetric strain becomes zero when the critical state is reached 
[19]. The implemented constitutive model in this research is unable to model hardening / 
softening behaviour of soils. In addition, the initial void ratio of Toyoura sand in the experiment 
(0.917) is very close to the critical void ratios of Toyoura sand considering the possible range 
of pressure in the experiment. Therefore, we assumed that reaching the yield surface and the 
critical state happened simultaneously in the models. Consequently critical friction angle of 
Toyoura sand, which is 31° [20], and 0° dilation angle were used in all the simulations. Table 
1 summarizes the parameters used in the simulations of the sand flow experiments.  

 
Table 1- parameters in the numerical simulations 

� (
��
��) G (���) � � (°) � (°) 

1379 20 

0.3 
0.35 
0.4 
0.45 

0.495 

31 0 

3.2 Calibration of Constitutive Model 
Data available from the experiment on 45° inclination test was used in calibration of the 

extra parameter (�) in the constitutive model. That calibration parameter (�) was chosen such 
that the simulation gives very good estimation of the normal force as well as a similar flow 
profile to the one in the experiment. Figure 4 shows the calculated and experimental normal 
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force on the wall in time. It is clear that the numerical model estimated the normal force very 
well with the parameter �  chosen equal to 0.15 (��. �)�. It also shows that the model with � =
0.15  (��. �)� estimated arrival time of the flow to the end of flume quite well.  

   
Figure 4- result of calibration 

Furthermore, Figure 5 shows the simulated flow profile for the test with 45° and compares 
it with the experimental free surface of flowing sand (indicated by the black line).  The 
simulated flow profile match the experiment free surface well especially in the later stages of 
the experiment. 
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Figure 5- flow profile of numerical model with 45° inclination and 5 (��. �)� 

4 VALIDATION OF THE NUMERICAL MODEL 
After calibration of the constitutive model, simulations modelled the experiments with 50°, 

55°, 60° and 65° inclinations. All the simulations used 35064 particles, square computational 
grid of 5mm, same parameters of constitutive model as shown in Table 1 with the only variation 
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being the inclination of slope. The numerical parameters were the same as in the simulation 
used for calibration, described in section 3.  
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Figure 6- results of force estimations in experiments with 50°, 55°, 60° and 65° inclinations 

Figure 6 shows that the numerical results replicate the soil flow experiments well. The arrival 
time of sand to the end of flume and the overall variations of normal force were predicted quite 
well especially for the 60° and 65° inclination experiments. Nevertheless, the simulations failed 
to estimate exactly the increase of normal force at the beginning of impact. That could be a 
result of the linear elasticity assumption or the constitutive model incapability of considering 
the softening / hardening behaviour. Also, the estimated normal force for all the experiments 
showed some oscillations which is one of the common problem in MPM based modelling. 
Nonetheless, the peak values of the force from the experiments have been recovered well. That 
is important, as the peak value is usually the critical one for the design of the impact barriers. 

5 CONCLUSION 
Granular landslides and avalanches are a consequence of slope instabilities and cause loss 

of lives and significant economic costs. This study used Generalized Interpolation Material 
Point method with a Mohr-Coulomb based constitutive model, extended with Bagnold scaling, 
to simulate experiments on sand flows. Results of the calculations are in a good agreement with 
those from the experiments. Simulations estimated arrival time of sand flows maximum impact 
and residual normal forces very well. The results of the study indicate capability and 
competence of GIMP for simulating sand flows and granular avalanches. They also show 
considerable improvement when compared to previous attempts for modelling these 
investigations ([2], [9]). However, the used constitutive model needs to be perfected, taking 
into account non-linearity in shear modulus with strain and more accurate modelling of volume 
change of the soil. 
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Abstract. The Material Point Method (MPM) is a continuum-based numerical method 
especially suitable for solving large deformation problems. In this paper, we investigate the 
null-space errors present in MPM solutions. The paper establishes a null-space stability 
condition which is used to examine the null-space errors in different versions of the MPM. This 
analysis shows that a B-splines MPM satisfies the null-space stability condition and therefore 
reduces greatly the errors associated with the null-space. In contrast, the MPM, the Generalized 
Interpolation Material Point Method (GIMP) and the Dual Domain Material Point Method 
(DDMP) show non-trivial null-spaces in the mapping. To remove the null-space errors, this 
paper utilizes QR factorization method, which is similar to the Single Value Decomposition 
(SVD) method, but requires fewer computations. This paper simulates several problems with 
hydro-mechanical coupled Dual Domain Material Point Method (DDMP) formulation both 
with and without null-space error reduction. The simulations indicate that the null-space filter 
can improve significantly the accuracy of the pore water pressure for both gravity loading and 
consolidation in large strain simulation.  

1. INTRODUCTION 
Ringing instability problems have been defined by Brackbill [1] as a source of errors in the 

Particle-in-cell (PIC) method. The instability induced a large amplitude fluctuation of the 
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particle density in PIC caused by the mismatch of degree of freedoms between particles and 
grid. Edwards and Bridson [2] showed that this noise is unavoidable in PIC because of the 
greater number of particles than grid points. Subsequently, Gritton and Berzin [3] showed that 
there is a link between the ringing instability and the null-space mapping in the particle methods 
and adopted a Single Value Decomposition (SVD) to remove the null-space errors. Similarly, 
Hammerquist and Nairn [4] also proposed XPIC(m) to reduce the null-space errors from the 
mapping matrix. 

The Material Point Method (MPM) has been based on the Particle-in-cell method [5]. 
Unfortunately, the Material Point Method due to similar characteristic to PIC has similar issues 
related to the null-space errors. This paper investigates the null-space errors in the MPM 
framework. It also explains why the null-space errors can be reduced when a high order of 
interpolation is used or there is no null-space error for the case of 1 material point per cell.  

Shown results match convergence analyses of Bardenhagen and Kober [6] who proposed the 
Generalized Interpolation Material Point Method (GIMP). They also suggested that one 
material point per cell may be the optimal discretization scheme for the GIMP to minimize the 
errors although they could not decouple the cell-crossing errors and the ringing instability errors 
in the analyses. However, Tran et al. [7] showed that too few material points per cell may 
generate errors in the MPM when applied to gas dynamic. Therefore, reducing the number of 
material points per cell is not always feasible and removing the null-space errors in other way 
is critical. To achieve this goal, this paper develops the QR factorization method to remove the 
null-space to achieve the higher accuracy in the MPM formulations.  

To demonstrate the capability of the QR factorization method to remove the null-space filter, 
this work applies the method to the hydro-mechanical coupled Dual Domain Material Point 
Method (DDMP) formulation [8]. While the previous versions of hydro-coupled MPM are 
validated successfully in the small strain benchmarks, the large strain benchmarks have not 
been too successful as the null space errors accumulate in-line with strains. The paper shows 
that by using a null-space filter, the pore water pressure can achieve a desirable accuracy for 
the large strain benchmark simulations. Shown benchmarks include gravity loading and large 
strain consolidation problems. 

2. PROBLEM DEFINITION 
The MPM formulations [5] has been enhanced leading, among others, to GIMP [6], [9], B-

splines MPM [10] and DDMP [11]. This study utilises the stress mapping scheme in the MPM 
formulations as shown in Figure 1. The stress states associated with the material points and the 
current time step “k” (𝒑𝒑 

𝒌𝒌 ) are interpolated to the nodes, leading to the nodal internal forces 
(𝒇𝒇𝒏𝒏 

𝒊𝒊𝒏𝒏𝒊𝒊,𝒌𝒌). This interpolation uses the gradient of the shape function (𝐍𝐍). At the nodes, the 
balance equations are solved to obtain the nodal velocities at the end of the time step, denoted 
by “L” (𝐯𝐯𝒏𝒏 

𝑳𝑳 ). Subsequently, the nodal velocity is mapped back to the gradient velocity of the 
material points (𝐯𝐯𝒑𝒑 

𝒌𝒌+𝟏𝟏) and the compatibility and constitutive equations are used to determine 
the stress of material points in the next time step “k+1” (𝒑𝒑 

𝒌𝒌+𝟏𝟏). 
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Figure 1. Schematic of stress mapping scheme in MPM 

Consider a domain   discretised into 𝑁𝑁𝑝𝑝 material points on a background grid with 𝑁𝑁𝑛𝑛 
nodes. The linear mapping of stress can be written in the matrix form as follows: 
 𝐟𝐟𝒏𝒏,Nn x 1 

𝐢𝐢𝐢𝐢𝐢𝐢 = 𝐍𝐍Nn x Np  𝒑𝒑,Np x 1 (1) 

where 𝐟𝐟𝒏𝒏,Nn x 1 
int  is the global nodal internal forces vector, 𝒑𝒑,Np x 1 is the global vector containing 

stress in the material points and 𝐍𝐍Nn x Np is the linear mapping matrix, denoted as 𝐍𝐍. 
Similarly, the mapping of the velocity can be written as: 
 𝐯𝐯𝐩𝐩,Np x 1 = 𝐍𝐍Np x Nn 𝐯𝐯𝐢𝐢,Nn x 1 

L (2) 

where 𝐯𝐯𝐩𝐩,Np x 1  is the global gradient velocity vector for all material points, 𝐯𝐯𝐢𝐢,Nn x 1 
L  is the 

global nodal velocity vector at the end of time step and 𝐍𝐍Np x Nn = 𝐍𝐍N𝑛𝑛 x N𝑝𝑝
𝑻𝑻  is the linear 

transformation matrix, denoted 𝐍𝐍𝐓𝐓. 

In the linear algebra, the rank of the linear mapping, rank(𝐍𝐍), is defined as the number of 
independent vector spaces (dimensions) generated by the columns of the matrix. The null-space 
between two vector spaces 𝐟𝐟𝒏𝒏 

int and 𝒑𝒑 is the set of all elements 𝒑𝒑
𝐢𝐢𝐧𝐧𝐧𝐧𝐧𝐧 such that 𝐍𝐍.𝒑𝒑

𝐢𝐢𝐧𝐧𝐧𝐧𝐧𝐧 = 0. 
The nullity of the matrix, denoted null(𝐍𝐍) is the number of independent null-spaces generated 
by the columns of the matrix. According to the dimension theorem, the sum of rank and nullity 
is equal to either the number of columns or the number of nodes as: 
 rank(𝐍𝐍) + null(𝐍𝐍) = 𝑁𝑁𝑝𝑝 (3) 
 rank(𝐍𝐍) + null(𝐍𝐍𝐓𝐓) = 𝑁𝑁𝑛𝑛 (4) 

The presence of the null-space in the linear transformation leads to the instability of the 
solutions because the null-space can result in either no solution or infinite solutions for the 
eq.(1) and eq.(2). To derive an unique solution, it is necessary to produce a MPM formulation 
which the nullity of the transformation in eq.(3) and eq.(4) is zero. In other words, the MPM 
formulation can be more stable if the linear mapping N is full rank (the linear mapping 
achieves maximum rank with rank(𝐍𝐍) = min (𝑁𝑁𝑝𝑝, 𝑁𝑁𝑛𝑛)). In contrast, if N is rank deficient 
(rank(𝐍𝐍) < min (𝑁𝑁𝑝𝑝, 𝑁𝑁𝑛𝑛)), the MPM formulation may become unstable due to null-space 
errors. Therefore, the null-space stability condition for the MPM formulation is: 

 { stable formulation               if   null(𝐍𝐍) or null(𝐍𝐍𝐓𝐓) = 0   
unstable formulation          if   null(𝐍𝐍) and null(𝐍𝐍𝐓𝐓) > 0 (5) 

In the classical MPM, there is a non-trivial null-space in the linear mapping 𝐍𝐍. The null-
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space may induce errors in stress. However, the material point discretization affects the null-
space errors. For example, one material point per cell can remove the null-space error because, 
in MPM, rank(𝐍𝐍) is equal to the number of the cell. Therefore, the null-space stability 
condition is satisfied (rank(𝐍𝐍) = 𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑁𝑁𝑝𝑝 therefore null(𝐍𝐍) = 0 in eq.(3)). However, in 
general, the number of material points are greater than the number of nodes (𝑁𝑁𝑝𝑝 > 𝑁𝑁𝑛𝑛). In these 
cases, the MPM formulation is susceptible to the null-space errors. Therefore, it is necessary to 
enhance the method with some algorithms which would lead to satisfying the null-space 
stability condition (5) or removing the null space errors. In the next sections, three such 
algorithms are presented in detail including: 

 algorithm 1 –improvements in the gradient of the shape function 
 algorithm 2 – employing a null-space filter  
 algorithm 3 – includes additional full rank mapping 

3. ALGORITHMS REMOVING THE NULL-SPACE INSTABILITY 

3.1. Algorithms 1 – improving the gradient of the shape function  

In case 𝑁𝑁𝑝𝑝 ≫ 𝑁𝑁𝑛𝑛, the rank of the matrix 𝐍𝐍 is restricted by the number of nodes 
(rank(𝐍𝐍) ≤ 𝑁𝑁𝑛𝑛). Therefore, null(𝐍𝐍) > 0 and the null-space stability condition can only be 
satisfied if null(𝐍𝐍𝐓𝐓) = 0. The rank(N) depends on both the material point discretization 
and the choice of the gradient of the shape function. Therefore, to satisfy the null-space stability 
condition, we can select higher order shape function, leading to higher order gradient of the 
shape function N such that rank(N) = 𝑁𝑁𝑛𝑛. Then it satisfies the null-space stability condition 
as null(𝐍𝐍𝐓𝐓) = 0. 

Figure 2. Irregular material point generation 

To further examine the influence of the gradient of the shape function in the null-space 
stability condition, we compute the null-space for different types of gradient of the shape 
function (MPM, GIMP, DDMP and cubic B-splines) in a one-dimensional example. The 
domain consists of 6 material points generated irregularly, with 2 material points per cell. The 
grid has four main nodes (𝑁𝑁𝑛𝑛

𝑚𝑚𝑚𝑚𝑚𝑚𝑛𝑛 = 4). Figure 2 presents the geometry, where the material 
points position is indicated by the black dots and nodes are shown as empty squares. The 
Generalised Interpolation Material Point Method requires additional ghost cells for the mapping 
(extra nodes). Consequently, the linear mapping extends its dimensions thanks to the ghost 
nodes. In this example, the number of ghost nodes is equal to two (𝑁𝑁𝑛𝑛

𝑔𝑔ℎ𝑜𝑜𝑜𝑜𝑜𝑜 = 2). Therefore, the 
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total nodes for the GIMP are: 𝑁𝑁𝑛𝑛 = 𝑁𝑁𝑛𝑛
𝑚𝑚𝑚𝑚𝑚𝑚𝑛𝑛 + 𝑁𝑁𝑛𝑛

𝑔𝑔ℎ𝑜𝑜𝑜𝑜𝑜𝑜 = 4 + 2 = 6  

Table 1. Null-space computations for different computations 

Choice of 𝐍𝐍 𝑵𝑵𝒑𝒑 𝑵𝑵𝒏𝒏 rank(𝐍𝐍) null(𝐍𝐍) null(𝐍𝐍𝐓𝐓) 
MPM 6 4 3 3 1 

GIMP 6 6 5 1 1 

DDMP 6 4 3 3 1 

Cubic B-splines 6 4 4 2 0 

Table 1 shows results of the null-space computation of the problem in Figure 2, based on 
equation (5). The results shown are for the linear mapping 𝐍𝐍𝐓𝐓 as in the four different 
formulations of the material point method. Based on the null-space stability condition, the linear 
mappings of the MPM, GIMP and DDMP were considered as unstable because they can 
generate the null-space leading to errors. In contrast, B-splines MPM in the shown example is 
a stable formulation because it satisfies the null-space stability condition.  

To additionally demonstrate the null-space errors, we simulate a one-dimensional 
propagation of a compression wave. A compression wave is generated in the middle of an 
elastic bar with Young’s modulus E = 0.04Pa and a length L = 4m. The initial strain is: 

 𝑜𝑜(𝑥𝑥, 𝑡𝑡 = 0) = −0.12𝑒𝑒−60(𝑥𝑥−𝐿𝐿/2)2  (6) 

The analytical solution for that problem at time t is: 

 𝑜𝑜(𝑥𝑥, 𝑡𝑡) = 0.0005 (𝑒𝑒−60((𝑥𝑥−𝐿𝐿/2)−0.01𝑜𝑜)
2
+ 𝑒𝑒−60((𝑥𝑥−𝐿𝐿/2)+0.01𝑜𝑜)

2
) (7) 

In the numerical model, the bar is discretized regularly with 2 material points per cell on a 
grid made from 400 cells. The problem aim is to investigate only the null-space noise. 
Therefore, the solution employs small amplitude of strain which means that no single material 
point crosses to a new cell. The gradient of the shape function for node “i” and the 
corresponding numerical simulations for the MPM, GIMP, DDMP and B-splines, compared 
with the analytical results are shown in  Figure 3 - Figure 10. These results show that the MPM, 
GIMP and DDMP produce unstable solutions after 500 time steps corresponding to the final 
time t = 5s. In contrast, the solution obtained using B-splines is stable replicating closely the 
analytical one. These numerical observations confirm the analyses based on the null-space 
stability condition. It is interesting to note that both DDMP and B-splines provide a second-
order gradient of the shape function but the DDMP shows a significant null-space errors while 
the B-splines MPM does not. The null-space errors in the DDMP is inherited from the classical 
MPM because DDMP uses a weight function to averaging the value in MPM (𝐍𝐍(MPM)) and 
node-based function (�̃�𝐍).  

In summary, the analysis shows that the null-space errors affect simulation results 
significantly. Removing the null-space errors – as shown with the B-splines MPM, leads to 
much better match of the simulation results with the analytical solution. 
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 Figure 3. linear-basis gradient of the shape function  Figure 4. MPM numerical solution 

Figure 5. GIMP gradient of the shape function  Figure 6. GIMP numerical solution 

Figure 7. DDMP gradient of the shape function  Figure 8. DDMP numerical solution 

2 material points/cell 
500 time steps 

2 material points/cell 
500 time steps 

2 material points/cell 
500 time steps 
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 Figure 9. Cubic B-splines gradient of the shape 
function 

 Figure 10. Cubic B-splines numerical solution 

3.2. Algorithm 2 – null-space filter  
When the MPM solution does not satisfy the null-space stability condition, the algorithm 

can be enhanced so it would remove the null-space errors in other way, i.e. 𝐯𝐯𝐩𝐩 
𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏. In this case, 

instead of satisfying the null-space stability condition as in the case above, we remove the null-
space components (errors) in the solutions at every time step (see Figure 11). Therefore, the 
non-null-space solution at the next time step “k+1” could be calculated as: 

 𝐯𝐯𝐩𝐩 
∗ = 𝐯𝐯𝐩𝐩 − 𝐯𝐯𝐩𝐩 

𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 (8) 

Figure 11. Schematic of solution 2 – null-space filter 

In the classical MPM, the matrix 𝐍𝐍 has a non-trivial null-space. Gritton and Berzin [12] 
proposed a SVD method to remove the null-space. Similarly, this paper adopts the QR method 
using Householder Triangularization algorithm [13] which is less numerically expensive than 
the SVD computation for both global and local filter. In the MPM formulation, the matrix 𝐍𝐍T 
can be written in the reduced QR factorization form as follows: 

 𝐍𝐍T Np x Nn = 𝐐𝐐Np x Nn𝐑𝐑Nn x Nn (9) 

where 𝐐𝐐 is the unitary matrix which the columns 𝒒𝒒𝑖𝑖 (𝑖𝑖 = [1 𝑁𝑁𝑛𝑛]) are orthonormal and span in 
the space ℝ𝑁𝑁𝑛𝑛. Considering an arbitrary vector 𝐯𝐯𝐩𝐩 , the null-space component (𝐯𝐯𝐩𝐩 

𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛) of the 

2 material points/cell 
500 time steps 
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vector 𝐯𝐯𝐩𝐩  is orthogonal to the orthonormal set {𝒒𝒒1, 𝒒𝒒2, … , 𝒒𝒒𝑟𝑟} with 𝑟𝑟 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐍𝐍) =
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐑𝐑) . Therefore, the non-null-space solutions (𝐯𝐯𝐩𝐩 

∗ ) are the projections of the vector 𝐯𝐯𝐩𝐩  
in the subspace Q = span(𝐪𝐪𝒊𝒊) with {𝒒𝒒1, 𝒒𝒒2, … , 𝒒𝒒𝑟𝑟}. 

 𝐯𝐯𝐩𝐩 
∗ = ProjQ(𝐯𝐯𝐩𝐩 ) = ∑(𝒒𝒒𝒊𝒊

𝑻𝑻𝐯𝐯𝐩𝐩 )𝒒𝒒𝑖𝑖

𝑟𝑟

𝑖𝑖=1
 (10) 

In MPM, 𝑟𝑟 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐍𝐍) = 𝑁𝑁𝑐𝑐 with 𝑁𝑁𝑐𝑐 is the number of cells. Although equation (9) is 
written in a global form, in practice, we apply the null space filter locally, for each grid cell. 
Therefore, the size of the matrix 𝐍𝐍𝑙𝑙𝑙𝑙𝑐𝑐𝑙𝑙𝑙𝑙 is 𝑁𝑁𝑝𝑝𝑐𝑐 𝑥𝑥 𝑁𝑁𝑛𝑛𝑐𝑐 with 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐍𝐍𝑙𝑙𝑙𝑙𝑐𝑐𝑙𝑙𝑙𝑙) = 1 (𝑁𝑁𝑛𝑛𝑐𝑐 is the 
number of nodes of the cell and 𝑁𝑁𝑝𝑝𝑐𝑐 is the number of material points inside the cell). Application 
of the local filter is significantly less expensive numerically than the global filter. Figure 12 
shows the numerical solutions for the DDMP with null-space filter, using QR method. The 
results show that the local QR method can remove the null-space errors in the solutions at lower 
computational cost than the local SVD method. Figure 13 compares the computation costs for 
the given example in the section 3.1. The difference of computation costs between the SVD 
method and QR method will be larger when bigger, multi-dimensional problems are considered. 
The difference will also increase in line with the number of calculated time steps. 

Figure 12. Numerical solution in DDMP with and without null-space filter 

 Figure 13. Computation costs of the null-space filter 

2 material points/cell 
500 time steps 
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3.3. Algorithm 3 – additional full rank mapping 
Finally, if the mapping in the MPM does not satisfy the null-space stability condition, at the 

end of each time step, we can apply an additional full-rank mapping to remove the null-space. 
For example, in MPM, the shape function mapping (𝐍𝐍) can be used because the shape function 
mapping is full rank (rank(𝐍𝐍) = min (𝑁𝑁𝑝𝑝, 𝑁𝑁𝑛𝑛)). Similar solutions are applied in the literature 
to improve stress visualization [14] or local null-space filter [12] (see Figure 14). However, an 
additional mapping can cumulate additional errors through the mapping. Therefore, we do not 
present this solution in greater detail. 

Figure 14. Schematic of solution 3 

4. APPLICATION TO THE HYDRO-MECHANICAL PROBLEMS 
In this section, we show the application of null-space filter to the hydro-mechanically 

coupled problem. The hydro-mechanically coupled balance equations base on the velocity-
velocity formulation [15] The momentum balance equations for the liquid and solid phase are: 

 𝑛𝑛𝑤𝑤𝒂𝒂𝒘𝒘 = −𝑛𝑛𝑝𝑝𝑤𝑤 + 𝑛𝑛𝑤𝑤𝒃𝒃𝒘𝒘 − 𝒇𝒇𝒅𝒅 (11) 

 (1 − 𝑛𝑛)𝑠𝑠𝒂𝒂𝒔𝒔 = .′ − (1 − 𝑛𝑛)𝑝𝑝𝑤𝑤 + (1 − 𝑛𝑛)𝑠𝑠𝒃𝒃𝒔𝒔 + 𝒇𝒇𝒅𝒅 (12) 

where 𝑛𝑛 is the porosity, 𝑤𝑤 is the liquid density, 𝒂𝒂𝒘𝒘 is the liquid accelerations, 𝒃𝒃𝒘𝒘 is the liquid 
body force, 𝒇𝒇𝒅𝒅 is the dragging momentum determined from the Darcy law. For the solid phase, 
𝐚𝐚𝐬𝐬 is the solid accelerations, s is the solid density, 𝐛𝐛𝐬𝐬 is the solid body force. The hydro-
mechanical formulation was first implemented in MPM [16]. Later, it was extended to GIMP 
[17] and to DDMP [8] as those methods mitigate the cell-crossing errors. These formulations 
were validated for the small strain problems. In the small strain regime, usually the null-space 
errors in the pore water pressure profile are small in the hydro-coupled simulations. However, 
the null-space errors are cumulated significantly quicker in large deformation problems. In this 
paper, the algorithm 2 – additional null space filter with QR method was used to remove the 
null-space component of volumetric liquid strain in the solution. That led to a stable pore water 
pressure also in the large strain regime.  

To demonstrate the null-space filter in the hydro-mechanically coupled DDMP formulation, 
we simulate two examples including gravity loading and consolidation. The problem is one 
dimensional, where 1m high elastic column of fully saturated porous material is discretized in 
100 soil material points and 100 water material points. The grid cell size is lp = 0.02m leading 
to 50 cells with 2 material points per cell. Young’s modulus of the soil is 10 MPa, the density 
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s = 2143 kg/m3, the initial porosity no = 0.3 and the initial permeability ko = 10-3 m/s. The bulk 
modulus of the water is 2200 MPa with the water density w = 1000 kg/m3. The time step is 10-

6 which satisfies the Courant condition. To generate the null-space errors, we select in case (i) 
high value of gravity (alternatively the solution could be obtained with a low Young’s modulus) 
and in case (ii) high consolidating pressure. The obtained solutions of hydro-mechanically 
coupled DDMP with and without null-space filter are compared.  

Figure 15 presents the large strain gravity loading simulations with the gravitational 
acceleration g = 1500 m/s. The saturated soil column reached equilibrium condition after 2 
seconds, corresponding to 2 million time steps. Upon examination of Figure 15, it is evident 
that the accuracy of the pore water pressure using the null-space QR filter in the equilibrium 
condition is greatly improved and only minimal deviation from the analytical solution can be 
seen. For the large strain consolidation simulations, the consolidating pressure was equal to 2 
MPa. The numerical solution was compared with the large strain consolidation analytical 
solution [18] at the degree of consolidation (Us) of 0.05 and 0.5 respectively (see Figure 16 and 
Figure 17). The mismatch at the beginning of consolidation (Us =0.05) is due to the reflection 
from the boundary. Nevertheless, the consolidation simulations show a significant null-space 
errors accumulating with time while those errors were removed by using the QR method leading 
to accurate long-term solution. 

Figure 15. Large strain gravity loading using DDMP with null-space filter 

Figure 16. Large strain consolidation using DDMP with null-space filter, Us = 0.05 
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Figure 17. Large strain consolidation using DDMP with null-space filter, Us = 0.5 

5. CONCLUSION 
This paper investigates null-space errors in the MPM formulations. First, a null-space 

stability condition is established to examine the null-space errors. If the mapping in the MPM 
is full rank, the formulation becomes stable. In contrast, the formulation is unstable if the 
mapping is rank deficient. Furthermore, the null-space stability condition was used to analyse 
different MPM formulations. The results show that while the classical MPM, GIMP and DDMP 
contain a rank deficient mapping, the cubic B-splines MPM have a full rank mapping and 
therefore, B-splines MPM formulation can reduce the null-space errors.  

Alternative solutions are introduced such as a null-space filter formulation. As a novelty, we 
propose QR method to remove entirely null-space errors. The proposed method is similar to the 
SVD method [12] but requires significantly less computations. Finally, the QR method is used 
to the hydro-mechanical large strain simulations. The results show that the QR method can 
reduce greatly the noise due to null-space errors. Currently, we are working to scale up the 
method for multi-dimensional models and investigate the computational cost more closely. 
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Material Point Method (GIMP)’ under decision number 286628. 
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Abstract. The Material Point Method (MPM) has been very successful in providing solutions
to many challenging problems involving large deformations. The nonlinear nature of MPM
makes it necessary to use a full nonlinear stability analysis to determine a stable timestep. The
stability analysis of Spigler and Vianello is adapted to MPM and used to derive a stable timestep
bound for a model problem. This bound is contrasted against a traditional CFL bound.

1 Introduction

The Material Point Method (MPM) may be viewed as being a solid mechanics method that is
derived from the fluid implicit particle, FLIP and PIC methods and which has had considerable
success on large deformation problems. Despite this success many theoretical issues to do with
MPM remain unresolved. One such issue is the stability of the method, given its nonlinear
nature. Currently either a fourier-based analysis e.g. [3, 10] or energy-conservation approach
e.g. [1] is taken. However Wallstedt and Guilkey [14] rightly point out that the nonlinear nature
of the MPM scheme makes classic linear stability analysis inappropriate. Similarly while energy
conservation is of great importance it does not necessarily imply stability [11]. One way to start
to address this is to note that the standard time integration methods used in MPM corresponds
to the use of the semi-implicit Euler method, or symplectic Euler-A [9]. There is convergence
and stability analysis of this method in [12] and this analysis is sufficiently general to be applied
to the MPM, providing that care is taken with the nonlinear nature of MPM. The intention here
is to use this approach to shed some light on the nonlinear stability of MPM by considering a
one dimensional model problem as an ordinary differential equations system in the values at
particles and nodes. While this does not address the well-known issues to do with ringing that
we have previously considered [7, 3], the aim is to consider how to bound the timestep when
nonlinearity is taken into account. Consequently Section 2 described the MPM method and
the model problem used, while Section 3 provides the theoretical framework for the stability
analysis in Section 4 which is summarized in Section 5.

1

671



Martin Berzins

2 A Simplified Form of MPM Method for Analysis

The description of MPM used here follows [7] in that the model problem used here is a pair of
equations connecting velocity v, displacement u and density ρ (here assumed constant):

Du
Dt

= v, (1)

ρ
Dv
Dt

=
∂σ
∂x

+b, (2)

with a linear stress model σ = E ∂u
∂x for which Young’s modulus, E, is constant, a body force b

and with appropriate boundary and initial conditions. For convenience a mesh of equally spaced
N +1 fixed nodes Xi with intervals Ii = [Xi,Xi+1] , on on the interval [a,b] is used where

a = X0 < X1 < ... < XN = b, (3)

h = Xi −Xi−1. (4)

Further it is assumed that there are m particles between each pair of nodes, situated at xn
p points

where at each time step, tn = δ t ∗ n, where n is the nth time step, and the computed solution
at the pth particles will be written as un

p = u(xn
p, t

n). Suppose that the particles in interval i lie
between Xi and Xi+1 and have positions xim+ j, j = 1, ..,m. The calculation of the internal forces
in MPM at the nodes requires the calculation of the volume integral of the divergence of the
stress, [14], which is written as

f int
i =−1

h ∑
p

D∗
ipσpVp. (5)

The coefficients DS∗ip may be chosen to reproduce derivatives of constant and linear functions
exactly, [7], in a similar way to that used in other particle methods e.g. [4]. A further sim-
plification is to assume uniform particle masses and that the initial volume of the particles is
uniform for the m particles in an interval. The particle volumes are defined using the absolute
value of the deformation gradient, |Fn

p |, and the initial particle volume,

V n
p = |Fn

p |
h
m
, where F0

p = 1. (6)

From (5) the acceleration equation in MPM method after cancelling h and using constant density
is:

an+1
i =

−1
m

(
∑

xp∈Ii−1

Dn∗
ip σn

p |Fn
p |+ ∑

xp∈Ii

Dn∗
ip σn

p |Fn
p |

)
(7)

In the case of GIMP, [2], two extra terms involving particles Xp ∈ Ii−1 and xp ∈ Ii+2 are also
needed. The equation to update velocity at the nodes, as denoted by vn

i is then given by

vn+1
i = vn

i +dtan+1
i . (8)

2
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Using linear interpolation gives the equation for the update of the particle velocity:

vn+1
p = vn

p +dt[λipan+1
i +(1−λip)an+1

i+1 ],xp ∈ Ii (9)

where λip =
xp−Xi

h ,xp ∈ Ii. The use of GIMP basis functions would give rise to an extended
stencil involving an+1

i−1 and an+1
i+2 . The equation for the particle position update is

xn+1
p = xn

p + vn+1
p dt. (10)

The immediate use of the updated velocity vn+1
p in this and subsequent equations is the Sym-

plectic Euler Method. The update of the deformation gradients and stresses is given using their
linear spatial derivative defined by :

∂vn+1

∂x
(xp) =

(vn+1
i+1 − vn+1

i )

h
,xp ∈ Ii. (11)

The displacement is updated using

Fn+1
p = Fn

p +
∂vn+1

∂x
(xp)Fn

p dt,xp ∈ Ii. (12)

While stress is updated using the appropriate constitutive model and Young’s Modulus, E,

σn+1
p = σn

p +dtE
∂vn+1

∂x
(xp),xp ∈ Ii. (13)

In the case of GIMP the derivative
(vn+1

i+1 −vn+1
i )

h is replaced by a four point stencil.

∂vn+1

∂x
(xp) =

i+2

∑
j=i−1

γ j,ivn+1
j ,xp ∈ Ii. where

−1
h

≤ γ j,i ≤
1
h
. (14)

3 Stability of Time Integration Using the Spigler and Vianello Approach

Spigler and Vianello [12] consider ordinary and partial differential equations of the form

u̇ = f (t,u,u),0 < t ≤ T,u(0) = u0 (15)

and apply the semi-implicit Euler method used by MPM to this as given by:

un+1 = un +dt f (tn,un+1,un). (16)

It is assumed that the exact solution ū to the PDE satisfies the perturbed equations given by

ūn+1 = ūn +dt f (tn, ūn+1, ūn)+δ n+1, (17)

3
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where δ n+1 is the local truncation error. Spigler and Vianello introduce a perturbed scheme
given by

v̄n+1 = ũn +dt f (tn+1, v̄n+1, ũn)+δ n+1, (18)

ũn+1 = v̄n+1 + σ̃n+1 (19)

where σ̃n+1 is a local error on the current timestep. Subtracting equation (17) from (18) and
adding and subtracting a term then gives

v̄n+1 −un+1 = ūn −un +dt f (tn+1, v̄n+1, ũn)−dt f (tn+1, v̄n+1,un) (20)

+dt f (tn+1, v̄n+1,un)−dt f (tn+1,un+1,un)+δ n+1. (21)

Defining the error as
εn = v̄n −un. (22)

taking the inner product of equation (21) with εn ,using Cauchy-Schwartz on the right hand side
of this equation, and taking norms and using a Lipshitz condition gives the error inequality [12]

||εn+1|| ≤ (1+dtK2)||ũn −un||+dtK1||εn+1||+ ||δ n+1||. (23)

While the quantity K1 is defined by [12] via a one-sided Lipshitz condition constant, here the
stronger, but equivalent, condition [8] is used

|| f (tn, v̄n+1,un)− f (tn,un+1,un)|| ≤ K3||v̄n+1 −un+1|| (24)

that ensures that the one-sided condition also holds if K1 is replaced by K3. K2 is defined by
[12] as being a Lipshitz constant that satisfies the equation

|| f (tn, v̄n+1,un)− f (tn, v̄n+1, ũn)|| ≤ K2||ũn −un||. (25)

Regardless of which approach is used we arrive at the equation (20) in [12]:

||ũn+1 −un+1|| ≤ 1+dtK2

(1−dtK3)
||ũn −un||+ ||δ n+1||

(1−dtK3)
+ ||σ̃n+1||. (26)

The stability condition stated by [12] is then given by

dt(K2 +K3)≤ 1. (27)

In showing how to apply such stability results to nonlinear problems Fekete and Farago [5, 6]
reference extensive earlier work, that uses locally Lipshitz continuous functions, In this case it
is necessary to find a constant R such that a function, say, f (x) satisfies a Lipshitz condition on
an open ball of center z and radius L denoted by BR which may depend on the timestep where

BL(z) := {y ∈ Rm : ||y− z|| ≤ L} (28)

4

674



Martin Berzins

and the Lipshitz condition is then given on this ball by

|| f (x)− f (y)|| ≤ K||x− y||,∀x,y ∈ BL. (29)

In order to use the [12] theory, we now define vector quantities over the number of particles. Let
the total number of particles be npt. Then vectors of particle velocities vn

p, and nodal velocities
vn

N are defined as:

vn
p =

[
vn

1, ...,v
n
npt

]T
, (30)

vn
N = [vn

1, ...,v
n
N ]

T . (31)

The vectors of particle positions xn
p, stresses σn

p and deformation gradients fn
p are given by

xn
p =

[
xn

1, ...,x
n
npt

]T
, (32)

σn
p =

[
σn

1 , ...,σ
n
npt

]T
, (33)

fn
p =

[
Fn

1 , ...,F
n
npt

]T
. (34)

The MPM vectors that correspond to those used by [12] are now defined by:

un =




vn
N

vn
p

σn
p

fn
p

xn
p



, v̄n =




v̄n
N

v̄n
p

σ̄n
p

f̄n
p

x̄n
p




and ũn =




ṽn
N

ṽn
p

σ̃n
p

f̃n
p

x̃n
p



. (35)

The vector norm used is given by the 2 norm given by

||yn
p||2 =

√√√√Ntot

∑
i=1

(yn
i )

2, where Ntot = N +4Nm. (36)

It is useful to have the elementary result
[

m

∑
j=1

bi

]2

≤ m
m

∑
j=1

b2
i , f or bi ≥ 0. (37)

4 MPM with Symplectic Euler A Integration (Stress Last)

The approach of [12] is now applied to the stress-last case as described by Bardenhagen [1]
which uses the Euler-A symplectic scheme discussed by [9]. The vector form of the equations
for the update of velocities, stresses and deformation gradients and then positions are given by
the following equations. The vector form of equations (7, 8) and (7, 9) are:

vn+1
N = vn

N +dtHN(xn
p,σ

n
p , f

n
p), (38)

vn+1
p = vn

p +dtHp(xn
p,σ

n
p , f

n
p). (39)

5
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The vector form of equations (13), (12) and (10) are written as:

σn+1
p = σn

p +dtS(vn+1
N ), (40)

fn+1
p = fn

p +dtG(fn
p,v

n+1
N ), (41)

xn+1
p = xn

p +dtvn+1
p . (42)

Using this notation and that used to define the vectors (35) the MPM method may be written as




v̄n+1
N

v̄n+1
p

σ̄n+1
p

f̄n+1
p

x̄n+1
p



−




vn+1
N

vn+1
p

σn+1
p

fn+1
p

xn+1
p



=




v̄p+1
N
v̄n

p
σ̄n

p
f̄n

p
x̄n

p



−




vn+1
N

vn+1
p
σn

p
fn

p
xn

p



+dt




HN(x̃n
p, σ̃n

p , f̃n
p)−HN(xn

p,σn
p , fn

p)

Hp(x̃n
p, σ̃n

p , f̃n
p)−Hp(xn

p,σn
p , fn

p)
0

G(f̃n
p,v

n+1
N )−G(fn

p,v
n+1
N )

0




+dt




0
0

S(v̄n+1
N )−S(vn+1

N )

G(fn
p, v̄

n+1
N )−G(fn

p,v
n+1
N )

v̄n+1
p −vn+1

p



. (43)

4.1 Lipshitz constants

The results of [12] require the determination of the Lipshitz constants K2 and K3 where:
∥∥∥∥∥∥∥∥∥∥




HN(x̃n
p, σ̃n

p , f̃n
p)−HN(xn

p,σn
p , fn

p)

Hp(x̃n
p, σ̃n

p , f̃n
p)−Hp(xn

p,σn
p , fn

p)
0

G(f̃n
p,v

n+1
N )−G(fn

p,v
n+1
N )

0




∥∥∥∥∥∥∥∥∥∥
≤ K2

∥∥∥∥∥∥∥∥∥∥




v̄n
N −vn

N
v̄n

p −vn
p

σ̄n
p −σn

p
f̄n

p − fn
p

x̄n
p −xn

p




∥∥∥∥∥∥∥∥∥∥
(44)

∥∥∥∥∥∥∥∥∥∥




0
0

S(v̄n+1
N )−S(vn+1

N )

G(fn
p, v̄

n+1
N )−G(fn

p,v
n+1
N )

v̄n+1
p −vn+1

p




∥∥∥∥∥∥∥∥∥∥
≤ K3

∥∥∥∥∥∥∥∥∥∥




v̄n+1
N −vn+1

N
v̄n+1

p −vn+1
p

σ̄n+1
p −σn+1

p
f̄n+1

p − fn+1
p

x̄n+1
p −xn+1

p




∥∥∥∥∥∥∥∥∥∥
. (45)

4.2 Bounding the Lipshitz Conditions K2

At particle position xp ∈ Ii, the local part of the equation for L2 is

[
G(fn

p, v̄
n+1
N )−G(fn

p,v
n+1
N )

]
p = Fp

(∆vi −∆vi−1)

h
(46)
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where ∆vi =
[
v̄n+1

N −vn+1
N

]
i. Writing this as a vector equation and taking norms gives:

||G(fn
p, v̄

n+1
N )−G(fn

p,v
n+1
N )||= (

npt

∑
p=1

(Fp
(∆vi −∆vi−1)

h
)2)1/2,

||G(fn
p, v̄

n+1
N )−G(fn

p,v
n+1
N )|| ≤

Fmaxp

h
√

m
N

∑
i=1

(∆vi −∆vi−1)
2)1/2,

≤
Fmaxp

h
2
√

m||∆v||, (47)

where Fmaxp = maxp|Fp| and where the factor of
√

m appears as the same gradient is used at
each of m particles in an interval. Similarly at the same particle position

[
S(v̄n+1

N )−S(vn+1
N )

]
p = E

(∆vi −∆vi−1)

h
(48)

and so

||S(v̄n+1
N )−S(vn+1

N )|| ≤ |E|2
√

m
h

||∆v||. (49)

The final equation of (45) is satisfies by a Lipshitz constant with value one. Combining these
results, after noting that they apply to different parts of the right side of (45), gives

K3 ≤ max(1,
2
√

m
h

(|E|+Fmaxp)). (50)

4.3 Defining the Lipshitz Conditions for the Function G(...) in Equation (44)

From equation (46) at particle position xp ∈ Ii

[
G(f̄n

p,v
n+1
N )−G(fn

p,v
n+1
N )

]
p = (F̄n

p −Fn
p )

(vn+1
i − vn+1

i−1 )

h
. (51)

Squaring both sides gives

|
[
G(f̄n

p,v
n+1
N )−G(fn

p,v
n+1
N )

]
p |

2 ≤ |(F̄n
p −Fn

p )
2(
(vn+1

i − vn+1
i−1 )

h
)2, p = 1, ...Nm, (52)

where i is defined by which xp ∈ Ii. Summing over the number of particles p and using a similar
argument as in Section 4.2 gives

||
[
G(f̄n

p,v
n+1
N )−G(fn

p,v
n+1
N )

]
|| ≤ K∗

2 ||(f̄p−, fp)|| (53)

where

K∗
2 = Maxi|

(vn+1
i − vn+1

i−1 )

h
|. (54)
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4.4 Defining the Lipshitz Conditions for the Function HN(...) in Equation (44)

Applying the triangle inequality to the first equation in the equations defined by (44) gives:

||HN(x̃n
p, σ̃

n
p , f̃

n
p)−HN(xn

p,σ
n
p , f

n
p)|| ≤ ||HN(x̃n

p,σ
n
p , f

n
p)−HN(xn

p,σ
n
p , f

n
p)||+

||HN(x̃n
p, σ̃

n
p , f

n
p)−HN(x̃n

p,σ
n
p , f

n
p)||+ ||HN(x̃n

p, σ̃
n
p , f̃

n
p)−HN(x̃n

p, σ̃
n
p , f

n
p)||. (55)

This condition may be broken down into three parts

||HN(x̃n
p,σ

n
p , f

n
p)−HN(xn

p,σ
n
p , f

n
p)||+≤ KN

2,2||x̃n
p −xn

p||, (56)

||HN(x̃n
p, σ̃

n
p , f

n
p)−HN(x̃n

p,σ
n
p , f

n
p)|| ≤ KN

2,0||σ̃n
p −σn

p ||, (57)

||HN(x̃n
p, σ̃

n
p , f̃

n
p)−HN(x̃n

p, σ̃
n
p , f

n
p)|| ≤ KN

2,1||f̃n
p − fn

p||. (58)

For which by using the properties of vector norms if follows that

K2 ≤ KN
2,0 +KN

2,1 +KN
2,2. (59)

The ith component of the left side of equation (57) may be written as
[
HN(x̃n

p, σ̃
n
p , f

n
p)−HN(x̃n

p,σ
n
p , f

n
p)
]

i = ãn+1
i (60)

where

ãn+1
i =

1
m

(
∑
p∈Ii

Dn∗
ip δσn

p |Fn
p |+ ∑

p∈Ii−1

Dn∗
ip δσn

p |Fn
p |

)
(61)

and
δσn

p = σ̃n
p −σn

p . (62)

Upon defining
DFn = maxp|Dn∗

ip Fn
p | (63)

allows equation (60) to be written as

|
[
HN(x̃n

p, σ̃
n
p , f

n
p)−HN(x̃n

p,σ
n
p , f

n
p)
]

i | ≤
1
m

DFn ∑
xp∈Ii∪Ii−1

|δσn
p |. (64)

Squaring both sides, summing over i nodes and using (37) gives

||HN(x̃n
p, σ̃

n
p , f

n
p)−HN(x̃n

p,σ
n
p , f

n
p)||2 ≤ (

1
m

DFn)22m∑
p
(δσn

p)
2 (65)

which after taking the square root gives

||HN(x̃n
p, σ̃

n
p , f

n
p)−HN(x̃n

p,σ
n
p , f

n
p)|| ≤ (

1
m

DFn)
√

2m||δσ || (66)
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and so

KN
2,0 ≤ (

√
2
m

DFn. (67)

For equation (58) the pth component of the vector δ f is defined by

δ f n
p = f̃ n

p − f n
p . (68)

After defining
Dσn = maxp|Dn∗

ip σn
p |, (69)

and a similar argument as above leads to

|
[
HN(x̃n

p, σ̃
n
p , f̃

n
p)−HN(x̃n

p, σ̃
n
p , f

n
p)
]

i | ≤
1
m

Dσn ∑
xp∈Ii∪Ii−1

|δFn
p |. (70)

A similar argument as in equations (65, 66,67) then gives

KN
2,1 ≤

√
2
m

Dσn. (71)

In the case of equation (56) the original MPM method does not satisfy a Lipshitz condition.
This is seen from the dependence of the mapping constants Dn∗

ip on the particles xn
p. Let

δDn∗
ip = Dn∗

ip (x̃
n
p)−Dn∗

ip (x
n
p), (72)

then in the case of the original MPM method (see equation (5)),

Dn∗
ip (x

n
p) =−1,xp ∈ Ii−1

Dn∗
ip (x

n
p) = 1,xp ∈ Ii

Dn∗
ip (x

n
p) = 0xp /∈ Ii−1 and xp /∈ Ii

and so the values of δDn∗
ip are either 0 if the perturbed particle does not leave the interval of

the unperturbed particle or ±2/h or ±1/h if the perturbed particle does, regardless of the gap
between the particles. Given this jump discontinuity no Lipshitz constant is possible. In contrast
for the GIMP method, see (29) and Figure 4b in [13], it follows that

|Dn∗
ip (x̃

n
p)−Dn∗

ip (x
n
p)| ≤

2
l
|x̃n

p − xn
p| (73)

where l is the nominal width associated with the particle. Let

σFn = maxp|Fn
p σn

p |, (74)

then the change in acceleration in the left side of equation (56) as denoted by δan+1
i is given by

δan+1
i =

1
m

(
∑
p∈Ii

δDn∗
ip σn

p |Fn
p |+ ∑

p∈Ii−1

δDn∗
ip σn

p |Fn
p |

)
. (75)
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and satisfies the inequality

|δan+1
i | ≤ 2

lm
σFn ∑

p∈Ii∪Ii−1

|δxn
p| (76)

where
δxn

p = x̃n
p − xn

p. (77)

Similar arguments as in the previous section give the result

KN
2,2 ≤

2
l

√
2
m

σFn. (78)

4.5 Defining the Lipshitz Conditions for the Function Hp(...) in Equation (44)

Again this equation can be broken down into three parts

||Hp(x̃n
p, σ̃

n
p , f̃

n
p)−Hp(xn

p,σ
n
p , f

n
p)|| ≤ ||Hp(x̃n

p,σ
n
p , f

n
p)−Hp(xn

p,σ
n
p , f

n
p)||+

||Hp(x̃n
p, σ̃

n
p , f

n
p)−Hp(x̃n

p,σ
n
p , f

n
p)||+ ||Hp(x̃n

p, σ̃
n
p , f̃

n
p)−Hp(x̃n

p, σ̃
n
p , f

n
p)|| (79)

and three Lipstitz constants used to bound the terms on the right side of this equation:

||Hp(x̃n
p,σ

n
p , f

n
p)−Hp(xn

p,σ
n
p , f

n
p)|| ≤ K p

2,2||x̃
n
p −xn

p|| (80)

||Hp(x̃n
p, σ̃

n
p , f

n
p)−Hp(x̃n

p,σ
n
p , f

n
p)|| ≤ K p

2,0||σ̃
n
p −σn

p || (81)

||Hp(x̃n
p, σ̃

n
p , f̃

n
p)−Hp(x̃n

p, σ̃
n
p , f

n
p)|| ≤ K p

2,1||f̃
n
p − fn

p|| (82)

Equation (81) is considered first using the definition in (62). Let

ãn+1
i =

1
m

(
∑
p∈Ii

Dn∗
ip δσn

p |Fn
p |+ ∑

p∈Ii−1

Dn∗
ip δσn

p |Fn
p |

)
. (83)

ãn+1
i+1 =

1
m

(
∑

p∈Ii+1

Dn∗
i+1pδσn

p |Fn
p |+ ∑

p∈Ii

Dn∗
i+1pδσn

p |Fn
p |

)
. (84)

and note that from equations (7,9) the pth component of equation (81 is
[
Hp(x̃n

p, σ̃
n
p , f

n
p)−Hp(x̃n

p,σ
n
p , f

n
p)
]

p =
[
λipãn+1

i +(1−λip)ãn+1
i+1

]
. (85)

Using the same approach as in equations (64) to (66) gives the inequality

|
[
Hp(x̃n

p, σ̃
n
p , f

n
p)−Hp(x̃n

p,σ
n
p , f

n
p)
]

p | ≤=
1
m

DFn ∑
xp∈Ii−1∪Ii∪Ii+1

|δσn
p | (86)

and, as above, summing over 3 intervals and 3m particles gives

K p
2,0 =

√
3
m

DFn. (87)
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For equation (82) a similar argument as above again leads to

|
[
Hp(x̃n

p, σ̃
n
p , f̃

n
p)−Hp(x̃n

p, σ̃
n
p , f

n
p)
]

i | ≤
1
m

Dσn ∑
xp∈Ii−1∪Ii∪II+1

|δFn
p | (88)

and then

K p
2,1 =

√
3
m

Dσn. (89)

The final case gives

|
[
Hp(x̃n

p,σ
n
p , f

n
p)−Hp(xn

p,σ
n
p , f

n
p)
]

p | ≤
1

lm
σFn ∑

p∈Ii−1 ∪Ii∪Ii+1

|δxn
p| (90)

resulting in

K p
2,2 =

√
3

ml
σFn. (91)

5 Summary

It is now possible to define the constants in the stability condition (27). The constant K3 is
defined by equation (54). Collecting together the different local Lipshitz conditions with respect
to the vectors multiplied by those constants from equations (56,57,58,80,81,82) gives

K2 ≤ KN
2,0 +KP

2,0 +KN
2,1 +KP

2,1 +K∗
2 +KN

2,2 +KP
2,2) (92)

Bringing together (67,71,78,87,89,91), then gives

K2 ≤ K∗
2 +α(DFn +Dσn +

2
l

σFn) (93)

where α =
√

2+
√

3√
m . The only part of this that is a conventional CFL type condition is the co-

efficient K∗
2 , however even this term depends on the velocity gradients. This expression gives

additional weight to the comments in [10] about how more than a conventional CFL condition
is needed. As this approach uses a quite general ODE form and only general information about
stencils. It is thus possible to extend the idea to GIMP,simply be redefining the stencil widths
and associated coefficient values. An extension to multi-dimensions is also possible.
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Abstract. In the Material Point Method (MPM) the structure is discretized into a set of 
material points that hold all the state variables of the system [1] such as stress, strain, 
velocities etc. A background grid is employed and the variables are mapped to the nodes of 
the grid. The conservation of momentum equations with energy and mass conservation 
considerations are solved at the grid nodes and the updated state variables are again mapped 
back to the material points updating their positions and velocities. The background grid is 
used only to solve the governing equations at the end of each computational step and then it is 
reset back to its original undeformed configuration. It is used only as a scratchpad for 
calculations and thus mesh distortion that constitutes a problem in Finite Element simulations 
is avoided. In this work the explicit formulation of the MPM is employed. According to the 
strain decomposition rule the strains are uncoupled into an elastic and an inelastic part. The 
constitutive law follows a Bouc-Wen [2] type formulation for smooth transition from the 
elastic to the inelastic regime. In the same manner the constitutive equations for 
elastoplasticity coupled with damage are smoothed according to Lemaitre’s elastoplastic 
damage theory [3,4]. The above formulation is expressed and incorporated in the tangent 
modulus of elasticity as Heaviside type functions that control the inelastic behavior and 
damage. Results are presented that validate and verify the proposed formulation in the context 
of the Material Point Method.  

 
 
1 INTRODUCTION 

The Material Point Method is an extension of the Particle in Cell (PIC) method. It is a 
hybrid method in a sense that it is based both on a Lagrangian and a Eulerian description. In 
Lagrangian methods the computational grid is embedded and deformed with the material. On 
the contrary in Eulerian methods the computational grid is fixed and the material moves 
through the grid. Eulerian methods are more appropriate in problems in which the material 

683



Christos D. Sofianos, Vlasis K. Koumousis 

 2 

becomes heavily distorted. 
The MPM tracks the deformation history of the material points and drastically reduces the 

numerical dissipation that can be found in Eulerian methods. In MPM since the grid is fixed 
and the particles track the deformation, problems related to mesh distortion and element 
entanglement are alleviated. It has been used successfully in slope stability problems, sea ice 
dynamics [11], multiphase flows [9], hypervelocity problems [10] etc. 

The method is considered a hybrid method since it takes advantage of both the Eulerian 
and Lagrangian description. At the beginning of each time step a Eulerian background grid is 
employed. The material is discretized into a number of material points that hold the properties 
and the state of the material (such as position, velocity, density, mass, stresses, strains etc.). 
The properties are then transferred to the background grid nodes where the governing 
equations are solved. The material points are then updated and the background grid is reset to 
its original form. Although the background grid nodes can be moved it is not necessary and in 
practice is often avoided. This happens mainly because in a structured grid the identification 
of the element that each material point lies in is straightforward and computationally 
inexpensive. This is in contrast with mesh-free methods like the Smoothed Particle 
Hydrodynamics where the nearest neighbor search takes a significant percentage of the 
computational time. 

 

2 THE MATERIAL POINT METHOD 
The material points hold all the properties: position, velocity, mass, stress, strain. The 

governing equations consist of conservation equations, the constitutive equation, kinematic 
condition as well as boundary conditions and initial values. These equations, in their general 
form, are presented below: 

 

(1) 

where σ denotes the Cauchy stress, p the current density, b the body force per unit mass and �̇�𝑣 
is the acceleration. As in the Finite Element Method the MPM also uses the weak form 
formulation. In the Material Point Method each particle represents a sub-domain of the whole 
domain  . Using the Dirac delta function the mass density can be expressed as a function of 
the material point positions and the material point masses as: 

 
1

pN

p p
i

p m x x


   (2) 

The material gradients are calculated on a background computational grid in a similar manner 
to Finite Elements. The solution is approximated with the use of shape functions. This way 

 
 

 

0Mass conservation:
Momentum conservation:
Energy conservation: :
Constitutive equation: , ,etc

1Rate of deformation:
2

T

pJ p
pb pv

pe D ps k T
D

D L L
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the velocities and accelerations of the material points are expressed by the following relations, 
in terms of the grid nodal accelerations: 

 
1

N

p i i
i

v x v N


   ,   
1

N
i

p i
i

dvx N
dt




  (3) 

In both relations the summation is over element nodes of the background grid that the material 
point resides in. In this work the shape functions used are cubic B-Splines [5]. They have 
been shown to reduce the quadrature errors and the grid crossing errors associated with 
discontinuous shape functions [6]. Applying the Galerkin method and using the previous 
relations in the momentum equation, integrals are replaced by sums and the momentum 
equation is stated as: 

int

1

N
exti

i i i
i

dvm F F
dt

   (4) 

where the internal and the external forces are defined as: 

  ,int
,

1

pN
p i

i p i i
i

m
F N

p




     ,  ext
i i iF b   (5) 

Subscript ,p i  denotes the material point i .  
The main algorithm of the MPM is the following: firstly, the mass momentum and 

internal forces are mapped from the particles to the background grid nodes. The nodal force 
vector is computed and the nodal momenta are updated. Then information is transferred back 
to the material points by updating their velocities and positions. The last step based on the 
Modified Update Stress Last scheme of MPM is to recalculate the grid nodal momenta based 
on the new particle velocities and calculate the new stress based on the strain increments. In 
this last step for an elastic material the plane stress elasticity matrix is used. Based on the 
theory of plasticity and damage, the stress increments will be calculated from the strain 
increments times the tangent elasticity matrix. 

    tE   (6) 

 

3 SMOOTH PLASTICITY AND DAMAGE 
The elastoplastic model coupled with damage that is used in this work is Lemaitre’s model 

[3-4]. It can simulate the evolution of internal damage as well as isotropic or kinematic 
hardening. The additive decomposition of the strain rates tensor is: 

     e pl     (7) 

while the yield function has the following form: 
.  

 
 

23
1 y

J s
D





  


 ,  0
y y psH      (8) 
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where   is the back stress tensor and D  is the damage parameter, which can take values from 
zero to one, 0

y  is the initial yield strength and 'H  is the hardening modulus. The coupled 
elastoplastic damage constitutive law is stated as: 

     1 plD C      (9) 

Differentiating equation (9) and using the expression for the plastic strains based on the flow 
rule the following relation is derived: 

           1 plD C D C    


              
 (10) 

The evolution equation for the damage variable is given by [4]: 

3

1

sH YD
D r

      
 (11) 

where 3H  is a Heaviside function that holds a critical value (damage threshold) such as 
damage growth can start only at this critical value. Parameters r  and s  are material constants 
and are identified from experimental procedures, while Y  is the thermodynamical force 
conjugate to the damage internal variable and is given by: 

    1
2

Te eY C    (12) 

Using equations (10) and (11) the following relation is obtained: 

             31 1
1

s

pl
H YD C D C C

D r
    



                       
 (13) 

The consistency condition states that: 

0   (14) 

which leads to: 

   

    3

0

0
1

s

D H
D

H Y H
D D r

 


  






           

                       

 (15) 

Substituting relation (13) into (15) and solving for the plastic multiplier the following relation 
is derived: 

      1 1D D C  



       

 (16) 

where 1
D  is given by the following formula: 
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1

1

3

1

1

D

s

pl

H D C

H Y C
D r D


 

 






                       

                       

 (17) 

The previous equations hold when yielding has occurred. In order to generalize the plastic 
multiplier in the whole domain [7-8] and smooth the transition from the elastic to the inelastic 
regime two Heaviside type functions are used [2,12], thus making redundant the need for a 
piece wise approach for the domains of the Kunh-Tucker conditions: 

    1 2
0

, 0.5 0.5
n

TH H sign  
  


 (18) 

This way the final expression for the plastic multiplier becomes: 

      1 2 1 1DH H D C  



       

 (19) 

Plugging the plastic multiplier back to the strain rate equation (13) and after some algebraic 
manipulation the following relation is derived: 

            

 
       

1 2 1

3
2

1 1

1

D

s

el

D C I H H D

H Y C
rD

 
 

 






                    
                 

 (20) 

This way the tangent constitutive matrix can be directly calculated for each material point by 
replacing the classic elasticity matrix in (6) thus facilitating the solution and neglecting the 
need for a demanding bookkeeping mechanism. 
 

4 NUMERICAL EXAMPLES 

4.1 Cantilever beam considering plasticity only 
This example is about a cantilever beam subjected to a tip point load. Material is steel with 

E=210GPa, and yield strength of sy=240MPa. The dimensions of the beam are 1m by 0.1m. 
In this analysis the beam was discretized with 360 material points and 1440 points. The force 
is applied gradually over time until its maximum value. The force-displacement diagram at 
the tip of the beam is presented in Figure 1 and is compared with results from Finite Element 
code. In addition, the Von Mises stresses are presented in Figure 2. Results are in good 
agreement and the hysteretic MPM model can accurately predict both the displacement 
history of the beam as well as its stress state. 
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Figure 1: Beam force – displacement diagram. 

 
Figure 2: Von Mises stresses.  

 

4.2 Cantilever beam considering plasticity and damage 
For this example, the same cantilever beam is analyzed but this time damage is also 

considered. The beam is again discretized using 360 and 1440 material points. In both cases 9 
points per element are used. In the first case the element size (of the background grid) is taken 
as 0.05m while for the second case 0.025m. Parameters regarding plasticity are kept the same. 
In Figure 3 the stress – strain diagram for the material point that lies on the left corner of the 
beam is presented. In Figure 4 the value of the damage index D across the whole beam is 
plotted for both discretizations. The maximum value of D is 1 and represents a failed material 
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while when it is close to 0 the material is considered undamaged. As expected the damaged 
region is focused around the fixed end of the beam. 

 
Figure 3: Von Mises Stress – Strain diagram. 

 
Figure 4: Damaged regions and damaged index. 

 

5 CONCLUSIONS 
- The Material Point Method is used in an explicit formulation scheme to model 

plasticity and damage under dynamic loading. 
- The hysteretic - plasticity model for nonlinear analysis accounts for smooth transition 

from the elastic to the inelastic regime. 

× 10−2 
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- The damage model is also smoothed. 
- The plasticity and damage model have been incorporated into the MPM framework 

by modifying the tangent modulus of elasticity. 
- Use of higher order cubic B-Splines effectively minimizes the grid crossing errors 

and improves the accuracy of the MPM method. 
- Numerical examples are presented that verify the proposed model ability to simulate 

plastic and damage phenomena. 
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Abstract. The hierarchy of numerical schemes is developed for the solution of the
boundary integral equation which arises in the vortex particles method. Two differ-
ent approaches are considered and numerical schemes are presented, which provide 1-st
and 2-nd order of accuracy with respect to two different norms. The developed finite
element-type schemes have nearly the same computational cost as the simplest scheme
with piecewise-constant solution. The necessary formulae are presented for linear system
coefficients for the considered schemes.

1 Introduction

One of the key questions which arise in implementations of meshless Lagrangian vortex
particle methods for viscous incompressible flow simulation around the airfoil, is the
choice of numerical approach for no-slip (or no-through in case of inviscid flow simulation)
boundary condition satisfaction on the surface line of the airfoil.

The airfoil in the flow in the most general case can be replaced with vortex sheets (at-
tached and free) and attached source sheet. In coupled hydroelastic problems intensities
of all these sheets are unknown; if law of motion for the airfoil is known, or it is rigid and
immovable, only free vortex sheet intensity is unknown.

The boundary condition according to one of two possible approaches (which will be
described later) to its satisfaction can be written down in form of integral equation of the
first or the second kind [1]. The kernels of such equations have very different properties.
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In the present paper the surface line of the airfoil is assumed to be approximated by
polygon, which consists of rectilinear segments (usually called “panels”). The unknown
vortex sheet intensity is approximated by piecewise-constant or piecewise-linear distribu-
tion. In the last case, it can be continuous or discontinuous, or continuous everywhere
except some specified points that correspond to sharp edges and angle points of the airfoil.
Some numerical schemes are considered and estimations for their accuracy and computa-
tional cost are obtained.

2 Brief description of vortex methods

Vortex particles methods of flow simulation around airfoils are based on considering
the vorticity as a primary computed variable and on the fundamental principle, which was
discovered by prof. N.E. Zhukovsky in 1906: an immovable airfoil influences the inviscid
incompressible flow just as attached vortex sheet placed on its surface line [2]. So it is
possible to replace airfoil with vortex sheet and the main problem is how to determine
the intensity of this vortex sheet. For some airfoil shapes (elliptical and Zhukovsky wing
airfoils) it can be found by using conformal mappings technique [3], we use such solutions
as benchmarks for verification of the numerical schemes being developed.

When solving the Navier-Stokes equations the classical Zhukovsky approach remains
correct in principle. However, it is required to account for the transfer of vorticity from the
body surface to the flow which lead the vortex sheet to be free instead of being attached,
Therefore, according to Lighthill’s approach [4] the phenomena can be modelled as a result
of vorticity generation on the surface line K due to vorticity flux action within the small
time period. Then the vorticity, which is concentrated in this vortex sheet with intensity
γ(r), r ∈ K, becomes part of the vortex wake and moves in the flow according to the
governing equations.

When we consider a hydroelastic problems, — where either the law of motion is known
a priori or coupled hydroelastic problem is being solved — in addition to free vortex
sheet also attached vortex sheet (γatt) and attached source sheet (qatt) should be intro-
duced [5, 6]. In the simplest case, when velocity of the surface line points V K(r) can
be expressed explicitly as the function that depends on point position and time, the
intensities of the attached sheets can be found explicitly:

γatt(r) = V K(r) · τ (r), qatt(r) = V K(r) · n(r), r ∈ K,

where τ (r) and n(r) are tangent and normal unit vectors to the airfoil surface line,
respectively, n(r)× τ (r) = k (k is unit vector orthogonal to the flow plane).

Attached and free vortex sheet intensity vectors defined as

γatt(ξ) = γatt(ξ)k, γ(ξ) = γ(ξ)k,

are then introduced to reconstruct the velocity field in flow domain S, by employing the
generalized Biot — Savart law [7]:
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V (r) = V ∞ +
1

2π

∫

S

Ω(ξ)× (r − ξ)

|r − ξ|2
dSξ +

1

2π

∮

K

γ(ξ)× (r − ξ)

|r − ξ|2
dlξ +

+
1

2π

∮

K

γatt(ξ)× (r − ξ)

|r − ξ|2
dlξ +

1

2π

∮

K

qatt(ξ)(r − ξ)

|r − ξ|2
dlξ, (1)

where Ω(ξ) = Ω(ξ)k = curlV is vorticity distribution in the flow domain.
The crucial point is that the computation of the limit value of flow velocity on the

surface line of the airfoil directly by using (1) is impossible. In fact, velocity field V (r)
has jump discontinuity there [8]: vortex and source sheets from mathematical point of
view are the curves at which tangent and normal components of velocity have jumps,
respectively. In order to take them into account, the corresponding non-integral terms
should be considered as elaboration of expression (1):

V −(r) = V (r)− γ(r)− γatt(r)

2
τ (r) +

qatt(r)

2
n(r), r ∈ K. (2)

3 Integral equation for vortex sheet intensity distribution

Attached vortex sheet intensity distribution can be found from boundary integral equa-
tion which follows from boundary condition satisfaction on the surface line:

V −(r) = V K(r), r ∈ K. (3)

It can be shown [1], that there are two equivalent sufficient conditions for equality (3)
satisfaction:

• equality between normal components of velocities (N -scheme):

V −(r) · n(r) = V K(r) · n(r), r ∈ K, (4)

• equality between tangent components of velocities (T -scheme):

V −(r) · τ (r) = V K(r) · τ (r), r ∈ K. (5)

It is required to notice at this point that the resulting integral equations with respect
to unknown γ(r), which can be derived from (4) and (5) after substituting there (2), have
quite different properties.

Usually in vortex methods boundary condition is being written down in form (4) and
it leads to the 1-st kind singular integral equation:

1

2π

∮

K

Qn(r, ξ)γ(ξ) dlξ = fn(r), r ∈ K, (6)

where the kernel Qn(r, ξ) is unbounded (singular) of Hilbert-type

Qn(r, ξ) =
k × (r − ξ)

|r − ξ|2
· n(r) = −τ (r) · (r − ξ)

|r − ξ|2
.
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The right-hand side fn(r) depends on the airfoil shape, incident flow velocity, airfoil
surface line velocity and vorticity distribution in the flow domain:

fn(r) = −1

2
qatt(r)− n(r) ·

(
V ∞ − V K(r) +

1

2π

∫

S

Ω(ξ)× (r − ξ)

|r − ξ|2
dSξ +

+
1

2π

∮

K

γatt(ξ)× (r − ξ)

|r − ξ|2
dlξ +

1

2π

∮

K

qatt(ξ)(r − ξ)

|r − ξ|2
dlξ

)
. (7)

For approximate numerical solution of equation (6) specific quadrature formulae are re-
quired, it can be discrete vortices-type quadrature formulae [8], which permits to pick out
the principal value in Cauchy sense of the corresponding singular integral.

When the numerical scheme of vortex method is being constructed on the basis of
“tangent” approach (5), the resulting integral equation is the 2-nd kind Fredholm-type:

1

2π

∮

K

Qτ (r, ξ)γ(ξ) dlξ −
1

2
γ(r) = fτ (r), r ∈ K, (8)

where the kernel

Qτ (r, ξ) =
k × (r − ξ)

|r − ξ|2
· τ (r) = n(r) · (r − ξ)

|r − ξ|2

is uniformly bounded function when K is smooth curve and unbounded only in proximity
to angle points or sharp edges of non-smooth airfoil surface line K, and right-hand side
has the following form:

fτ (r) = −1

2
γatt(r)− τ (r) ·

(
V ∞ − V K(r) +

1

2π

∫

S

Ω(ξ)× (r − ξ)

|r − ξ|2
dSξ +

+
1

2π

∮

K

γatt(ξ)× (r − ξ)

|r − ξ|2
dlξ +

1

2π

∮

K

qatt(ξ)(r − ξ)

|r − ξ|2
dlξ

)
. (9)

It should be noted, that both equations (6) and (8) have infinite set of solutions. In
order to select the unique solution, the additional equation should be added, which usually
is being written down in the following form:

∮

K

γ(ξ)dlξ = Γ. (10)

The assignment of the value of the integral from solution over the surface line is the most
common type for the additional condition for unsteady problems.
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4 Problem discretization

When solving problem using vortex methods, vortex wake (vorticity distribution in the
flow) is normally being simulated by discrete vortex-type singularities — vortex elements:

Ω(r, t) =
n∑

w=1

Γwδ̃(r − rw). (11)

Here n is number or vortex elements; Γw and rw are intensities and positions of vortex
elements, respectively; δ̃ is two-dimensional Dirac delta function. Taking into account
(11), we obtain for the integral term, which corresponds to the integral over the flow
domain in right-hand side functions (7) and (9)

1

2π

∫

S

Ω(ξ)× (r − ξ)

|r − ξ|2
dSξ =

n∑
w=1

Γw

2π

k × (r − rw)

|r − rw|2
.

The simplest way to discretize the surface line K of the airfoil is to approximate it
by polygon consisting of N rectilinear legs Ki, which we call hereinafter “panels”. Let’s
denote lengthes of the panels as Li, their normal and tangent unit vectors as ni and τ i,
respectively, i = 1, . . . , N . Now all the integrals over the surface line in the previous
formulae can be written down as sums of integrals over the panels.

5 Numerical schemes for vortex sheet intensity computation

For numerical solution of the integral equations (6) or (8) with additional condition
(10) the ideas of the Galerkin method are used. According to this approach vortex sheet
intensity distribution can be expressed as linear combination of some basis functions φk(r)
with unknown coefficients, which can be found from the orthogonality condition of the
residual p(r) of the corresponding integral equation to projection functions ψk(r):

∮

K

p(r)ψk(r)dlr = 0. (12)

Number of projection functions should be equal to number of unknown coefficients.
For simplicity in this paper we suppose that there is no vorticity in the flow and the

airfoil is immovable and non-deformable, so the intensities of the attached vortex and
source sheets are equal to zero. These assumptions do not however limit the generality
of the following considerations. The discretization procedure of the corresponding terms
of the right-hand side (7) or (9) should be constructed similarly to free vortex sheet
discretization.

In this section we describe several numerical schemes, which follow from the different
ways of the basis and projection functions choice. Four of them are based on T -scheme
and one scheme corresponds to N -scheme.

In order to estimate the accuracy of the numerical schemes the measures used are

5
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• a measure ‖∆γ‖Ch , which allows the average values γ̄i of computed vortex sheet
intensity over the panels to be compared with average values of exact solution γ̄∗

i :

‖∆γ‖Ch = max
i

|γ̄i − γ̄∗
i |;

• the traditional L1 norm of the error:

‖∆γ‖L1 =

∮

K

|γ(s)− γ∗(s)|J(s)ds ≈
N∑
k=1

sk+1∫

sk

|γ(s)− γ∗(s)|Jk ds,

where γ(s) is approximate solution, parameterized by arbitrary variable s whose
change corresponds to motion along the panels; J(s) is the Jakobian of such paramet-
rization and Jk is its average value over the k-th panel; γ∗(s) means the projection
of the exact solution to the corresponding point of the panel; sj is parameter value
which corresponds to the beginning of the j-th panel.

In all schemes the resulting system of linear algebraic equations is dense and non-
symmetric, so the most suitable way to solve it is Gaussian elimination method.

5.1 Scheme with piecewise-constant solution

Introducing piecewise-constant basis functions φi
0(r), i = 1, . . . , N :

φi
0(r) =

{
1, r ∈ Ki,
0, r /∈ Ki,

we construct solution as piecewise-constant function γ(r) =
N∑
i=1

γiφ
i
0(r).

In this case the residual of integral equation (8) has the following form:

p(r) =
1

2π

N∑
j=1

(
γj

∫

Kj

Qτ (r, ξ)dlξ

)
− 1

2

N∑
i=1

γiφ
i
0(r)− fτ (r).

Choosing projection functions equal to the basis functions: ψi(r) = φi
0(r), we obtain the

following system of linear algebraic equations from condition (12):

1

2π

∫

Ki

( N∑
j=1

γj

∫

Kj

Qτ (r, ξ)dlξ

)
dlr −

1

2
γiLi =

∫

Ki

fτ (r)dlr, i = 1, . . . , N, (13)

with additional equation which follows from approximation of (10):

N∑
i=1

γiLi = Γ. (14)
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The linear system (13), (14) is overdetermined; in order to regularize it the approach
suggested by I.K. Lifanov [8] is used. The resulting system has the following matrix form:

(
A IN
L 0

)(
γ
R

)
=

(
b
Γ

)
, (15)

where A is square matrix block of size N ×N ;

Aij =
1

2π

∫

Ki

(∫

Kj

Qτ (r, ξ )dlξ

)
dlr −

Li

2
δ̃ij, i, j = 1, . . . , N ;

δ̃ij is Kronecker delta; IN is column consists of ones; L = (L1, . . . , LN) is row consists of
panel lengthes; b is right-hand side vector with components

bi =

∫

Ki

fτ (r )dlr, i = 1, . . . , N.

γ = (γ1, . . . , γN)
T is vector of unknown coefficients; R is regularization variable.

Matrix of this system has size (N + 1) × (N + 1), so Gaussian elimination procedure
has computational cost (N + 1)3/3 ≈ N3/3.

Piecewise-constant approximation provides the 2-nd order of accuracy for average val-
ues of vortex sheet intensity over the panels and only the 1-st order of accuracy in L1 norm:

‖∆γ‖Ch ∼ N−2, ‖∆γ‖L1 ∼ N−1.

5.2 Scheme with discontinuous piecewise-linear solution

The simplest way to improve accuracy is by piecewise-linear solution representation
over the panels as to substitute the piecewise-constant one.

In addition to the earlier mentioned piecewise-constant basis functions φi
0(r), piecewise-

linear basis functions φi
1(r) can be introduced, that vary from the value −1

2
to 1

2
over the

i-th panel and are equal to 0 over the other panels:

φi
1(r) =



(r − ci) · τ i

Li

, r ∈ Ki,

0, r /∈ Ki,

where ci is center of the i-th panel.
Thus, the numerical solution is piecewise-linear discontinuous function which has the

following form: γ(r) =
N∑
i=1

(
γiφ

i
0(r) + δiφ

i
1(r)

)
, where γi and δi are unknown coefficients.

Residual of the integral equation (8)

p(r) =
1

2π

N∑
j=1

(
γj

∫

Kj

Qτ (r, ξ)dlξ + δj

∫

Kj

Qτ (r, ξ)φ
j
1(ξ)dlξ

)
− 1

2
γ(r)− fτ (r)

7
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should be orthogonal to projection functions, which again are chosen equal to basis func-

tions: ψk(r ) =
{
φi
0(r ), φ

i
1(r )

}N

i=1
.

Total vorticity over the i-th panel doesn’t depend on δi coefficient, because the aver-
age value of φi

1 basis function is equal to zero, so the approximation of the additional
condition (10) has the same form (14).

After regularization procedure, which is carried out similarly to the previous case, the
resulting linear system has size (2N + 1)× (2N + 1) and can be written down in form



A00 A01 IN
A10 A11 ON

L ON 0






γ
δ
R


 =



b0

b1

Γ


 , (16)

where Apq, p, q = 0, 1 are square matrix blocks of size N ×N

Apq
ij =

1

2π

∫

Ki

(∫

Kj

Qτ (r, ξ )φ
j
q(ξ )dlξ

)
φi
p(r )dlr−DpLiδ̃ij δ̃pq, p, q = 0, 1, i, j = 1, . . . , N ;

δ̃ij and δ̃pq are Kronecker deltas; D0 = −1
2
, D1 = − 1

24
; γ = (γ1, . . . , γN)

T and
δ = (δ1, . . . , δN)

T are vectors of unknown coefficients; IN is column consists of ones;
ON is row/column consists of zeros; L = (L1, . . . , LN) is row consists of panel lengthes;
b0 and b1 are vectors which form together the right-hand side:

bpi =

∫

Ki

fτ (r )φ
i
p(r )dlr, i = 1, . . . , N.

This numerical scheme provides the 2-nd order of accuracy both for ‖∆γ‖Ch and
‖∆γ‖L1 errors, but the computational cost of this scheme is (2N + 1)3/3 ≈ 8N3/3 and it
is 8 times higher than the previously considered piecewise-constant scheme.

5.3 Finite element type numerical scheme (tangent)

Note that in the framework of the piecewise-linear scheme numerical solution was con-
sidered to be discontinuous at the every node of the surface line discretization. However,
for smooth airfoils the exact solution for vortex sheet intensity is continuous. This fact
makes it possible to implement principles of the finite element method (FEM) and con-
sider linear shape functions φ̂i of the 1-st order (fig. 1) as basis and projection functions
(the governing equation is being solved in the framework of tangent approach (8)).

Functions φ̂i can be expressed through the previously introduced functions φi
0 and φi

1:

φ̂i(r) =




1

2
φi−1
0 (r) + φi−1

1 (r), r ∈ Ki−1,

1

2
φi
0(r)− φi

1(r), r ∈ Ki.

(17)

8
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1−iK iK 1+iK

1i−c ic 1i+c

1( )i−γ r
( )iγ r

1( )i+γ r

1 ˆ ( )iφ r

1−iK iK

1ˆ ( )i+φ r1ˆ ( )i−φ r

Figure 1: Linear shape functions

The resulting regularized linear algebraic system has the form
(
Â IN
L̂ 0

)(
γ̂
R

)
=

(
b̂
Γ

)
, (18)

where γ̂ = (γ̂1, . . . , γ̂N)
T is vector of unknown variables; γ̂i is the value of vortex sheet

intensity at the i-th node (which coincides with the beginning of the i-th panel).
Coefficients of matrix block Â (which size is N × N) can be expressed through the

previously introduced coefficients of matrices Apq, (p, q = 0, 1):

Âij =
1

4

(
A00

ij + A00
i−1,j + A00

i,j−1 + A00
i−1,j−1

)
+

1

2

(
−A01

ij − A01
i−1,j + A01

i,j−1 + A01
i−1,j−1

)
+

+
1

2

(
−A10

ij + A10
i−1,j − A10

i,j−1 + A10
i−1,j−1

)
+
(
A11

ij − A11
i−1,j − A11

i,j−1 + A11
i−1,j−1

)
.

Components of vector L̂ and right-hand side vector b̂ also can be expressed through
the coefficients introduced in section 5.2:

L̂i =
1

2

(
Li + Li−1

)
, b̂i =

1

2

(
b0i + b0i−1

)
−

(
b1i − b1i−1

)
.

The matrix size now is (N + 1) × (N + 1), so the computational cost of the solution
procedure remains the same as for piecewise-constant scheme (N 3/3), but it provides the
2-nd order of accuracy for both errors ‖∆γ‖Ch and ‖∆γ‖L1 in case of flow simulation
around smooth airfoils. If the surface line of the airfoil has sharp edges or angle points,
the exact solution is discontinuous and can be unbounded in proximity to these points,
so the developed approach can’t be applied.

5.4 Finite element type numerical scheme (normal)

This section presents a common approach widely employed in bluff body aerodynam-
ics e.g. in bridge aerodynamics [9], which is the counterpart of the scheme devised in
section 5.3. The present scheme considers the “normal” approach framework to enforce
the boundary conditions. In order to solve numerically the integral equation (6), basis
functions are chosen the same (linear shape functions (17)), but the projection functions
now are Dirac delta functions:

ψi(r) = δ̃(r − ci),

where ci is center of the i-th panel.

9
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The resulting linear system has the form

(
A∗

L∗

)
γ∗ =

(
b∗

Γ

)
, (19)

where matrix coefficients A∗
ij and right hand-side coefficients b∗i are expressed as the

following:

A∗
ij =

1

2π

∫

Kj

Qn(ci, ξ )φ̂
j(ξ )dlξ, b∗i = fn(ci), i, j = 1, . . . , N ;

row L∗ consists of the same coefficients as earlier, L∗
i = L̂i = 1

2
(Li + Li−1); γ∗ =

(γ∗
1 , . . . , γ

∗
N)

T is vector of unknown variables; γ∗
i is the value of vortex sheet intensity

at the i-th node (which coincides with the beginning of the i-th panel)
The main difference with the previous numerical scheme (18) is that here no regulariza-

tion parameter is employed. The matrix size now is (N + 1)×N , and linear system (19)
is being solved by using least squares technique. Thus, the computational cost of the
solution procedure proportional to 2N3/3, and this method provides the 2-nd order of
accuracy for both errors ‖∆γ‖Ch and ‖∆γ‖L1 in case of flow simulation around smooth
airfoils.

5.5 FEM-type approach with discontinuities extraction

In order to simulate correctly the flow around non-smooth airfoils, the numerical
scheme (5.3) can be improved: the solution has discontinuities at angle points and sharp
edges, their positions are known, and at the corresponding nodes two discontinuous basis
functions φ̃+ and φ̃− can be introduced instead of function φ̂ (17).

Let’s consider that angle point corresponds to the node with index i, than φ̃i
+ and φ̃i

−
over the panels Ki−1 and Ki adjoined the i-th node are shown in fig. 2

1−iK iK 1+iK

1−ic ic 1+ic

)(1 ri


−γ
)(ri


γ )(1 ri


+γ

1( )i
−φ r

1−iK iK

1( )i+φ r1( )i−φ r

Discont. point

( )i
+φ r

Figure 2: Discontinuous basis functions in neighborhood of angle point

The numerical solution in this case has the form γ(r) =
∑
i/∈D

γ̃iφ̃
i +

∑
i∈D

(
γ̃−
i φ̃

i
− + γ̃+

i φ̃
i
+

)
,

where D is the set of d nodes where vortex sheet intensity is discontinuous. Coefficients
γ̃−
i and γ̃+

i mean limit values of the solution on both sides of such points.
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The “modified” basis functions also can be expressed through the functions φi
0 and φi

1:

φ̃i
−(r ) =

1

2
φi−1
0 (r ) + φi−1

1 (r ), r ∈ Ki−1,

φ̃i
+(r ) =

1

2
φi
0(r )− φi

1(r ), r ∈ Ki,

The other basis functions remain the same as in (17): φ̃i(r) = φ̂i(r), i /∈ D.
Projection functions are chosen to be equal to basis functions; for simplicity we assume

that there is only one angle point, and it coincides with node i = 1, which is placed
between the panels K1 and KN . So resulting linear system

(
Ã IN+1

L̃ 0

)(
γ̃
R

)
=

(
b̃
Γ

)

has size (N + 2)× (N + 2), its coefficients are expressed through Apq
ij from section 5.2:

Ã11 =
1

4
A00

11 −
1

2
A01

11 −
1

2
A10

11 + A11
11;

Ã1j =
1

4

(
A00

1j + A00
1,j−1

)
− 1

2

(
A01

1j + A01
1,j−1

)
− 1

2

(
A10

1j + A10
1,j−1

)
+
(
A11

1j + A11
1,j−1

)
;

Ã1,N+1 =
1

4
A00

1N +
1

2
A01

1N − 1

2
A10

1N − A11
1N ;

Ãi1 =
1

4

(
A00

i1 + A00
i−1,1

)
− 1

2

(
A01

i1 + A01
i−1,1

)
− 1

2

(
A10

i1 + A10
i−1,1

)
+
(
A11

i1 + A11
i−1,1

)
;

Ãi,N+1 =
1

4

(
A00

iN + A00
i−1,N

)
+

1

2

(
A01

iN + A01
i−1,N

)
− 1

2

(
A10

iN + A10
i−1,N

)
−

(
A11

iN + A11
i−1,N

)
;

ÃN+1,1 =
1

4
A00

N1 −
1

2
A01

N1 +
1

2
A10

N1 − A11
N1;

ÃN+1,j =
1

4

(
A00

Nj + A00
N,j−1

)
− 1

2

(
A01

Nj + A01
N,j−1

)
+

1

2

(
A10

Nj + A10
N,j−1

)
−

(
A11

Nj + A11
N,j−1

)
;

ÃN+1,N+1 =
1

4
A00

NN +
1

2
A01

NN +
1

2
A10

NN + A11
NN ; i, j = 1, . . . , N.

The first and last components of vectors L∗ and b∗ are

L̃1 =
L1

2
, L̃N+1 =

LN

2
, b̃1 =

b01
2
− b11, b̃N+1 =

b0N
2

+ b1N .

The other coefficients of matrix Ã and vectors b̃ and L̃ remain the same as in section 5.3:

Ãij = Âij, b̃i = b̂i, L̃i = L̂i, i, j = 2, . . . , N.

So, every discontinuity extraction adds one extra unknown variable and in general case
matrix size is (N +d+1)× (N +d+1), where d � N , and computational cost of solution
procedure remains nearly the same as earlier: (N + d+ 1)3/3 ≈ N3/3.

This scheme provides the 2-nd order of accuracy for both errors ‖∆γ‖Ch and ‖∆γ‖L1

in case of flow simulation around arbitrary airfoils.
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Conclusions

The developed numerical schemes for boundary integral equation solution in vortex
particles method provide 1-st and 2-nd order of accuracy with respect to average value of
vortex sheet intensity over the panels and in L1 norm. Expressions for the corresponding
linear system coefficients are presented. In order to compute the integrals the exact
analytical formulae [10] can be used.
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Abstract. The original numerical scheme is developed for vortex sheet intensity compu-
tation for 3D incompressible flow simulation using meshless Lagrangian vortex methods.
It is based on tangential components of the velocity boundary condition satisfaction on
the body surface instead of widespread condition for normal components. For the body
triangulated surface the corresponding integral equation is approximated by the system
of linear algebraic equations, which dimension is doubled number of triangular panels.
Vortex layer intensity on the panels assumed to be piecewise-constant.

The coefficients of the matrix are expressed through double integrals over the influ-
ence and control panels. When these panels have common edge or common vertex these
integrals become improper. In order to compute them it is necessary to exclude the sin-
gularities, i.e., to split the integrals into regular and singular parts. Regular parts are
expressed by smooth functions, so they can be integrated numerically with high precision
by using Gaussian quadrature formulae. For singular parts exact analytical integration
formulae are derived.

The developed approach allows to raise significantly the accuracy of vortex layer in-
tensity computation in vortex method for flow simulation around arbitrary 3D bodies.

The test problem of flow simulation around the sphere is considered. The exact analyt-
ical solution is known for it, and the developed numerical scheme provides more accurate
results in comparison with ‘classical’ 3D vortex method, especially when non-uniform un-
structured triangular meshes are used for bodies surface representation. It allows to use
arbitrary triangular mesh on body surface and to refine mesh near sharp edges, what is
especially important for flow simulation around bodies with complicated geometry.
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1 Introduction and problem statement

The problem of 3D incompressible flow simulation around immovable body is consid-
ered. The governing equations are Navier — Stokes equations

∇ · �V = 0,
∂�V

∂t
+ (�V · ∇)�V = ν∇2�V − ∇p

ρ∞
,

with boundary conditions

lim
r→∞

�V = �V∞, lim
r→∞

p = p∞, �V (�r, t)
∣∣∣
�r∈K

= �0,

where �V is flow velocity; p — pressure; ρ∞ = const — density; ν — kinematic viscosity
coefficient; �V∞ and p∞ are parameters of the incident flow; K is body surface.

The viscosity assumed to be small, so according to L. Prandtl’s theory it is possible
to take its influence into account only as a cause of vorticity generation on body surface.
So, the flow can be considered inviscid, with vorticity flux from the surface.

The immovable body is simulated by the influence of vortex sheet with unknown in-
tensity �γ(�r, t), which is placed on the body surface, �r ∈ K. The vorticity flux can be
simulated if this vortex sheet is free; it means that at every time step this sheet is split
into separate vortex elements which form vortex wake around the body.

Vortex wake evolution can be simulated by using one of Lagrangian vortex element
methods [1, 2].

Vorticity flux simulation is one of the most important problems is vortex sheet intensity
computation. There are two fundamental approaches, which are based on elimination of
the limit values of normal or tangential velocity components on the body surface [3].
These approaches can be called “N -scheme” and “T -scheme”, respectively.

The accuracy of N -scheme, especially in FSI-applications, when the bodies are movable
and deformable, sometimes is not enough for practice. In 2D-case T -scheme allows to
obtain much more accurate results, but it requires the usage of more precise integration
schemes [3]. Such schemes are constructed and investigated by authors for 2D-case [4].

The aim of the present research is development of the numerical algorithm for T -scheme
in 3D case.

2 Integral equation for vortex sheet intensity

Due to the presence of vortex sheet on the body surface, velocity field, which can be
expressed by using generalized Biot — Savart law, has jump discontinuity, and its limit
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value from body side is

�V−(�r, t) = �V∞ +
1

4π

∫

S(t)

�Ω(�ξ, t)× (�r − �ξ )∣∣�r − �ξ
∣∣3 dSξ +

+
1

4π

∫

K

�γ(�ξ, t)× (�r − �ξ )∣∣�r − �ξ
∣∣3 dSξ −

�γ(�r, t)× �n(�r )

2
, �r ∈ K.

Here S(t) is vortex wake region; �Ω(�ξ, t) = curl �V (�ξ, t) is vorticity distribution in S(t),
which assumed to be known; �n(�r) is unit outer normal vector to body surface K.

In order to satisfy the boundary condition on the body surface, vortex sheet intensity
should satisfy the integral equation �V−(�r, t) = �0, �r ∈ K.

As it proved in [3], it is enough to satisfy this equation only for tangent component of
the limit value of velocity field:

�n(�r )×
(
�V−(�r, t)× �n(�r )

)
= �0.

It leads to the integral equation of the 2-nd kind

�n(�r )

4π
×

(∫

K

�γ(�ξ, t)× (�r − �ξ )∣∣�r − �ξ
∣∣3 × �n(�r )dSξ

)
− �γ(�r, t)× �n(�r )

2
= �f(�r, t), �r ∈ K, (1)

where

�f(�r, t) = −�n(�r)×

(
�V∞ +

1

4π

∫

S(t)

�Ω(�ξ, t)× (�r − �ξ )∣∣�r − �ξ
∣∣3 dSξ

)
× �n(�r )

is known vector function.

3 Integral equation discretization

In order to find approximate solution of integral equation (1), which kernel is un-

bounded when |�r − �ξ | → 0, the following assumptions can be made:

1. Body surface is triangulated into N flat cellsKi with areas Ai and normal vectors �ni,
i = 1, . . . , N .

2. The unknown vortex sheet intensity on the i-th cell is constant vector �γi,
i = 1, . . . , N , which lies in the plane of the i-th cell, i.e. �γi · �ni = 0.

3. The integral equation (1) is satisfied on average over the cells.
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According to these assumptions the discrete analogue of equation (1) can be derived:

1

4πAi

N∑
j=1

∫

Ki

(∫

Kj

�ni ×
(
�γj × (�r − �ξ )∣∣�r − �ξ

∣∣3 × �ni

)
dSξ

)
dSr −

�γi × �ni

2
=

=
1

Ai

∫

Ki

�f(�r, t)dSr, i = 1, . . . , N. (2)

To write down (2) in form of linear algebraic system we should choose local orthonormal

basis on every cell (�τ
(1)
i , �τ

(2)
i , �ni), where tangent vectors �τ

(1)
i , �τ

(2)
i can be chosen arbitrary

and �τ
(1)
i ×�τ

(2)
i = �ni. So �γi = γ

(1)
i �τ

(1)
i +γ

(2)
i �τ

(2)
i and we can project (2) for every i-th panel

on directions �τ
(1)
i and �τ

(2)
i :

1

4πAi

�τ
(1)
i ·

(
N∑
j=1

γ
(1)
j �ν

(1)
ij +

N∑
j=1

γ
(2)
j �ν

(2)
ij

)
− γ

(2)
i

2
=

b
(1)
i

Ai

,

1

4πAi

�τ
(2)
i ·

(
N∑
j=1

γ
(1)
j �ν

(1)
ij +

N∑
j=1

γ
(2)
j �ν

(2)
ij

)
+

γ
(1)
i

2
=

b
(2)
i

Ai

.

(3)

Here

�ν
(k)
ij =

∫

Ki

(∫

Kj

�τ
(k)
j × (�r − �ξ )∣∣�r − �ξ

∣∣3 dSξ

)
dSr, b

(k)
i =

∫

Ki

�τ
(k)
i ·�f(�r, t) dSr, k = 1, 2; i, j = 1, . . . , N.

Algebraic system (3) has infinite set of solutions; in order to select the unique solution
we should satisfy additional condition for total vorticity (integral from the vorticity over
the body surface) ∫

K

�γ(�r, t)dSr = �0,

which can be written down in the following form:

N∑
i=1

Ai

(
γ
(1)
i �τ

(1)
i + γ

(2)
i �τ

(2)
i

)
= �0. (4)

System (3)-(4) is overdetermined, it should be regularized, for example, by introducing

the ‘regularization vector’ �R =
(
R1, R2, R3

)T
:
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1

4πAi

�τ
(1)
i ·

(
N∑
j=1

γ
(1)
j �ν

(1)
ij +

N∑
j=1

γ
(2)
j �ν

(2)
ij

)
− γ

(2)
i

2
+ �R · �τ (2)

i =
b
(1)
i

Ai

,

1

4πAi

�τ
(2)
i ·

(
N∑
j=1

γ
(1)
j �ν

(1)
ij +

N∑
j=1

γ
(2)
j �ν

(2)
ij

)
+

γ
(1)
i

2
+ �R · �τ (1)

i =
b
(2)
i

Ai

,

N∑
j=1

Aj

(
γ
(1)
j �τ

(1)
j + γ

(2)
j �τ

(2)
j

)
= 0, i = 1, . . . , N.

(5)

Numerical computations show that system (5) is well-conditioned; its dimension is 2N+3.

4 Matrix coefficients calculation

The main problem for practical usage of the suggested approach is coefficients �ν
(k)
ij

calculation for system (5):

�ν
(k)
ij = �τ

(k)
j ×

∫

Ki

(∫

Kj

�r − �ξ∣∣�r − �ξ
∣∣3dSξ

)
dSr = �τ

(k)
j × �Iij, k = 1, 2, i, j = 1, . . . , N (6)

Integral �Iij is calculated over triangular cellsKi andKj, where i-th cell we call ‘control’,
j-th cell — ‘influence’ cell.

4.1 The general approach

The inner integral in (6) over the influence cell Kj

�Jj(�r ) =

∫

Kj

�r − �ξ∣∣�r − �ξ
∣∣3dSξ (7)

can be calculated exactly. There is well-known way for analytical calculation of integral

(7) via considering of the integral from
∣∣�r − �ξ

∣∣−1
with respect to �ξ over the triangle Kj:

�Jj(�r ) =

∫

Kj

�r − �ξ∣∣�r − �ξ
∣∣3dSξ =

∫

Kj

∇ξ
1∣∣�r − �ξ

∣∣dSξ = −
∫

Kj

∇r
1∣∣�r − �ξ

∣∣dSξ = −∇r

(∫

Kj

1∣∣�r − �ξ
∣∣dSξ

)
.

The last integral is very usual in potential theory, analytical expression for it can be
found, for example, in [5]. However, that expression is cumbersome and it also should be
differentiated with respect to components of vector �r.

Using computational software of symbolic mathematics Wolfram Mathematica and
Handbook of integrals [6] it is possible to integrate (7) straightforwardly if vectors
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�sk = �r
(j)
k − �r, k = 1, 2, 3, are only known, where �r is point for which integral (7) is

calculated, �r
(j)
k are vertices of Kj triangular cell. Denoting

�e
(j)
k =

�sk+1 − �sk∣∣�sk+1 − �sk
∣∣ =

�r
(j)
k+1 − �r

(j)
k∣∣�r (j)

k+1 − �r
(j)
k

∣∣ , �σk =
�sk∣∣�sk
∣∣ , k = 1, 2, 3,

and assuming all the indices to be calculated using a modulus of 3, we obtain

�Jj(�r ) = Θj�nj + �Ψj × �nj, j = 1, . . . , N,

where

�Ψj =
3∑

k=1

ln

( ∣∣�sk
∣∣∣∣�sk+1

∣∣
1 + �e

(j)
k · �σk

1 + �e
(j)
k · �σk+1

)
�ek,

and Θj is solid angle subtended by triangular cellKj which can be calculated, for example,
by using the formula [7]

Θj = 2arctan

(
�s1�s2�s3∣∣�s1

∣∣ · ∣∣�s2
∣∣ · ∣∣�s3

∣∣+ (
�s1 · �s2

)∣∣�s3
∣∣+ (

�s2 · �s3
)∣∣�s1

∣∣+ (
�s3 · �s1

)∣∣�s2
∣∣
)
,

here �s1�s2�s3 denotes the scalar triple product of the vectors.
The outer integral in (6)

�Iij =

∫

Ki

�Jj(�r ) dSr (8)

can’t be simply expressed analytically in elementary functions, so the suitable way for its
computation is Gaussian quadrature formula usage:

�Iij =

∫

Ki

�Jj(�r ) dSr ≈ Ai

NGP∑
p=1

ωp
�Jj(�ηp ),

where NGP is number of Gaussian points; ωp are weight coefficients; �ηp are positions of
Gaussian points. Values of ωp and �ηp for different values of NGP can be found, for example,
in [8].

It works perfectly if influence and control cells are far one from the other; numerical
experiments show that it is enough to use the corresponding quadratures with small
number of points (NGP = 1 . . . 4).

However, for cells which have common edge or common vertex (such cells we call ‘neigh-
boring cells’) the corresponding integral is improper, so Gaussian quadratures become
unsuitable. Direct numerical computation of improper integral is non-trivial problem, so
for such cases semi-analytical approach is developed.
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If the cells have common edge or common vertex, we need to exclude the singularity
from the �Jj(�r ) and write it down as sum of two terms:

�Jj(�r ) = �J reg
j (�r ) + �J sing

j (�r ).

where �J reg
j (�r ), which has the form

�J reg
j (�r ) =

(
Θj(�r )−Θ sing

j (�r )
)
�nj +

(
�Ψj(�r )− �Ψ sing

j (�r )
)
× �nj,

has no singularities and can be easily integrated numerically with high accuracy by using
Gaussian quadrature formulae

∫

Ki

�J reg
j (�r ) dSr ≈ Ai

NGP∑
p=1

ωp
�J reg
j (�ηp).

For the improper (singular) integral
∫

Ki

�J sing
j (�r ) dSr =

(∫

Ki

Θ sing
j (�r ) dSr

)
�nj +

(∫

Ki

�Ψ sing
j (�r )dSr

)
× �nj

exact analytical formulae are derived, which are shown below.

4.2 Neighboring cells with common edge

If cells Ki and Kj have common edge with directing unit vector �e3, as it is shown in
fig. 1, singular terms have the following form (hereinafter upper index (j) in unit vectors

�e
(j)
1 , �e

(j)
2 and �e

(j)
3 is omitted):

Θ sing
j (�r ) = 2

(
arctan

�b�e2 �e3

|�b |(1− �e2 · �e3)−�b · (�e2 − �e3)
− arctan

�a�e1 �e3
|�a |(1− �e1 · �e3) + �a · (�e1 − �e3)

)
,

�Ψ sing
j (�r ) = �e3 ln

|�a | · |�c | − �a · �c
|�b | · |�c | −�b · �c

+ �e1 ln
|�a |+ �a · �e1

|�c |
+ �e2 ln

|�b | −�b · �e2
|�c |

,

where
�c = �r

(j)
1 − �r

(j)
3 , �a = �r

(j)
1 − �r, �b = �r

(j)
3 − �r,

Expression for Θ sing
j , as well as all scalar multipliers of �Ψ sing

j can be integrated analyt-
ically over the cell Ki, an finally we obtain:

∫

Ki

Θ sing
j (�r ) dSr = −2Ai

(
q0(ξ, α, β, µ, γ, λ) + q0(ξ, β, α, σ, δ, θ)

)
,

∫

Ki

�Ψ sing
j (�r ) dSr = Ai

(
q12(ξ, α, β, µ, γ, λ)�e1 + q12(ξ, β, α, σ, δ, θ)�e2 + q3(α, β)�e3

)
.
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Figure 1: Cells Ki and Kj in case of having common edge

Here auxiliary functions q0, q12 and q3 have the form

q0(ξ, α, β, µ, γ, λ) = arctan
sin ξ sinα sin γ

1− cosα + cos γ + cosλ
+

+
sin γ sin ν

sin2 µ sinα

((
cos β sin γ − sin β cos γ cos ξ

)
arctan

sin ξ sinα sin γ

1 + cosα− cos γ + cosλ
+

+ sin ξ sin β
(
cos2

µ

2
ln

cos β/2

sin ν/2
+ sin2 µ

2
ln

sin β/2

cos ν/2
+ ln

cosλ/2

sin γ/2

))
,

q12(ξ, α, β, µ, γ, λ) =

= −3

2
+

1

sinα sin2 µ

(
ln(1 + cosλ) sin β(cos ν + cosµ cosλ) +

+ ln(1− cos γ) sin ν(cos β + cos γ cosµ) +

+ ln
sin β

sin ν
sin β(1− cosµ)(cos ν − cosλ)−

− sin ν sin β
(
−2 sin ξ sin γ arctan

sin ξ sin γ sinα

1 + cosλ− cos γ + cosα
+

+ (sin γ cos β cos ξ − sin β cos γ) ln
1− cos ν

1 + cos β

))
,

q3(α, β) =
sin ν

sin β
ln
(
tan

α

2
tan

ν

2

)
+

sin ν

sinα
ln
(
tan

β

2
tan

ν

2

)
+ ln

(
tan

α

2
tan

β

2

)
.

Here α and β are the angles of the triangle Ki, which adjoin the common edge of the cells
Ki and Kj, ν = π − α − β; γ and δ are the angles of the triangle Kj, which adjoin the
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common edge; ξ is the angle between the planes of the cells Ki and Kj; angles σ, µ, λ
and θ can be calculated by using formulae

σ = π − arccos(cosα cos δ + cos ξ sinα sin δ),

µ = π − arccos(cos β cos γ + cos ξ sin β sin γ),

λ = π − arccos(cosα cos γ − cos ξ sinα sin γ),

θ = π − arccos(cos β cos δ − cos ξ sin β sin δ).

4.3 Neighboring cells with common vertex

If cells Ki and Kj have common vertex, for example as it is shown in fig. 2, the regular

part �J reg
j (�r ) has the following form (the previous denotation is used):

Θ sing
j (�r ) = −2

(
arctan

�b�e∗∗ �e0

|�b |(1 + �e∗∗ · �e0) +�b · (�e∗∗ + �e0)
− arctan

�b�e∗ �e0

|�b |(1 + �e∗ · �e0) +�b · (�e∗ + �e0)

)
,

�Ψ sing
j (�r ) = −

(
�e∗∗ ln

|�b |+�b · �e∗∗√
Aj

− �e∗ ln
|�b |+�b · �e∗√

Aj

)
,

where �b = �r
(j)
c − �r; �e0 is unit vector of intersection line of the planes of the cells Ki and

Kj; �e∗ and �e∗∗ are unit vectors of sides of cell Kj, as it is shown in fig. 2.

Figure 2: Cells Ki and Kj in case of having common vertex

These expressions also can be integrated analytically over the cell Ki:∫

Ki

Θ sing
j (�r ) dSr = −2Ai

(
q4(δ∗∗)− q4(δ∗)

)
,

∫

Ki

�Ψ sing
j (�r ) dSr = −Ai

(
q5(δ∗∗)�e∗∗ − q5(δ∗)�e∗

)
.

9
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The auxiliary functions q4 and q5 are the following:

q4(δ) =
1

sinψ sinκ

(
sinµ sin(ν + ψ) arctan

sin ξ sin δ/2

cos ξ sin δ/2 + cos δ/2 cot(ν + ψ)/2
−

− sin ν sin(µ− ψ) arctan
sin ξ sin δ/2

cos ξ sin δ/2 + cos δ/2 tan(µ− ψ)/2
−

− sinµ sin ν sinψ sin δ

D

(
2(cos ξ cos δ − cotψ sin δ)ω +

+ sin ξ
(
ln
(1 + cosλ

1− cos θ

sin ν

sinµ

)
+ cosσ ln

(
tan

ν

2
tan

µ

2

))))
,

q5(δ) = −3− ln 2

2
+

sinµ sin(ν + ψ) ln(1− cos θ)− sin ν sin(µ− ψ) ln(1 + cosλ)

sinκ sinψ
+

+
1

2
ln

sin ν sinµ

sinκ
− cos ν sinµ

sinκ
ln sin ν − cosµ sin ν

sinκ
ln sinµ−

− 2 sin ν sinµ

D sinκ sinψ

(
sin δ

(
sinψ cos δ cos ξ − cosψ sin δ

)
ln

1− cos θ

1 + cosλ
−

− sinψ
(
sin δ cosψ cos ξ − cos δ sinψ

)
ln
(
tan

ν

2
tan

µ

2

)
+

+sinψ
(
2ω sin δ sin ξ− 1

2

((
1− sin2 δ(1+cos2 ξ)

)
sin 2ψ− sin 2δ cos 2ψ cos ξ

)
ln

sin ν

sinµ

))
.

Here we denotes for simplicity

D = 2 sin2 ψ + sin2 δ
(
sin2 ξ + (1 + cos2 ξ) cos 2ψ

)
− sin 2δ sin 2ψ cos ξ,

ω = arctan
sin ξ sin δ sinκ/2

cos ξ sin δ sin(ν + ψ + κ/2) + cosκ/2− cos δ cos(µ− ψ + κ/2)
.

Here κ is the angles of the triangle Ki, which adjoins the common vertex of the cells
Ki and Kj; µ and ν are the other angles of cell Ki; ξ is the angle between the planes
of the cells Ki and Kj; ψ is the angle between �e0 and the side of triangle Ki, which is
opposite to common vertex; δ∗ and δ∗∗ are the angles between �e0 and vectors �e∗ and �e∗∗,
respectively; angles σ, λ and θ can be calculated by using formulae

σ = π − arccos
(
cosψ cos δ + cos ξ sinψ sin δ

)
,

λ = π − arccos
(
cos δ cos(µ− ψ)− cos ξ sin δ sin(µ− ψ)

)
,

θ = π − arccos
(
cos δ cos(ν + ψ) + cos ξ sin δ sin(ν + ψ)

)
.
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5 Numerical experiment

The developed semi-analytical numerical scheme makes it possible to use arbitrary
triangular surface mesh even of very low quality. The corresponding linear system is
being solved by using Gaussian elimination procedure. In the numerical examples shown
below Eigen library, developed for C++, has been used [9]. In fig. 3 the results are shown
for some test cases: flow around the sphere (with close to uniform mesh), flow around a
weight (with mesh cells of very different size) and flow around a fish model (some mesh
cells are very long and narrow). Red lines in the centers of cells shows the direction of
vorticity in vortex sheet.

Figure 3: Vortex sheet on the sphere (number of panels N = 2814); on the weight (N = 636) and on
the fish (N = 3194)
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6 Conclusions

The derived formulae for �Iij makes it possible to construct numerical procedure for
solving of the discrete analogue of the integral equation for vortex sheet intensity calcu-
lation in the framework of ‘tangent’ approach. It allows to use arbitrary triangular mesh
on body surface and to refine mesh near sharp edges, that is especially important for flow
around 3D wings simulation. Despite the fact that the dimension of the linear system in
the developed numerical scheme is twice as large then in traditional implementations of
vortex methods, its accuracy is much higher.
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Abstract. The problem of high-order numerical schemes developing is considered for
solving of boundary integral equation for vortex sheet intensity, which arises in 2D mesh-
less vortex particle methods. Curvilinearity of the airfoil surface line is taken into account:
its shape is approximated by Hermite cubic spline interpolation instead of rectilinear pan-
els which are usually used in vortex methods. Coefficients of system of linear algebraic
equations are represented by define integrals of known functions. For some coefficients
(which can not be calculated numerically) approximate analytic formulae are obtained,
the other coefficients can be computed using 4 point Gaussian integration. The devel-
oped numerical scheme provides 4-th order of accuracy for average values of vortex sheet
intensities over the panels.

1 INTRODUCTION

Vortex method [1, 2, 3, 4] is well-known meshless lagrangian particle method, which
allows to solve efficiently number of actual engineering problems. The main idea of vortex
method is that vorticity is considered as a primary computed variable. The airfoil influence
is replaced by a vortex sheet placed on the airfoil surface line. Its intensity can be found
from boundary condition on the airfoil surface line. The modification of vortex method
is used which corresponds to the integral equation of the 2-nd kind with bounded kernel
(for smooth airfoils) [5, 6]. When solving this equation in vortex methods airfoil is usually
approximated with a polygon consisting of N rectilinear segments (panels) and solution
of boundary integral equation is assumed to be piecewise-constant or piecewise-linear
function. Numerical experiments show that in some cases such approach doesn’t allow
to obtain high order of accuracy, this fact has a negative effect on the whole problem
solution, especially for significantly nonuniform mashes of the airfoil surface line. This
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problem can be solved by improving of airfoil surface line discretization, i.e. by taking
into account its curvilinearity.

The aim of this paper is to develop new numerical scheme for boundary integral equa-
tion approximation, which provides high order of accuracy.

2 The governing equations

The problem of two-dimensional incompressible flow simulation around rigid immovable
airfoil is considered. In vortex method at every time step two sub-problems should be
solved:

• vortex sheet intensity computation on the surface line of the airfoil;

• vorticity motion simulation in the flow.

The airfoil in the flow can be replaced with vortex sheet on its surface line, because
the vortex sheet with appropriate intensity distribution influences the flow exactly in the
same way as the airfoil itself [8, 9].

So the unknown intensity distribution γ(r) can be found from the solution of some
boundary integral equation which corresponds to no-slip (for viscous flow) or no-through
(for inviscid media) boundary condition.

Two different approaches can be distinguished to derivation of such boundary integral
equation [5], and that one which is based on the equality to zero of the tangent component
of velocity limit value on the surface line seems to be most efficient. It leads to the
Fredholm-type boundary integral equation of the second kind:

1

2π

∮

K

Qτ (r, ξ)γ(ξ)dlξ −
γ(r)

2
= fτ (r), r ∈ K. (1)

Its kernel is uniformly bounded function for C2-smooth curves (i.e., when parametric
equations of the surface line belong to C2 class with respect to arc length) and it has the
following form:

Qτ (r, ξ) =
k × (r − ξ)

|r − ξ|2
· τ (r),

where τ (r) is tangent unit vector.
It should be noted, that the alternative approach which is based on zero value of

the normal components of flow velocity on the surface line [5], leads to singular integral
equation of the 1-st kind with Hilbert-type kernel, so special numerical procedures should
be applied in order to compute the principle value of the corresponding integral [7].

Right-hand side fτ (r) of the equation (1) in the considered case is known function,
which depends on the shape of the airfoil, incident flow velocity and vorticity distribution
in the flow. In the most general case it also depends on the surface line velocity, which is
unknown function in coupled hydroelastic problems, when the surface line of the airfoil
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moves under hydrodynamic loads. If the motion and/or deformation low of the airfoil is
known, the right-hand side fτ (r) again becomes known function.

In order to take into account non-zero velocity of the airfoil surface line, the attached
source sheet and attached vortex sheets should be introduced [2, 10]. All the approaches
and formulae being discussed hereinafter can be easily generalized for such case. The
arbitrary vortity distribution in the flow domain also can be considered, but for simplicity
we assume that the is no vorticity in the flow domain at all, in this case the right-hand
side fτ (r) has the simplest form:

fτ (r) = −V ∞ · τ (r), (2)

where V ∞ is incident flow velocity.
The equation (1) has infinite set of solutions, which follows from the fact that the

corresponding integral operator has the eigenvalue λ = 0. In particular, for circular
airfoil λ = 0 corresponds to the eigenfunction which is equal to constant.

In order to select the unique solution, which is physically plausible, the most convenient
way is to add an extra equation for the total value of vorticity, which the vortex sheet
contains, i.e., the integral of the solution should be equal to the given value:

∮

K

γ(ξ)dlξ = Γ, (3)

The value Γ is usually known from the physical sense of the considered problem, in
particular, for unsteady flow simulation its value follows from the Helmholtz theorems
and their analogues for viscous flows.

3 Numerical schemes on the surface line of the airfoil

3.1 Airfoil discretization by using rectilinear panels

The simplest way to approximate the shape of the airfoil is to replace it with polygon.
The legs of the polygon are usually called “panels”. Vortex sheet intensity distribution
over the panels is normally assumed to be piecewise-constant or piecewise-linear.

The most accurate schemes with piecewise-constant vorticity distribution provide the
2-nd order of accuracy for average values of solution (vortex sheet intensity) over the
panels, and the 1-st order of accuracy in L1 norm. The schemes with piecewise-linear
vorticity distribution just a little more accurate with respect to average values of solution
over the panels, but they provide the 2-nd order of accuracy in L1 norm.

It should be noted, that the accuracy becomes much lower when the lengthes of neigh-
boring panels differ significantly. From the mathematical point of view it can be explained
by the following way: instead of smooth part of the curve in numerical simulation we sim-
ulate, in fact, flow around the airfoil with angle points (fig. 1). In proximity to such point
the kernel of the integral equation (1) becomes unbounded, and the exact solution for
such airfoil shape can has “unphysical” weak singularity in angle points.

3
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Ki Ki+1 

Figure 1: The part of airfoil surface and two rectilinear panels

In case of uniform splitting of the surface line of the airfoil into panels the mentioned
singularities of the kernel, which arise at the endings of the panels, compensate each other.
However, if neighboring panels lengthes differ appreciably, these singularities influences
are significant and it leads to the errors of the coefficients computation of the resulting
system of linear algebraic equations.

So, when the discretization of the surface line of the airfoil is uniform or close to uni-
form, the most accurate results for equations (1), (3) numerical solution, as the rule, can
be obtained when the following approach is being used, which is similar to Discontinuous
Galerkin (DG) [11] method. The approximate numerical solution is assumed to be lin-
ear combination of basis functions (constant and linear ones; it is useful to provide zero
average value for linear basis function, which means that is orthogonal to the constant
basis function). The unknown coefficients are found from solution of the linear system
which corresponds to the residual orthogonality to basis functions. Naturally, when the de-
scribed approach is being implemented, the numerical solution has discontinuities (jumps)
between the panels.

3.2 Airfoil discretization taking into account curvilinearity of the panels

In [12] numerical scheme is developed which permits to take into account explicitly
the curvilinearity of the surface line of the airfoil approximate it by smooth curve of
spline-type or Hermite spline type. It provides the 4-th order of accuracy for the solution
average values over the curvilinear panels, but its computational cost is extremely high,
so it hardly can be implemented in practical applications.

In the present paper simplified numerical scheme is considered which provides the same
(4-th) order of accuracy for approximate solution of boundary integral equation.

Let’s denote the vertices of the airfoil as Ci, i = 1, . . . , N , rectilinear lines CiCi+1 we
call “chords” of the airfoil. As in [12], the surface line of the airfoil over the i -th chord is
being approximated by smooth curve, that has the following parametric equation:

ri(t) = Ci + L0
i

(
t τ 0

i + pi(t)n
0
i

)
, t ∈ [0; 1]. (4)

Parameter values t = 0 and t = 1 correspond to the beginning and ending of the panel;
L0

i is length of the i -th chord; τ 0
i and n0

i are tangent and normal unit vectors for the i -th
chord. Function pi(t) is cubic polynomial:

pi(t) = αi t(t− 1) + βi t(t− 1/2)(t− 1), (5)

4
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where the coefficients αi and βi can be found from the following condition: the directions
of tangent vector should be the same for exact shape of the airfoil and its approximate
representation (fig. 2). They can be written down in explicit form.

αi = −1

2
(tanϕi + tanψi), βi = (tanϕi − tanψi).

𝜑𝜑𝜑𝜑𝑖𝑖𝑖𝑖
𝜓𝜓𝜓𝜓𝑖𝑖𝑖𝑖

𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖

𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖+1

𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖0

𝑛𝑛𝑛𝑛�⃗ 𝑖𝑖𝑖𝑖0

𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)

𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)𝑛𝑛𝑛𝑛�⃗ 𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)
𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖 𝑝𝑝𝑝𝑝𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)

Figure 2: Curvilinear panel and the i-th chord of the airfoil

It should be noted, that if the curvilinear part of the airfoil surface line is represented
over the i-th panel as smooth curve, that belongs to C4 class, the error of the airfoil shape
approximation with Hermite spline has order of O(L4

i ).

3.3 Integral equation approximation

In order to construct numerical scheme for equations (1), (3), the principal ideas of
Discontinuous Galerkin (DG) method seems to be useful. We introduce constant and
linear basis functions ϕi

0(t) and ϕi
1(t), i = 1, . . . , N , each of these functions differs from

zero only on the i-th panel:

ϕi
0(t) ≡ 1, ϕi

1(t) = t− 1

2
, t ∈ [0; 1].

The solution over the every panel of the airfoil is considered to be linear distribution with
respect to parameter t:

γ
(
ri(t)

)
= γiϕ

i
0(t) + δiϕ

i
1(t), t ∈ [0; 1], i = 1, . . . , N.

The unknown coefficients γi and δi can be found from orthogonality condition. The
residual of the equation (1) on the i-th panel, which has the following form:

zi(t) =
N∑
j=1

(
γj

∫ 1

0

Qτ

(
ri(t), rj(ξ)

)
ϕj
0(ξ) Jj(ξ)dξ +

+ δj

∫ 1

0

Qτ

(
ri(t), rj(ξ)

)
ϕj
1(ξ) Jj(ξ) dξ

)
−

− γiϕ
j
0(t) + δiϕ

j
1(t)

2
− fτ

(
ri(t)

)
, i = 1, . . . , N,

5

719



Kseniia S. Kuzmina and Ilia K. Marchevsky

should be orthogonal to projection functions, which are chosen to be equal to basis func-
tions ϕi

0(t) and ϕi
1(t).

Here

Jj(ξ) =
∥∥∥drj(ξ)

dξ

∥∥∥ = L0
j

√
1 +

(
αj(2ξ − 1) + βj

(
3ξ2 − 3ξ +

1

2

))2

is the Jacobian, which is calculated according to the approximation (4), (5).
Discrete analogue of the equation (3) has the following form:

N∑
j=1

(
γj

∫ 1

0

ϕj
0(ξ) Jj(ξ)dξ

︸ ︷︷ ︸
Lj

+δj

∫ 1

0

ϕj
1(ξ) Jj(ξ)dξ

︸ ︷︷ ︸
L∗
j

)
= Γ.

As the result, we obtain linear system of algebraic equations, which is overdetermined.
In order to regularize it, an additional variable R is introduced nearly in the same way as
in [7]. The resulting system, being split into blocks, has the form



A00 +D00 A01 +D01 IN
A10 +D10 A11 +D11 ON

L L∗ 0




︸ ︷︷ ︸
M



γ
δ
R


 =



b0

b1

Γ


 .

Here blocks Apq are N × N square matrices; Dpq are diagonal matrices, p, q = 0, 1;
L and L∗ are rows consist of panel lengthes Li and coefficients L∗

i , respectively; IN is
column consists of ones; ON is column consists of zeros; γ and δ are columns of unknown
coefficients; b0 and b1 are the columns which form the right-hand side of the system.

The coefficients of the matrices Apq and Dpq should be computed by using the following
formulae:

Apq
ij =

1

2π

∫ 1

0

(∫ 1

0

Qτ (ri(t), rj(ξ))ϕ
j
q(ξ)Jj(ξ)dξ

)
ϕi
p(t)Ji(t)dt,

Dpq = diag

{
− 1

2π

∫ 1

0

Ji(t)
(
ϕi
1(t)

)p+q
dt

}
, p, q = 0, 1, i, j = 1, . . . , N.

The easiest way for non-diagonal coefficients computation for matrices Apq, which pro-
vides the necessary accuracy, is numerical integration using Gaussian quadrature formulae
with 4 integration points.

Note, that the computational complexity of the procedure of the integrals numerical
calculation can be reduced significantly. In order to take into account the mutual influence
of the panels which are sufficiently far one from the other, number of Gaussian points can
be reduced. However, the investigation of this case in detail requires special research.
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At the same time the accuracy of the suggested method can be not enough for the
airfoils with sharp edges, when the neighboring panels (in proximity to sharp edge) are
very close one to the other. In such cases much higher accuracy of numerical integration
is required; this problem is not considered in the framework of this paper either.

For diagonal elements of the matrices Apq the error of numerical integration is also un-
acceptably high, but for them the following approximate analytical formulae are derived:

A00
ii ≈

(
αi

2π
− α3

i

12π

)
Li, A01

ii ≈
(

βi

24π
− α2

iβi

144π

)
Li,

A10
ii ≈

(
βi

12π
− 23α2

iβi

720π

)
Li, A11

ii ≈ − α3
i

144π
Li.

The coefficients of the matrices Dpq also can be computed approximately by using the
following formulae:

D00
ii ≈ −

(
1

2
− β2

i

80

)
Li, D01

ii = D10
ii ≈ −αiβi

60
Li, D11

ii ≈ −
(

1

24
+

α2
i

180

)
Li.

Lengthes of the panels Li and coefficients L∗
i can be computed analytically with high

precision as

Li ≈ L0
i

(
1 +

α2
i

6
+

β2
i

40

)
, L∗

i ≈ L0
iαiβi

(
1

30
− α2

i

70

)
.

Right-hand side vector coefficients are computed by using formulae

bpi =
1

Li

∫ 1

0

fτ
(
ri(t)

)
ϕi
p(t)Ji(t) dt, p = 0, 1, i = 1, . . . , N.

3.4 Accuracy estimation

For some simple particular cases, for example, for the problem of flow simulation around
elliptical airfoil [13], it is possible to derive exact analytical solution γ∗(s) for vortex sheet
intensity by using conformal mappings theory (here s is a parameter which parameterizes
the exact shape of the surface line of the airfoil).

If the linear algebraic system is solved and values of the variables γi and δi,
i = 1, . . . , N , are found, approximate vortex sheet intensity distribution is known. In-
troducing for it the same parametrization as for exact solution and comparing them in
L1 norm,

‖∆γ‖L1 =

∮

K

|γ(s)− γ∗(s)| dls,

one can found that the error is proportional to panel length in square, i.e., the developed
numerical scheme provides the second order of accuracy.
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However, in vortex methods sometimes it is much more important to provide high
accuracy for average values of vortex sheet intensity over the panels:

γ̃i =
Γi

Li

=
1

Li

∫ 1

0

(
γiϕ

i
0(t) + δiϕ

i
1(t)

)
Ji(t)dt, i = 1, . . . , N.

So the error for such values is calculated as the following:

‖∆γ‖Ch = max
i=1,...,N

|γ̃i − γ̃∗
i | ,

where

γ̃∗
i =

1

Li

∫ 1

0

γ∗(s)dls, i = 1, . . . , N.

is the exact average values of vortex sheet intensity over the panels.

4 Numerical experiment

In the fig. 3 the dependencies of errors ‖∆γ‖Ch on number of panels are shown for
flow simulation around elliptical airfoils with different ratios of semiaxes with equal panel
lengthes. It is seen that the developed numerical scheme provides 4-th order of accuracy.

The error for total quantities of vorticity over the panels, consequently, has the 5-th
order of accuracy.

1

2

3

O(N-4)
25 50 100 200 400

N

10-2
10-4
10-6
10-8
10-10

||Δγ||Ch

Figure 3: Dependencies of errors of average values of vortex sheet intensity computation over the panels
on number of panels for elliptical airfoils with different ratios of semiaxes: 1 — 1 : 5; 2 — 1 : 2;
3 — 1 : 1; dashed line corresponds to the 4-th order of accuracy (in logarithmical scale)

5 Conclusions

New numerical scheme is developed for solving of boundary integral equation, which
arises in flow simulation around airfoils using vortex methods. This scheme makes it
possible to take into account the curvilinearity of the airfoil surface explicitly by using

8
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Hermite spline interpolation. For numerical solution of integral equation the approach
based on the ideas of discontinuous Galerkin method is used. The numerical solution is
represented by piecewise-linear function. Such approach provides 2-nd order of accuracy
in norm L1 and 4-th order — for average values for vortex sheet intensities over the panels.
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Summary. The modification of vortex method is developed which is based on closed vortex 
loops usage for calculation of unsteady aerodynamic loads acting on bluff bodies. It is shown 
that such approach has number of advantages for vortex wakes evolution simulation after bluff 
bodies. Each vortex loop can be considered as the separate vortex “superelement”, which 
doesn’t generate any additional vorticity. The loops generation algorithm permits to simulate 
the separation zone due to the self-organization of the loops. The obtained results are in 
satisfactory agreement with known experimental data. 

 
 
1 INTRODUCTION 

For calculation of unsteady aerodynamic loads acting on aircraft moving at low subsonic speed 
vortex methods are highly efficient, as they require significantly less computational resources in 
comparison with grid-based methods. There are number of models of vortex elements known for 
flow simulation around spatial bodies: closed vortex framework, vortex filament, vorton, vortex 
dipole, vortex fragmenton, etc. Each of them has some advantages and restrictions. 

In ‘classical’ vortex element methods, for example, in the discrete vortex method [1], 
vorticity is concentrated in vortex framework segments and it is absent outside the filaments 
segments in the flow. However, this method requires number of empirical models to determine 
the location of the vortex sheet separation lines. In case of vortex methods with separated vortex 
particles flow separation regions are being formed ‘naturally’ due to vorticity flux approach – 
vortex elements generation on the whole streamlined surface and further self-organization of 
the vortons in the flow [2, 3]. The main part of the vorticity is concentrated close to vortex 
elements (vortons) at points or at line segments. However, in the flow domain, according to the 
Helmholtz theorems, there will be distributed non-zero ‘additional’ vorticity. Its intensity 
vanishes on infinity [4]. This additional vorticity may cause significant errors when computing 
aerodynamic loads acting the body. Recently, there have been proposed an approach according 
to which the vorticity flux is being simulated by vortex filament loops generation on the body 
surface for 3D smoke dynamics simulation [5]. 

The aim of this paper is validation of vortex element method modification based on closed 
vortex loops usage for calculation of unsteady aerodynamic loads acting on bluff bodies. 
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2 PROBLEM STATEMENT AND NUMERICAL METHOD DESCRIPTION 
The incompressible 3D flow around fixed rigid body is considered. The flow of the media, 

which has small viscosity and constant density   is described by the continuity equation and 
momentum equation with no-slip boundary condition on the body surface and perturbation 
decay boundary condition on infinity. Initial conditions correspond to the circulation-free flow. 
It is necessary to find the unknown pressure distribution on the body surface. 

The assumption about incompressibility of the flow allows to find the velocity field ),( trV 
 

by using the Biot – Savart law from vorticity distribution V


  with automatic satisfaction 
of boundary conditions on infinity. The pressure field also can be found from vorticity 
distribution by using analog of the Cauchy – Lagrange integral [6]. The assumption about 
viscosity smallness allows to take its influence into account only for simulation of two 
processes: the vorticity flux near body surface and vortex filaments reconnection in the flow. 

For the lagrangian description of vorticity evolution the momentum equation has the 
following form: 

V
Dt

rD 
 ,       V

Dt
D 

)( 
 , 

(1) 

where r  is vorticity markers positions. No-slip boundary condition is satisfied by implementing 
of vorticity flux approach [7, 8]. Boundary vortex sheet intensity can be found from no-through 
condition on body surface Kr

  with unit normal vector Kn  

0 KK nV 
. (2) 

Then vortex sheet is being transformed into vorticity K


, which is added to the vortex wake 
in the flow. 

The developed vortex element method modification is based on the closed vortex loops 
usage for numeric solution of system (1) with condition (2) on time interval Tt 0 . Vortex 
wake consists of the K  closed vortex filaments – vortex loops of the same circulation  . Loop 
with number ],1[ Kk  is simulated by the polygonal vortex line with number of vertices kN . 
Vertices of a polyline with number ],1[ kNi  are considered as the Lagrangian markers kir . 
The markers motion is described by ODE: 

ik
ik V

dt
rd 

 ,     o
ikik rr 

)0( ,     kNi ,...,1 ,     Kk ,...,1 . 
(3) 

We assume the loop legs between two vertices to be rectilinear segments ikikik rrr 
 1  

and they induce the velocity  rvki


 in the flow as vortex fragmentons, regularized by 
introducing of small smoothing radius   [5].  

For boundary condition (2) satisfaction linear system 

  }{}{ nV , (4) 

should be solved for unknown circulations j  ( ],1[ pNj ) of vortex fragmenton frameworks, 
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placed on pN  body surface panels. For solving of (4) the regularization variable and additional 
condition is used: algebraic sum of vortex frameworks circulations should be equal to zero. 

Finally, the velocity of the i-th marker of the k-th loop has the form 

    
  

 
p jk N

j

N

s
iksjj

K

l

N

m
iklmik rvrvVV

1 11 1


, 

(5) 

where V


 - constant incident flow velocity; jN  - number of vortex fragmentons in j-th vortex 
framework. 

Numerical integration of system (3) is carried out by using numerical method of the first 
order of accuracy (explicit Euler method) with constant step t . Initial conditions for markers 
positions in (3) are parameters of the loops at the time of their generation on surface of the 
streamlined body. At every time step several procedures for smoothing of loops geometry, loop 
segments length alignment and loops reconnection are used [9]. Vortex loops generation 
algorithm is described below. 

Pressure field at every time step is being calculated from the positions of loops by using the 
analog of the Cauchy – Lagrange integral. Aerodynamic loads are determined by integration of 
the pressure distribution over the surface of the body. In this research stationary loads are 
computed by averaging over the period of simulation. To implement the numerical method, the 
C++ program was developed, which uses MPI technology for parallel computations. 

 

3 VORTEX LOOPS GENERATION ALGORITHM 
Vortex loops generation algorithm consists of three main operations: 
1. Vortex sheet generation. By solving of (4) circulations of vortex frameworks on the body 

panels can be found. 
2. Vortex loops construction. Firstly, maximal and minimal intensities )max( jM   and 

)min( jm   should be found. Then each j-th panel should be split into jN  triangles (Fig.1). 
The potential scalar function is being introduced on the body surface, and its values at the 
control points of the panels are equal to the circulations of the corresponding vortex 
frameworks: jjG  . Its values at the corners of the framework are defined by circulations 
averaging for the frameworks which are adjacent to this point. For example, for the 
quadrangular panel shown in fig. 1: 

4/)( 43212    (6) 

The potential distribution over the triangle with known values at vertices is determined by 
linear interpolation. Potential level lines determine the initial shape of the vortex loops. For 
each value of the potential there can one or more closed level lines, each of them corresponds 
to one vortex loop. The number of level lines is determined as the integer part of expression 

1]/)[(  mMNq  (7) 
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Figure 1: Example of splitting of a vortex framework into triangles 

3. Vortex loops dropping. The constructed vortex loops should be shifted from the surface 
in the direction of a normal on small constant distance  . These new loops are being added to 
vortex wake loops database. On the current step, after generation of a loop, its contribution to 
the velocity field (5) is not considered, and for velocity field influence of the corresponding 
framework on body surface is taken into account. 

When vortex elements move in the flow, marker positions of some of them can appear inside 
the body due to numerical errors. In such cases, the loop’s leg, which intersects the body 
surface, is replaced with the other loop legs, which lay on the body surface and provide the 
shortest way by means of Dijkstra's algorithm [10]. 

 

4 MODEL PROBLEMS DESCRIPTION 
For validation of the developed algorithm, several model problems are considered. The first 

problem is flow simulation around a sphere of unit radius. On the surface of the corresponding 
geometric model a mesh consists of 1917pN  triangular frameworks ( 3jN ) was built. The 

smoothing radius of the vortex element was chosen equal to 004.0 , time integration step 
01.0t , the length of the segment with which the loop was constructed 01.0 ; the constant 

circulation of the vortex loop 03.0 . The parameters of the algorithm [9] for simulation of 
the evolution of vortex loops are the following: nominal length of loop segment 01.0h , loop 
smoothing angle threshold 160 , loops reconnection distance 015.0 , length decreasing 
coefficient 3.1 , number of segments in reconnection zone 7 . The number of loops in 
the wake at the end of simulation was equal to 104K . The total number of segments in the 
wake was around 77 700. The shape of a vortex loops in the wake at the end of the simulation 
is shown in Fig.2. 
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Figure 2: Vortex wake consists of closed vortex loops past the sphere 

On Fig.3 the comparison of calculated results with the experiment [11] is shown: solid line 
– the dependence of the pressure coefficient pC  on the angular coordinate   (in radians). Zero 
value of the x-axis of this diagram corresponds to the flow stagnation point. Dotted line denotes 
the experimental results for the Reynolds number 610Re   and dashed line denotes the 
experimental results for 410Re  . The calculation time of 500 steps on 6 computers with Quad 
core Intel I7 3.0 GHz was about 4 hours, which yields a speedup of 3.5 times compared to the 
program used in [5]. 

 
Figure 3: Dependence of the pressure coefficient for the sphere in comparison with experiment [11] 

The second model problem is flow simulation around a circular cylinder with dimensions 
2.0D , 55.2L . On the surface of the corresponding geometric model a mesh consists of 
4570pN  triangular frameworks ( 3jN ) was built. The model parameters are the following:
001.0 , 0044.0t , 01.0 ; 005.0 , 01.0h , 160 , 015.0 , 4.1 , 7 . 

The number of loops in the wake at the end of simulation was equal to 35K . The total 
number of segments in the wake was around 70 000. The shape of a vortex loops in the wake 
at the end of the simulation is shown in Fig.4. 
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Figure 4: Vortex wake consists of closed vortex loops past the cylinder 

On Fig.5 the comparison of calculated results with the experiment [12] is shown: solid green 
line is the dependence of the pressure coefficient pC  on the angular coordinate   (in radians). 
Zero value of the x-axis of this diagram corresponds to the flow stagnation point. Blue line 
denotes the experimental results for the Reynolds number 410Re  , violet line denotes the 
experimental results for 510Re   and red line denotes the experimental results for 610Re  . 

 
Figure 5: Dependence of the pressure coefficient for the sphere in comparison with experiment [12] 
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5 CONCLUSIONS 
The validation of the developed modification of vortex element method with closed vortex 

loops showed that it has number of advantages for simulation of the evolution of vortex wakes 
behind bluff bodies:  

- Each vortex loop can be considered as the separate vortex “superelement”, which does 
not generate any additional vorticity.  

- The loops generation algorithm allows to simulate the separation zone due to the self-
organization of loops.  

The obtained results are in satisfactory agreement with known experimental data. Further 
research will be devoted to the analysis of the influence of model parameters on the accuracy 
of the results and improvement of software code. 
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ABSTRACT 

With regard to demonstration of fluid flow, there are two descriptions which are Eulerian description 
and Lagrangian description. In the field of CFD (Computational Fluid Dynamics), a number of studies 
relevant to grid method based on Eulerian description have been conducted generally. However, when 
the grid method is employed to simulate flow field, it is inevitable to give consideration to convection 
term which generates severe numerical diffusion and fluctuation. To obtain the accuracy of solution, a 
different type of method based on Lagrangian description is come to the fore. Numerical approaches 
following Lagrangian description have been called meshfree or particle method. Even though particle 
method does not accompany convection term and fully satisfies conservation of mass, its studies have 
not been carried out extensively because it is difficult to implement the boundary conditions correctly 
due to insufficient number of particles in the vicinity of boundary. It affects directly the stability of 
flow field and accuracy in computation. 

In MPS (Moving Particle Semi-implicit) method [1], fixed-type of dummy particles are placed inside 
wall boundary. By placing extra particles as the wall, it seems to be not easy to satisfy the boundary 
condition for sharp-edged or extremely thin body configuration. 

In this study, the enhanced polygon wall boundary model, which was suggested originally by Mitsume 
et al. [2], is employed to the PNU-MPS (Pusan-National-University-modified MPS) method [3] to 
improve and stabilize the analysis of fluid flow with arbitrary-shaped body including sharp-edged body 
configuration without any additional particles. The developed simulation method, called as PNU-MPS-
POLY, is adopted to the Couette flow and the lid-driven cavity flow with various corner angles. The 
present simulation results are validated through comparison with the analytic solutions, the 
experiments [4], and other simulation results [5,6]. 
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Abstract. Problems of fluid-structure interaction with free surface flow and multi-body 
interactions are highly nonlinear and complex phenomena, which is challenging for 
computational modeling and simulation. In the presence of contact or collision between 
solids, numerical modeling to detect collision and prevent penetration between bodies is 
required. The objective of this work is to study a numerical model for solid-solid contact 
and/or collision, based on contact mechanics theories, to reproduce the macroscopic 
properties of the multi-body interactions in Moving Particle Simulation (MPS) method. MPS 
is a fully Lagrangian meshfree particle-based approach that is suitable for the modeling 
complex geometries with large displacements and deformation, including free surface flow 
with fragmentation and merging and interaction of fluid with multi-bodies. Analytical results 
are used to perform the calibration of the numerical friction coefficient. The model is applied 
to a case of free solid transport in free surface flow, modeled as a 3D experimental dam 
breaking event, in which free solids interact each other and fixed walls. The numerical results 
from MPS are compared with numerical and experimental results. 

1 INTRODUCTION 
Fluid-structure interaction with free surface flow and multi-body interactions, are highly 

nonlinear and complex hydrodynamic phenomena, which is challenging problems for 
computational modeling and simulation. Among the effective numerical methods used to 
simulate these phenomena an important approach is the particle-based method, in which the 
physical domain is represented by a set of points (particles). However, despite the easier 
implementation and flexibility of these methods, one of the relevant topics is concerning the 
numerical treatment of contacts between bodies when contact or collision between solids 
occurs. To date, different techniques have been proposed for particle methods to deal with the 
contact between solids, such as impulse-based repulsion models [1,2] and linear [3,4,5] or 
nonlinear [6] springs and dashpots. Based on contact mechanics theories, the objective of this 
work is to study a nonlinear spring and dashpot model of solid-solid contact and/or collision 
for Moving Particle Simulation (MPS) method [7]. MPS is a fully Lagrangian meshfree 
particle-based approach suitable for the modeling of complex geometries with large 
displacements and deformation, including free surface flow with fragmentation and 
coalescence and interaction of fluid with multi-bodies. The relationship between the 
numerical and analytical friction coefficient is investigated by a case of block’s sliding along 
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a slope, subjected to gravity acceleration. For the validation, a 3D experimental dam breaking 
event, in which free cubic solids interact each other and fixed walls [6], is simulated. 
Numerical results of solid position obtained by the proposed model are compared with 
available numerical and experimental results. 

2 NUMERICAL METHOD 
In MPS method, the differential operators of the governing equations of continuum are 

replaced by operators based on a weight function. For a given particle 𝑖𝑖, the influence of a 
neighbor particle 𝑗𝑗 is defined by weight function 𝜔𝜔𝑖𝑖𝑖𝑖 

𝜔𝜔𝑖𝑖𝑖𝑖 = {
𝑟𝑟𝑒𝑒

‖𝑟𝑟𝑖𝑖𝑖𝑖‖
− 1 ‖𝑟𝑟𝑖𝑖𝑖𝑖‖ ≤ 𝑟𝑟𝑒𝑒

0 ‖𝑟𝑟𝑖𝑖𝑖𝑖‖ > 𝑟𝑟𝑒𝑒
, (1) 

where 𝑟𝑟𝑒𝑒 is the effective radius that limits the range of influence and ‖𝑟𝑟𝑖𝑖𝑖𝑖‖ is the distance 
between 𝑖𝑖 and 𝑗𝑗. In the present work, is used the effective radius 𝑟𝑟𝑒𝑒 = 2.1𝑙𝑙0 , where 𝑙𝑙0 is the 
initial distance between two adjacent particles. 

The summation of the weight of all the particles in the neighborhood of the particle 𝑖𝑖 is 
defined as its particle number density 𝑛𝑛𝑖𝑖, which is proportional to the fluid density 

𝑛𝑛𝑖𝑖 = ∑𝜔𝜔𝑖𝑖𝑖𝑖
𝑖𝑖≠𝑖𝑖

. (2) 

For a scalar function 𝜙𝜙, the gradient and Laplacian operators are defined in Eq. 3 and Eq. 
4, respectively 

∇𝜙𝜙 = 𝑑𝑑
𝑛𝑛0∑

𝜙𝜙𝑖𝑖 − 𝜙𝜙𝑖𝑖

‖𝑟𝑟𝑖𝑖𝑖𝑖‖
2 𝑟𝑟𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖𝑖𝑖 ,

𝑖𝑖≠𝑖𝑖
 (3) 

∇2𝜙𝜙 = 2𝑑𝑑
𝜆𝜆𝑖𝑖𝑛𝑛0

∑(𝜙𝜙𝑖𝑖 − 𝜙𝜙𝑖𝑖)𝜔𝜔𝑖𝑖𝑖𝑖
𝑖𝑖≠𝑖𝑖

, (4) 

where 𝑑𝑑 is the number of spatial dimensions and 𝑛𝑛0 is the initial value of 𝑛𝑛𝑖𝑖. Finally, 𝜆𝜆𝑖𝑖 is 
a correction parameter so that the variance increase is equal to that of the analytical solution, 
and is calculated by 

𝜆𝜆𝑖𝑖 =
∑ 𝜔𝜔𝑖𝑖𝑖𝑖‖𝑟𝑟𝑖𝑖𝑖𝑖‖

2
𝑖𝑖≠𝑖𝑖
∑ 𝜔𝜔𝑖𝑖𝑖𝑖𝑖𝑖≠𝑖𝑖

. (5) 

2.1 Fluid dynamics 
The governing equations of incompressible viscous flow are expressed by the conservation 

laws of mass and momentum: 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝐷𝐷∇ ∙ �⃗⃗�𝑢 = 0, (6) 
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𝐷𝐷�⃗⃗�𝑢
𝐷𝐷𝐷𝐷 = −∇𝑃𝑃

𝜌𝜌 + 𝜈𝜈∇2�⃗⃗�𝑢 + 𝑓𝑓, (7) 

where 𝜌𝜌 is the fluid density, �⃗⃗�𝑢 is the velocity vector, 𝑃𝑃 is the pressure, 𝜈𝜈 is the kinematic 
viscosity and 𝑓𝑓 is the external force vector. 

To solve the incompressible viscous flow, a semi-implicit algorithm is used in the MPS 
method. At first, predictions of the particle’s velocity and position are carried out explicitly by 
using viscosity and external forces terms of the momentum conservation. Then the pressure of 
all particles is calculated by the Poisson equation for the pressure as follows 

∇2𝑃𝑃𝑖𝑖𝑡𝑡+∆𝑡𝑡 −
𝜌𝜌
∆t2 𝛼𝛼𝑃𝑃𝑖𝑖

𝑡𝑡+∆𝑡𝑡 = −𝛾𝛾 𝜌𝜌
∆t2

𝑛𝑛𝑖𝑖∗ − 𝑛𝑛0
𝑛𝑛0 , (8) 

where Δ𝐷𝐷 is the time step, 𝑛𝑛𝑖𝑖∗ is the particle number density calculated based on the 
displacement of particles obtained in the prediction step, 𝛼𝛼 is the coefficient of artificial 
compressibility and 𝛾𝛾 is the relaxation coefficient. Both 𝛼𝛼 and 𝛾𝛾 are used to improve the 
stability of a computation method. Also, to provide the stabilization of MPS, the pressure 
gradient is modified as [7] 

∇𝑃𝑃 = 𝑑𝑑
𝑛𝑛0∑

𝑃𝑃𝑗𝑗 − �̂�𝑃𝑖𝑖
‖𝑟𝑟𝑖𝑖𝑗𝑗‖

2 𝑟𝑟𝑖𝑖𝑗𝑗𝜔𝜔𝑖𝑖𝑗𝑗
𝑗𝑗≠𝑖𝑖

, (9) 

where �̂�𝑃𝑖𝑖 is the minimum pressure between the neighborhood of the particle 𝑖𝑖. 
Finally, the velocity of the particles is updated by using the pressure gradient term of the 

momentum conservation and the new positions of the particles are obtained. Validations of 
the present numerical method (MPS) can be found in previous works. To mention few, we 
have: The pressure variations inside a tank structure caused by sloshing [8]. Computed 
pressures on the block and free surface elevation of three-dimensional dam break problem [9]. 
Displacement of the elastic plate interacting with dam breaking and sloshing [10]. 

2.2 Boundary conditions 
In order to identify the free-surface boundary, the present work used the particle number 

density condition [7] and the neighborhood particles weighted geometric center deviation 
condition [11]. A particle is defined as free-surface particle and its pressure is set to zero 
when its particle number density particle number density 𝑛𝑛𝑖𝑖 is smaller than 𝛽𝛽1𝑛𝑛0, and the 
magnitude of the weighted average deviation 𝜎𝜎𝑖𝑖 is greater than 𝛿𝛿1𝑙𝑙0. 

Solid wall boundary condition is imposed by using three layers of fixed particles. The 
particles that form the layer in contact to the fluid are denominated wall particles, of which 
the pressure is computed by solving Poisson equation for the pressure (Eq. 8), together with 
the fluid particles. The particles that form two other layers are denominated dummy particles. 
Dummy particles are used to assure the correct calculation of the particle number density of 
the wall particles. Pressure is not calculated in the dummy particles. 
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2.3 Rigid body dynamics 
For the rigid body dynamics, the governing equations of motion are those of translational 

motion and rotational motion expressed as 

𝑚𝑚�⃗�𝑎 = ∑𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒 , (10) 

𝐼𝐼 ∙ �̇⃗⃗⃗�𝜔 + �⃗⃗⃗�𝜔×(𝐼𝐼 ∙ �⃗⃗⃗�𝜔) = ∑�⃗⃗⃗�𝑀𝑒𝑒𝑒𝑒𝑒𝑒 , (11) 

where 𝑚𝑚 is the total mass of the rigid body, �⃗�𝑎 is the acceleration vector at the center of the 
rigid body, 𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒 is external forces, 𝐼𝐼 is the inertia matrix, �⃗⃗⃗�𝜔 is the angular velocity about the 
principal axes of the rigid body and �⃗⃗⃗�𝑀𝑒𝑒𝑒𝑒𝑒𝑒 is the external moment. The rigid body is discretized 
by a finite number of particles whose relative positions remain unchanged during the 
simulation. The external forces are calculated considering the effect of gravity 𝑓𝑓𝑔𝑔, 
hydrodynamic forces on the rigid surface 𝑓𝑓ℎ and contact forces between the rigid bodies 𝑓𝑓𝑐𝑐. 
The contribution of hydrodynamic added to gravity force and moment �⃗⃗⃗�𝑀 acting on the rigid 
body are calculated as 

𝑓𝑓ℎ + 𝑓𝑓𝑔𝑔 = −∬ 𝑃𝑃𝑃𝑃𝑠𝑠
𝑆𝑆

+ 𝑚𝑚�⃗�𝑔, (12) 

�⃗⃗⃗�𝑀 = −∬ 𝑟𝑟×𝑃𝑃𝑃𝑃𝑠𝑠
𝑆𝑆

, (13) 

where the vector 𝑟𝑟 denotes the position vector from the center of the rigid body and 𝑃𝑃𝑠𝑠 is 
the area multiplied by the normal vector on the rigid body surface. Focusing the impulsive 
hydrodynamic loads on the rigid solid, shear forces were neglected in Eq. 12 and only the 
normal force due pressure was considered. 

The contact/collision force between the rigid bodies 𝑓𝑓𝑐𝑐 is decomposed into normal 𝑓𝑓𝑛𝑛 and 
tangential 𝑓𝑓𝑠𝑠 components. Both forces are modeled by using a penalty-based spring dashpot 
model inspired by the Discrete Element Modelling (DEM) formulation [12]. They are 
decomposed into a repulsion force 𝑓𝑓𝑟𝑟, proportional to the penetration between particles, and a 
damping force 𝑓𝑓𝑑𝑑, representing the energy dissipation during the deformation. 

The normal forces between a pair of particles 𝑖𝑖𝑖𝑖 are described following a non-linear 
Hertz’s elastic contact theory [13]: 

𝑓𝑓𝑛𝑛,𝑖𝑖𝑖𝑖 = 𝑓𝑓𝑛𝑛,𝑖𝑖𝑖𝑖
𝑟𝑟 + 𝑓𝑓𝑛𝑛,𝑖𝑖𝑖𝑖

𝑑𝑑 = 𝑘𝑘𝑛𝑛,𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖
3/2�⃗⃗�𝑛𝑐𝑐 − 𝑐𝑐𝑛𝑛,𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖

1/4�̇�𝛿𝑖𝑖𝑖𝑖�⃗⃗�𝑛𝑐𝑐 , (14) 

where 𝑘𝑘𝑛𝑛,𝑖𝑖𝑖𝑖 is the stiffness constant of pair 𝑖𝑖𝑖𝑖, 𝛿𝛿𝑖𝑖𝑖𝑖 = 𝑙𝑙0 − ‖𝑟𝑟𝑖𝑖𝑖𝑖‖ is the particle overlap 
(penetration), �̇�𝛿𝑖𝑖𝑖𝑖 = (�⃗⃗�𝑢𝑖𝑖 − �⃗⃗�𝑢𝑖𝑖) ∙ �⃗⃗�𝑛𝑐𝑐 is the rate of penetration, 𝑐𝑐𝑛𝑛,𝑖𝑖𝑖𝑖 is the damping constant and 
�⃗⃗�𝑛𝑐𝑐 is the contact/collision normal vector.  

The stiffness constant and damping constant are given by 
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𝑘𝑘𝑛𝑛,𝑖𝑖𝑖𝑖 = 4
3𝐸𝐸𝑖𝑖𝑖𝑖√𝑙𝑙0,𝑖𝑖𝑖𝑖 , 𝑐𝑐𝑛𝑛,𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑛𝑛√6𝑚𝑚𝑖𝑖𝑖𝑖𝐸𝐸𝑖𝑖𝑖𝑖√𝑙𝑙0,𝑖𝑖𝑖𝑖 , (15) 

where 𝐶𝐶𝑛𝑛 is the ratio of the collision (which must be specified) and 𝐸𝐸𝑖𝑖𝑖𝑖, 𝑚𝑚𝑖𝑖𝑖𝑖 and 𝑙𝑙0,𝑖𝑖𝑖𝑖 are 
obtained as 

𝐸𝐸𝑖𝑖𝑖𝑖 =
𝐸𝐸𝑖𝑖𝐸𝐸𝑖𝑖

(1 − 𝜈𝜈𝑖𝑖)𝐸𝐸𝑖𝑖 + (1 − 𝜈𝜈𝑖𝑖)𝐸𝐸𝑖𝑖
, 𝑚𝑚𝑖𝑖𝑖𝑖 =

𝑚𝑚𝑖𝑖𝑚𝑚𝑖𝑖
𝑚𝑚𝑖𝑖 + 𝑚𝑚𝑖𝑖

, 𝑙𝑙0,𝑖𝑖𝑖𝑖 =
𝑙𝑙0,𝑖𝑖𝑙𝑙0,𝑖𝑖
𝑙𝑙0,𝑖𝑖 + 𝑙𝑙0,𝑖𝑖

, (16) 

with 𝐸𝐸𝑖𝑖, 𝐸𝐸𝑖𝑖; and 𝜈𝜈𝑖𝑖, 𝜈𝜈𝑖𝑖 as the Young’s modulus and the Poisson’s ratio of particles 𝑖𝑖 and 𝑗𝑗, 
respectively. In the present work, only one resolution 𝑙𝑙0 is used for all domain, thus leading to 
𝑙𝑙0,𝑖𝑖𝑖𝑖 = 𝑙𝑙0/2. In case 𝑗𝑗 is a particle belonging to a fixed rigid wall, 𝑚𝑚𝑖𝑖  →  ∞, implying that 
𝑚𝑚𝑖𝑖𝑖𝑖 = 𝑚𝑚𝑖𝑖. 

Tangential forces are given by a linear dash-pot following by the Coulomb friction law or 
repulsive and damped forces by assuming a linear model. The Coulomb law is modified with 
a sigmoidal function in order to make it continuous at the origin regarding the tangential 
velocity [14]: 

𝑓𝑓𝑡𝑡,𝑖𝑖𝑖𝑖 = min(𝜇𝜇𝑖𝑖‖𝑓𝑓𝑛𝑛‖ tanh(8�̇�𝛿𝑖𝑖𝑖𝑖𝑡𝑡 ) 𝑡𝑡𝑐𝑐, 𝑘𝑘𝑡𝑡,𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖𝑡𝑡 𝑡𝑡𝑐𝑐 − 𝑐𝑐𝑡𝑡,𝑖𝑖𝑖𝑖�̇�𝛿𝑖𝑖𝑖𝑖𝑡𝑡 𝑡𝑡𝑐𝑐 , ). (17) 

Here, 𝜇𝜇𝑖𝑖 is the kinetic friction coefficient for the pair of particles 𝑖𝑖 and 𝑗𝑗, 𝛿𝛿𝑖𝑖𝑖𝑖𝑡𝑡  is the 
tangential deformation, �̇�𝛿𝑖𝑖𝑖𝑖𝑡𝑡  is the rate of tangential deformation, 𝑡𝑡𝑐𝑐 is the tangential 
contact/collision vector and 𝑘𝑘𝑡𝑡,𝑖𝑖𝑖𝑖 stiffness and 𝑐𝑐𝑡𝑡,𝑖𝑖𝑖𝑖 damping constants [15].  

After calculation all contacts between particles, the contact forces for each rigid body is 
given by 

𝑓𝑓𝑛𝑛 = 1
𝑁𝑁𝑐𝑐∑𝑓𝑓𝑛𝑛,𝑖𝑖𝑖𝑖

𝑟𝑟 + 𝑓𝑓𝑛𝑛,𝑖𝑖𝑖𝑖
𝑑𝑑

𝑁𝑁𝑐𝑐

𝑖𝑖=1
, 𝑓𝑓𝑡𝑡 = 1

𝑁𝑁𝑐𝑐∑𝑓𝑓𝑡𝑡,𝑖𝑖𝑖𝑖

𝑁𝑁𝑐𝑐

𝑖𝑖=1
 (18) 

where 𝑁𝑁𝑐𝑐 is the number of particles that are in contact with particle 𝑖𝑖. 

2.4 Contact/collision normal vector 

The contact/collision normal vector �⃗⃗�𝑛𝑐𝑐 is computed from the particle features at the 
moment just before the collision. A feature can be a vertex, an edge or a face of the rigid 
body. In the present work, the geometry of rectangular parallelepiped is enough to model all 
rigid bodies, therefore the number of neighbor particles are used to identify the features of a 
particle 𝑖𝑖. 

During the simulations, the contact/collision normal vector between a pair of particles 𝑖𝑖 
and 𝑗𝑗 is defined by: 

1. Particle 𝑖𝑖 or 𝑗𝑗 is face, the unit vector parallel to the face normal is used as �⃗⃗�𝑛𝑐𝑐. 
2. Neither particles are face, the unit vector distance between particles is used as �⃗⃗�𝑛𝑐𝑐. 

The direction of �⃗⃗�𝑛𝑐𝑐 is chosen such that the relative velocity of the rigid bodies at the 
collision point along the collision normal is negative, indicating that the bodies are moving 
towards each other [16]. 
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3 RESULTS AND DISCUSSIONS 

3.1 Contact friction model 
In order to verify the present friction model, a simple case of a free solid sliding on a 

sloped surface was simulated. The free solid is modeled as a rectangular cuboid with a 
squared base (0.2 x 0.2 x 0.1 m³) and the surface is modeled as an inclined plane of length 
10.2 m and the angle of 30 degrees with horizontal, as shown in Figure 1. The free solid has 
no initial velocity and only gravitational and friction forces act on its motion. The numerical 
parameters and material properties are given in Table 1. 

 
Figure 1: Main dimensions of the sloped surface and the sliding body. 

Table 1: Sliding body. Numerical parameters and material properties. 

Solid lo (m) L/lo ρ (kg/m3) m (kg) ν E (MPa) Cn (kg/s) 
Body 0.025 8 780 3.12 0.3 50 1 
Plane - ∞ ∞ 0.3 50 -/- 

 
Four cases with different numerical friction coefficients (𝜇𝜇𝑛𝑛𝑛𝑛𝑛𝑛 = 0.15, 0.25, 0.35, 0.45) 

were simulated and the equivalent analytical friction coefficient 𝜇𝜇𝑎𝑎𝑛𝑛𝑎𝑎 were obtained by the 
computed accelerations of the free solid. The evolution of the body’s position for both 
analytical and numerical results and the relation between the numerical and analytical friction 
coefficients are illustrated in Figure 2 (a) and Figure 2 (b), respectively. The computed 
positions of the free solid are very close to the analytical ones, although the numerical friction 
coefficients are related to the analytical ones by a factor of 1.22. 
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(a) 

 

(b) 

Figure 2: (a) Position of the free solid. (b) Numerical and analytical friction coefficient relation. 

3.2 3D dam breaking 
To verify the contact-contact model in a case of high complexity, the model is applied to a 

case of free solid transport in free surface flow, modeled as a 3D experimental dam breaking 
event, which free cubic solids interact each other and fixed walls [6].  

 

 

(a) (b) 
Figure 3: (a) Main dimensions of the 3D dam breaking. (b) Triangular formation of cubes. 

The experiment consists of a very long canal with dimensions 8.0 x 0.7 x 0.7 m³, a squared 
floodgate that holds water to the height of 0.4 m, installed at 4.50 m from the upstream wall, 
and 6 cubes of side 0.15 m arranged in a triangular formation. The cubes are placed 1.7 m 
away from the gate, where each cube is separated from its neighbor by 0.05 m. The central 
cube has its center of mass aligned with the central axis of the canal. Figure 3 shows the main 
dimensions of the geometry. 

The floodgate ascends with a constant velocity of 1.9 m/s, to open completely in 0.21 s. 
The simulation is performed with time step Δ𝑡𝑡 = 5𝑥𝑥10−4𝑠𝑠, the coefficient of artificial 
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compressibility 𝛼𝛼 = 10−8, the relaxation coefficient 𝛾𝛾 = 0.05 and free surface threshold 
values 𝛽𝛽1 = 0.97 and 𝛿𝛿1 = 0.2. The other parameters used can be observed in Table 2. 

Table 2: 3D dam breaking. Numerical and materials properties. 

Solid lo (m) L/lo ρ (kg/m3) m (kg) ν E (GPa) Cn (kg/s) µ 
Cube 0.0125 12 800 2.7 0.3 3 0.1 0.15 
Wall - ∞ ∞ 0.3 210 - 0.25 

 
Figure 4 shows a sequence of frames from the experiment, simulations obtained by SPH 

[6], and the simulation carried in the present study. At the instant 0.95 s, the water front 
begins transporting the cubes downstream. The cubes at the base are transported by the water 
front while the remaining cubes fall at the instant 1.15 s. After this, all the cubes are carried 
by the wave front, although the cubes at the base present a delay in the motion computed by 
the present simulation compared to experimental results and simulation obtained by SPH 
method. 

 

t = 0.95 s 

 

t = 1.15 s 

 

t = 1.45 s 

 

Figure 4: Snapshots of the 3D dam breaking simulation. (top) Experiment, (middle) simulations obtained by 
SPH [6], and (bottom) the simulation carried in the present study. 

The position of the center of mass of the cube at the top obtained by the present simulation, 
and experimental and numerical results are given in Figure 5. After the fluid hits the cubes at 
base, the cube at the top starts the motion along the longitudinal axis at the instant 0.85 s. The 
cube falls and is transported by wave front between the instants 1.07 and 1.40 s. Compared to 
experimental results, the cube presents a lower returning at the instant 1.30 s, and a faster fall 
between the instants 1.22 and 1.36 s. However, both computed motions along the x and z 
directions show a good agreement with experimental ones. 
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(a) 

 
(b) 

Figure 5: Cube at the top. Motion along the (a) longitudinal and (b) vertical directions. 

4 FINAL CONSIDERATIONS 
A nonlinear spring and dashpot model for solid-solid contact and/or collision, based on 

contact mechanics theories, was investigated for Moving Particle Simulation (MPS) method 
in the present work. At first, the computed motion of a solid sliding on a sloped surface was 
compared to analytical motion, providing a linear relation between the numerical and 
analytical friction coefficients. After that, the model was applied to a case of solid transport in 
free surface flow, modeled as a dam breaking event with cubic solids interact each other and 
fixed walls. The positions of the solid obtained by the proposed model were compared with 
available numerical and experimental results. The comparisons of the results showed the 
effectiveness of the present approach to reproduce the main behaviors of free surface flow and 
multi-body interactions. 
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Abstract. The work is devoted to the modeling of gas flows in micronozzles. The complexity 
of studying such processes is connected both with the small sizes of technical system that 
makes it difficult to carry out the natural experiments and with the violation of hypothesis of 
continuity of the considered gas medium. An additional factor of complexity is the lack of 
information on the real processes taking place at the gas-metal boundary. An attempt to 
consider the features of gas flow in a micronozzle using a multiscale approach is made. The 
multiscale approach has two computational levels and uses the calculations by macroscopic 
quasigasdynamic model and microscopic model of molecular dynamics. In this approach the 
macromodel is supplemented by parameters and boundary conditions from database made in 
micromodel calculations. The flow of nitrogen in the nickel micronozzle is considered as an 
example. Previously the parameters of interacting the nitrogen molecules and atoms of the 
nickel surface were calculated and saved in database. In this paper they were used to form the 
material coefficients in the quasigasdynamic equations. The performed preliminary modeling 
has shown that at low flow velocities in calculations it is possible to obtain a flow with a 
profile of longitudinal velocity close to the Poiseuille flow profile. It shows the adequacy of 
the developed numerical techniques. 

 
 
1 INTRODUCTION 

Modern computer technology allows modeling very large systems and complex processes 
at the level of detailing that was previously not available. So relevance of studying the 
complex gasdynamical processes in technical micro- and nanosystems developed for the 
introducing nanotechnology in industry has increased. A feature of mathematical problems in 
this area is the simultaneous study of processes at many scales, including micro- and 
macrolevels. One of the modern and actively developing approaches to solving such problems 
is a multiscale approach that combines the methods of continuum mechanics and particle 
methods. This combination allows you to replace an expensive and difficult realized physical 
experiment with computer calculations. 

In the paper, one of the aspects of modeling technical microsystems is considered. It is 
connected with calculating the parameters of gas microflows under technical vacuum 
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conditions. For a correct description of such processes, it is necessary to know the properties 
of real gases and to reproduce them in a numerical experiment. One way to obtain the missing 
information about the properties of a gas medium is molecular dynamics simulation [1, 2]. 

The formulation of the problem of gas flow through a micronozzle of a technical system is 
considered. In the practical part the calculations of the nitrogen flow moving from a chamber 
into a nickel micronozzle of cylindrical geometry and further into the field of a technical 
vacuum will be made. It is assumed that in the environment there is already a small amount of 
the same gas at a significantly lower pressure and at a temperature that coincides with the 
temperature of inhibition. 

The problem was solved with the help of multiscale approach [3-5], that has two levels of 
detailing: macro- and microscopic. At the macrolevel of detailing, a description of the gas 
medium flows occurs. At the microlevel transport coefficients, parameters of the equations of 
state and the boundary conditions parameters are calculated. The macroscopic model of the 
flow is based on the quasigasdynamic (QGD) equations [6], the microscopic model – on the 
use of molecular dynamics (MD) methods [1, 2]. Modeling takes place at different levels in 2 
basic stages: 1) calculations at the microlevel in order to accumulate a database on the flow 
characteristics in the temperature and pressure ranges of interest; 2) flow calculations at the 
macrolevel using the database obtained at the previous stage. 

The main goal of this work is to perform the calculations for described problem, analyze 
the obtained calculated data and compare them with experiment data. 

2 MATHEMATICAL MODELS 

2.1 Microscopic model 
In this work we consider the case of one type of the gas for the flow and one type of metal 

for the micronozzle. Then at the microlevel the gas-metal system is represented as a set of 
particles which behavior is described by Newton's equations: 

, ,
, , ,, , 1,..., , , ,l i l i

l i l i l i l

d d
m i N l a b

dt dt
   

v r
F v  

(1) 

where i  – particle number, ,l a b  – particle type ( a  – molecules of the gas, b  – metal 
atoms), lN  –total particles number of type l , ,l im  – particle mass of type l  with number i , 

 , , , , , , ,, ,l i x l i y l i z l ir r rr  and  , , , , , , ,, ,l i x l i y l i z l iv v vv  – position vector and velocity vector of the i -

th particle of type l ,  , , , , , , ,, ,l i x l i y l i z l iF F FF  – the total force acting on this particle. 
The forces are the sum of the component of i -th particle interaction with the surrounding 

particles and the component responsible for external action: 
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where U  – total potential energy, ,
ext
l iF  – force of interaction with the environment. 

Potential energy of the system depends on particles coordinates and describes the 
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interaction between them. The choice of interaction potential is based on comparison of 
mechanical properties of potential model and real material. For the solution of an objective it 
is necessary to consider interactions gas-gas, metal-metal and gas-metal: 

,aa bb abU U U U    
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i j i
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(6) 

Each type of interaction is described by the corresponding potential 'll . For nitrogen 
molecules it was used Mi's potential in the form of "n-6" [7] adapted in work [8]. For 
interaction of nickel atoms among themselves it was used the form of EAM [9] potential 
which considers not only pair interactions 2,bb , but also the impact of the environment on a 
particular particle 1,bb . To account the gas-metal interactions a standard potential Lennard-
Jones [10] was used. 

The initial conditions at the microlevel include starting distribution of particle coordinates 
and velocities and are defined by an equilibrium thermodynamic state of particles system. 
Calculations of gas environment usually start with normal conditions or at first it is reduced to 
thermodynamic equilibrium at a given temperature and pressure. Metal parts of a microsystem 
must have at the start the lattice structure according to metal at given temperature. They 
should be no excessive stress. For more information about calculating the equilibrium state in 
metal-metal, gas-gas and gas-metal microsystems see [11-14]. 

The boundary conditions at the molecular level are selected depending on the simulated 
situation. In particular, when calculations are aimed on determining the properties of the 
medium, a certain allocated three-dimensional its volume is considered, out if which the 
periodic continuation medium unlimited distances in all three spatial directions is assumed. In 
this case, periodic boundary conditions are used. 

If the calculations are made of real geometry microsystem, the one or more directions have 
a finite size. In this case as boundary conditions can be used or mirror boundary conditions 
(when particles interact with the specular reflection and don't leave thereof abroad), or a free 
exit of particles on one side of the allocated volume and an entrance of a particles flow – on 
another. For metal microsystems it is also characterized total absence of boundary conditions 
which are maintained in a view of the forces of a mutual attraction of atoms in a metal lattice. 

In this work both periodic, and mirror boundary conditions, and also an entrance of a 
particles flow in environment and a free exit of particles from it were used. In addition 
separate parts of microsystems were thermostatted [15, 16]. 

The system of equations (1) is solved using Velocity Verlet Integration [17]: 
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here t  – the integration step, n  – the step number, 1nF  – the force value on the current step. 

2.2 Macroscopic model 
QGD equations in case of one type of the gas in invariant concerning system of 

coordinates with the constraint and the equations of state have the form: 
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Here l a , gas has numerical density (concentration) an  and mass density a a am n  , 
where am  – mass of gas molecules a . Gas is characterized by its temperature lT  and 
macroscopic velocity lu . Other parameters: lp  – partial pressures, lE  – total energy 
densities, l  – specific internal energies, lH  – total enthalpies,  l l lZ Z T  – compressibility 

coefficients,  , ,V l V l lс с T  – specific heat capacities at constant volume, /l B lk m   – gas 

constants ( Bk  – Boltzmann constant). Vectors  
l
W ,  ku

l
W ,  E

lW  up to a sign are identical 
to the density flux of the corresponding components of the momentum density and energy 
density. 

In [13] on the example of nitrogen molecule system the technique of specifying the 
equations of state was considered. In [18] three methods for determining the kinetic 
coefficients were presented, comparing methods were produced and examples of calculating 
the coefficients of nitrogen molecule system were given. 

The system of equations (8)-(10) is closed by initial and boundary conditions. The initial 
conditions correspond to the equilibrium gas environment in the absence of interaction with 
external factors. The boundary conditions can be determined in the form of third-type 
boundary conditions describing an exchange of mass, momentum and energy components 
between the gas flow and the metal walls. In [14, 19] interaction of a gas flow with 
microchannel walls on the example of nitrogen-nickel system was considered. In [20] on an 
example of the same system the accommodation coefficients were obtained. These 
calculations represent a technique of obtaining the boundary conditions by direct MD 
computation. 
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For calculating the macroparameters on QGD equations the grid numerical method having 
a finite-volume method [21-23] in the basis is used. For this in the computational domain D  
the spatial grid D  with cells mC  ( 1,...,m M ) and time grid t  with variable step t  was 
introduced. Grid D  in general is a hybrid, that is, it includes several element types: 
tetrahedrons, pentahedrons, hexahedrons, octahedrons and heptahedrons. All parameters of 
gas components (density, pressure, temperatures, velocity vector components, etc.) have been 
carried to the centers of mass of grid elements, that is to the centers of cells. Stream variables 
have been set in the centers of cells sides. Spatial approximations of the main members have 
been executed by the technique presented in work [24]. The computing scheme on time was 
obvious. 

3 NUMERICAL EXPERIMENTS 
In this section, the results of calculating the nitrogen flow after exit from chamber to the 

nozzle and further into the free space are presented. The problem was chosen in connection 
with the existence of experimental data presented in the paper [25]. The geometry of the 
chosen model statement of the problem practically coincides with that described in [25] (see 
Figure 1). The cylindrical micronozzle has a diameter 0 310D m , length 

0 06 1860L D m  . It connects the chamber of nitrogen and the open space of the vacuum 
area, which was initially filled with the same highly diluted gas. The dimensions of the 
computational domain were chosen as follows. The diameters of the computational parts in 
the chamber and in the vacuum space were equal 1 2 06D D D  . The length of the calculated 
part in the chamber was 1 010L L ; the length of the considered part of the vacuum space was 

2 050L L . At the initial time the gas does not move: 1 2 0u u  . In this case, it is in the 
cylinder under standard normal conditions: 1 295.15Т К , 1 101325p Pa ; in the nozzle and 
the vacuum space it is at the same temperature, but at lower pressures: 2 295.15Т К , 

2 0 1p p , 3 5
0 10 10    – pumping parameter. The nozzle on the left is blocked by a 

partition, which opens instantly at the beginning of the calculation. 

 
Figure 1: Geometry of a model problem for convenience presented in the form of a two-dimensional section 
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3.1 Calculations at microlevel 
Calculations within this level consist of setting the initial state of the gas microsystem and 

carrying out a cycle of calculations according to the Verlet scheme (7). The initial calculation 
data assumes the assignment of the calculation area and its volume, the initial number of 
particles and their distribution on the volume, the velocity distributions on absolute values and 
directions, the parameters of the interaction potentials, the parameters of the final equilibrium 
state (for example, temperature and average momentum), parameters of the numerical 
integration scheme. 

During calculating the properties of gas mixtures, the basic gas macroparameters were 
determined. These macroparameters are compressibility factor, heat capacities at constant 
volume and pressure, shear and bulk viscosities, thermal conductivity, diffusion coefficients. 
The motivation for choosing these macroparameters is determined by the fact that for a given 
temperature, pressure, and velocity vector, the base macroparameters make it possible to 
determine all other macroparameters of the gas. 

Series of MD calculations of gas characteristics were performed in the temperature range 
from 80 to 400 K under pressure 0 101325 p Pa . The obtained data were approximated by a 
set of dependencies and are shown in Figures 2-5 in comparison with the known experimental 
and theoretical data from. For the convenience of analysis the coefficients of shear viscosity 

2N , bulk viscosity 
2,b N , thermal conductivity 

2N , diffusion 
2ND  are normalized to their 

values 
2

0 51.667 10N Pa s    , 
2

0 5
, 1.288 10b N Pa s    , 

2

0 22.419 10 /N W m K    , 

2

0 5 21.850 10 /ND m s   at a temperature 0 273.15T К . 
As can be seen from the figures, the constructed approximations are generally agree well 

with the experiment data. An exception is the dependence of the specific heat in the low-
temperature region (less than 100 K), where the nitrogen gradually passes into the liquid 
phase. For this zone, one must take into account the dependence of the specific heats 

2,V Nc  
and 

2,p Nc  from the density (pressure). There is also some discrepancy in the curves of 
dynamic and bulk viscosities, which is also observed in the literature in connection with the 
difficulty in determining these quantities in theory and in experiments. The obtained data 
were used below in the calculation of the selected model problems. 

 

 
Figure 2: Compressibility factor 

2NZ  of nitrogen as a function of temperature 
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Figure 3: Dependences of the specific heats 
2,V Nc  and 

2,p Nc  of nitrogen on temperature 

 

 

Figure 4: Coefficients of normalized dynamic 
2 2

0/N N   and relative bulk 
2 2

0
, ,/b N b N   viscosities of nitrogen as 

a function of temperature 
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Figure 5: Normalized coefficients of thermal conductivity 
2 2

0/N N   and diffusion 
2 2

0/N ND D  of nitrogen as a 
function of temperature 

3.2 Calculations at macrolevel 
Calculations were carried out under conditions of two- and three-dimensional geometry. 

On Figure 6 two-dimensional distributions of the concentration of nitrogen molecules 
normalized by the value 24 310 m , and the longitudinal velocity component are presented at 
different times. 

Figure 6: Distributions of the normalized concentration of nitrogen molecules (from above) and the longitudinal 
velocity component (from below) at time points 0.0553,0.553t s  
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Normalization parameter on space is equal to 00.5D . In dimensionless variables, the length 
of the region is 732xL  , diameter is 12y zD D  . In the two-dimensional case, the 
calculations were carried out in a rectangle x yL D , in the three-dimensional case, the 
calculations were carried out in a cylinder of square cross section with common dimensions 

x y zL D D  . 
An analysis of the obtained data shows that the passage of gas into the micronozzle is 

implemented symmetrically and corresponds to the physics of the process. 
Three-dimensional calculations confirmed the results obtained in the two-dimensional 

case, namely, the dynamics of distributions of the main gasdynamic parameters. The 
difference between the three-dimensional calculations and the two-dimensional ones was 
expressed in the difference in the times when specific distributions were formed. In particular, 
the times of thermal wave output from the micronozzle differed approximately by 1.3 times 
that can be connected with the chosen square form of a micronozzle. 

Figure 7 shows the profiles of normalized nitrogen concentration on the axis of the vacuum 
space. As can be seen from the figure, the main behavior of the concentration coincides with 
the experimental data. Thus, with the help of the developed algorithms, it is possible to obtain 
information about real physical processes. 

 
Figure 7: Established profiles of the normalized nitrogen concentration obtained in the natural experiment [25] 

and in the numerical calculation 

Direct MD calculations of nitrogen flow in a thin channel with a thickness about 500 nm 
were also carried out. They showed that for flow velocities of the order of 1 nm/ns or less, at 
the exit from the microchannel the velocity profile is formed close to the Poiseuille profile. 
However, the final conclusion about the parameters of such flow requires additional 
investigation. 
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4 CONCLUSIONS 
- Multiscale numerical approach to three-dimensional modeling of nonlinear 

interaction of gas with metal in microsystems was performed. 
- Parallel realization of the approach using hybrid parallel computing technology was 

developed. 
- Verification of numerical approach and validation of parallel software were fulfilled. 
- Proposed numerical approach allows simulating qualitatively the behavior of gas - 

metal complex microsystems under the real conditions. 
 

REFERENCES 
[1] Rapaport, D.C. The art of molecular dynamics simulations. Second Edition, Cambridge 

University Press, (2004). 
[2] Frenkel, D. and Smit, B. Understanding molecular simulation. From algorithm to 

applications. New-York: Academic Press, (2002). 
[3] Podryga, V.O. Multiscale Approach to computation of three-dimensional gas mixture 

flows in engineering microchannels. Dokl. Math. (2016) 94:458-460. 
[4] Podryga, V.O. Computational technology of multiscale modeling the gas flows in 

microchannels. IOP Conf. Ser.: Mater. Sci. Eng. (2016) 158:012078. 
[5] Podryga, V.O., Karamzin, Yu.N., Kudryashova, T.A., and Polyakov, S.V. Multiscale 

simulation of three-dimensional unsteady gas flows in microchannels of technical 
systems. Proc. VII ECCOMAS Congress, M. Papadrakakis, V. Papadopoulos, G. 
Stefanou, V. Plevris (eds.), Crete Island, Greece, 5–10 June 2016, (2016) 2:2331-2345. 

[6] Elizarova, T.G. Quasi-Gas Dynamic Equations. Computational Fluid and Solid 
Mechanics, Springer, Dordrecht, (2009). 

[7] Von Mie, G. Zur kinetischen theorie der einatomigen korper. Ann. Phys. Leipzig (1903) 
8:657-697. 

[8] 8 14 Fokin, L.R. and Kalashnikov, A.N. The transport properties of an N2-H2 mixture of 
rarefied gases in the EPIDIF database. High Temp. (2009) 5:643-655. 

[9] Zhou, X.W., Johnson, R.A., and Wadley, H.N.G. Misfit-energy-increasing dislocations in 
vapor-deposited CoFe/NiFe multilayers. Phys. Rev. B (2004) 69:144113. 

[10] Lennard-Jones, J.E. Cohesion. Proc. Phys. Soc. (1931) 5:461-482. 
[11] Podryga, V.O. Molecular dynamics method for simulation of thermodynamic equilibrium. 

Math. Models Comput. Simul. (2011) 3:381-388. 
[12] Podryga, V.O. and Polyakov, S.V. Molecular dynamics simulation of thermodynamic 

equilibrium establishment in nickel. Math. Models Comput. Simul. (2015) 5:456-466. 
[13] Podryga, V.O. and Polyakov, S.V. Correction of the gas flow parameters by molecular 

dynamics. Proc. Fourth International Conf. on Particle-Based Methods–Fundamentals 
and Applications (PARTICLES 2015), ed. by E. Onate and etc. CIMNE, (2015) 779-788. 

[14] Podryga, V.O., Polyakov, S.V., and Puzyrkov, D.V. Supercomputer molecular modeling 
of thermodynamic equilibrium in gas-metal microsystems. Vychislitel'nye metody i 
programmirovanie (2015) 1:123-138. 

[15] Berendsen, H.J.C., Postma, J.P.M., Gunsteren, W.F., et al. Molecular dynamics with 
coupling to an external bath. J. Chem. Phys. (1984) 81:3684-3690. 

753



V. Podryga and S. Polyakov 

 11 

[16] Heerman, D.W. Computer simulations methods in theoretical physics. Springer, (1986). 
[17] Verlet, L. Computer «experiments» on classical fluids. I. Thermodynamical properties of 

Lennard-Jones molecules. Phys. Rev. (1967) 159:98-103. 
[18] Podryga, V.O. Calculation of kinetic coefficients for real gases on example of nitrogen. 

In: Dimov I., Faragó I., Vulkov L. (eds) Numerical Analysis and Its Applications. NAA 
2016. Lecture Notes in Computer Science. Cham: Springer, (2017) 10187:542-549. 

[19] Podryga, V.O., Polyakov, S.V., and Zhakhovskii, V.V. Atomistic calculation of the nitrogen 
transitions in thermodynamic equilibrium over the nickel surface. Mat. Model. (2015) 7:91-96. 

[20] Podryga, V.O. and Polyakov, S.V. Molecular dynamic calculation of gas macroparameters 
in the stream and on the boundary. Keldysh Institute Preprints, 80, (2016). 

[21] Fryazinov, I.V. Balance method and variational-difference schemes. Differentsial'nye 
uravneniya (1980) 7:1332-1343. 

[22] Samarskiy, A.A., Koldoba, A.V., Poveshchenko, Yu.A., Tishkin, V.F., Favorskiy, A.P. 
Difference schemes on irregular grids. Minsk: Publishing of Closed Joint Stock Company 
“Criterion”, (1996). 

[23] Eymard, R., Gallouet, T.R., and Herbin, R. The finite volume method. Handbook of 
Numerical Analysis, Amsterdam, North Holland (2000) 7:713-1020. 

[24] Popov, I.V. and Fryazinov, I.V. Method of adaptive artificial viscosity for the equations of 
gas dynamics on triangular and tetrahedral grids. Math. Models Comput. Simul. (2013) 
1:50-62. 

[25] Ramos, A., Tejeda, G., Fernandez, J.M., Montero, S. Nonequilibrium processes in 
supersonic jets of N2, H2, and N2 + H2 mixtures: (I) Zone of silence. J. Phys. Chem. A 
(2009) 113:8506-8512. 

 

754



Characterizing gas film conduction for particle-particle and particle-wall collisions

V International Conference on Particle-based Methods – Fundamentals and Applications 
PARTICLES 2017 

P. Wriggers, M. Bischoff, E. Oñate, D.R.J. Owen, & T. Zohdi (Eds) 
 

1 
 

CHARACTERIZING GAS FILM CONDUCTION FOR PARTICLE-
PARTICLE AND PARTICLE-WALL COLLISIONS 

Andrew M. Hobbs*‡ and Jin Y. Ooi† 
* Astec, Inc. 

4101 Jerome Ave. 
Chattanooga, Tennessee, 37407, USA 

e-mail: ahobbs@astecinc.com, web page: http://www.astecinc.com 
 

†‡ School of Engineering, The University of Edinburgh 
William Rankine Building, The King's Buildings 

Thomas Bayes Road, Edinburgh, EH9 3FG, United Kingdom 
e-mail: j.ooi@ed.ac.uk, web page: http://www.eng.ed.ac.uk/research/institutes/iie 

 
 

Abstract 

Heat transfer in granular media is an important mechanism in many industrial applications.  
For some applications conduction is an important mode of heat transfer.  Several models have been 
proposed to describe particle scale conduction both between particles (particle-particle) and with walls 
(particle-wall).  Within these conduction models are several distinct modes: conduction through 
physical contact (macro-contact), conduction through surface roughness (micro-contacts), and 
conduction through the stagnant gas film surrounding each particle (particle-fluid-particle or particle-
fluid-wall).  While these models have been developed and verified in literature, the relationship 
between the conduction heat transfer coefficient and key parameters is not immediately obvious. This 
is especially true for gas film conduction.  In this work we investigate gas film conduction for particle-
particle and particle-wall collisions via DEM simulations using a well-established gas film model to 
determine the behavior of the heat transfer coefficient as a function of the separation distance and 
particle size.  With a better understanding of the gas film heat transfer coefficient, we propose a 
simplified model that captures the same response but is easier to understand and significantly more 
computationally efficient. 

Keywords: Conduction, Discrete element method, gas film conduction, granular heat transfer 

INTRODUCTION 

Heat transfer in granular materials is a common occurrence in many industrial applications.  In 
many instances hot gases are used to convectively heat the particles.  However, there are some 
applications where conductive heat transfer is the dominant mode.  One such application is the heating 
of recycled asphalt product (RAP).  RAP is the millings from road surfaces and is comprised of 
aggregates and bitumen coating.  For RAP to be reused in new road surface mixes, it must be heated 
and any moisture evaporated.  Since the bitumen coating is flammable, a flame cannot be used to 
directly heat the RAP.  A common method is to mix hot, uncoated (virgin) aggregate with the cold, 
wet RAP.  In such a process conductive heat transfer between the virgin and RAP is dominant. 
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Numerical techniques used to simulate particle systems are now well established and 
increasing computational power means more industrial scale processes are accessible via methods such 
as the discrete element method (DEM) [1,2,3].  Since heat transfer is common in many industrial 
processes, particle models have been extended beyond simple contact mechanics to include thermal 
effects [4,5].  Coupling to a fluids solver permits convective heat transfer between the fluid and 
particle phase to be calculated [6,7] but this is expensive and unnecessary where convection is not 
dominant.  A common approach where conduction is dominant is DEM particle scale simulation using 
the Hertzian soft sphere contact model.  Conductive heat transfer was added to this approach by 
Batchelor and O’Brien [8].  This model assumes that heat flows through the physical contact (or 
macro-contact) between particles given by the Hertzian contact radius: 

 

𝑄𝑄𝑀𝑀𝑀𝑀 = 2𝑘𝑘∗  [3𝐹𝐹𝑁𝑁𝑅𝑅
∗

4𝐸𝐸∗ ]
1/3

∆𝑇𝑇     (1) 
 

where k* is the effective thermal conductivity, FN is the normal force, R* is the effective radius, E* is 
the effective Youngs modulus, and ΔT is the temperature difference. 

Rong et al. [9] postulated that in addition to physical contact, conduction could occur through 
a stagnant gas layer surrounding each particle.  As the gas film surrounding a particle touches an 
adjacent surface (particle or wall), conduction occurs through the gas film.   The heat rate can be 
calculated according to Fourier’s Law: 

 
𝑄𝑄𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = ∫ 𝑑𝑑𝑑𝑑

∆𝐿𝐿 𝑘𝑘𝑓𝑓∆𝑇𝑇      (2) 
 

where kf is the fluid thermal conductivity, A is the surface area , and ΔL is the separation distance. 
It follows that the conductive heat transfer rate through particle-fluid-particle 𝑄𝑄𝑝𝑝𝑓𝑓𝑝𝑝 and through 
particle-fluid-wall 𝑄𝑄𝑝𝑝𝑓𝑓𝑝𝑝 can be described as follows:   
 

𝑄𝑄𝑝𝑝𝑓𝑓𝑝𝑝 =  ∫ 2𝜋𝜋𝑘𝑘𝑓𝑓
max (𝑓𝑓,𝑠𝑠)𝑑𝑑𝑑𝑑 ∆𝑇𝑇𝑟𝑟𝑜𝑜𝑜𝑜𝑜𝑜

𝑟𝑟𝑖𝑖𝑖𝑖      (3) 

 

𝑄𝑄𝑝𝑝𝑓𝑓𝑝𝑝 =  ∫ 2𝜋𝜋𝑘𝑘𝑓𝑓𝑟𝑟
max (𝑓𝑓,𝑠𝑠)𝑑𝑑𝑑𝑑 ∆𝑇𝑇𝑟𝑟𝑜𝑜𝑜𝑜𝑜𝑜

𝑟𝑟𝑖𝑖𝑖𝑖
      (4) 

 
where the linear distance between particle surfaces is defined by the variable l, the radial dimension by 
the variable r, and the upper and lower bounds of the integral rout and rin are illustrated for the particle-
fluid-particle contact in Figure 1.  To prevent a singularity at the point of contact, a minimum limit 
s=2.75 x 10-8 m is assumed to be related to the mean free path of gas.   

Rong [10] assumed that the macro-contact was analogous to the contact area separated by the 
mean free path of gas equation (9).   

 

𝑄𝑄𝑀𝑀𝑀𝑀= 
𝑘𝑘𝑓𝑓𝑑𝑑𝑐𝑐

4.0 × 10−10 ∆𝑇𝑇     (5) 
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This approach was implemented by Bu et al. (2013) to include micro-contact surface 
roughness, the macro-contact and gas film model by Rong as well as the interior thermal resistance of 
the particle.  For Biot numbers less than one, the particle can be assumed to be isothermal and the 
interior resistance neglected.   

Figure 1 Illustration of particle-fluid-particle conduction 

Morris et al. [12] combined the Rong’s gas film model with the Batchelor and O’Brien’s 
macro-contact model from Equation 1.    Morris et al. also determined that for materials with a low 
thermal conductivity the gas film could be as much as two orders of magnitude more than the physical 
contact.  The authors proposed a ratio to determine the effect of the gas film relative to the macro-
contact, given by: 

𝑅𝑅𝑃𝑃𝑘𝑘𝑓𝑓
𝑅𝑅𝑐𝑐𝑘𝑘𝑃𝑃

≥ 1      (6) 

 
where RP is the particle radius and Rc is the contact radius and kf and kp are the thermal conductivity of 
the fluid and particle, respectively.  For values greater than one, the gas film conduction is dominant. 

In this study we focus on gas film conduction for particle-particle and particle-wall collisions.  
Internal resistance is neglected as the effect is deemed negligible in the specific application of RAP 
processing. The analytic solution to the integral of Fourier’s equation for sphere-sphere and sphere-
wall was implemented according to the algorithm by Morris in the MFIX code.  The analytic solution 
to particle-fluid-wall heat transfer coefficient �̂�𝐻 is given in Equation 7 below, where the normalized 
particle overlap 𝛿𝛿 ̂is greater or equal to zero when physical contact occurs.  When 𝛿𝛿  ̂is less than zero 
there is only gas film contact.  A similar set of equations provides the solution for particle-fluid-
particle contacts.  The variables previously described in equations 3 and 4 are made dimensionless by 
dividing by the particle radius and denoted in Equation 7 by the ^ symbol. 

 

�̂�𝐻 = {
𝜋𝜋
�̂�𝑠 [(1 − 𝛿𝛿) − 𝐴𝐴2] + 2𝜋𝜋 [𝐵𝐵 − 𝐴𝐴 +  (1 − 𝛿𝛿)𝑙𝑙𝑙𝑙 (1−�̂�𝛿−𝐵𝐵�̂�𝑠 )] , 𝛿𝛿  ̂ ≥ 0

2𝜋𝜋 [�̂�𝑟𝑠𝑠
2

2�̂�𝑠 + 𝐵𝐵 − 𝐶𝐶 + (1 − 𝛿𝛿)𝑙𝑙𝑙𝑙 (1−�̂�𝛿−𝐵𝐵1−�̂�𝛿−𝐶𝐶)] ,                              𝛿𝛿  ̂ < 0
}    (7) 

where 

rout 

rin 

l(r ) 

s 
Rfilm r 
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𝐴𝐴 = 1 −  𝛿𝛿 −  �̂�𝑠  

𝐵𝐵 =  √1−  �̂�𝑟𝑜𝑜𝑜𝑜𝑜𝑜2  

𝐶𝐶 =  √1−  �̂�𝑟𝑠𝑠2 

 
and 
 

�̂�𝑟𝑜𝑜𝑜𝑜𝑜𝑜 =

{
 

 √�̂�𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓2 − (1 − 𝛿𝛿), 𝛿𝛿  ̂ < 1 −  √�̂�𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓2 − 1

1,                                     𝛿𝛿 ̂ ≥ 1−  √�̂�𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓2 − 1 }
 

 
 

�̂�𝑟𝑠𝑠 = {√1− 𝐴𝐴2, 𝛿𝛿  ̂ > −�̂�𝑠
0,                      𝛿𝛿  ̂ ≤ −�̂�𝑠

} 

 
Whilst these models have been developed and verified to a limited extent, the relationship 

between the conduction heat transfer coefficient and the key parameters is rather obscure. This is 
especially true for gas film conduction which is dominant in many industrial processes where the 
industrial solids are poor conductors such as in this study on RAP and road aggregates.  In this study 
we investigate the gas film conduction for particle-particle and particle-wall collisions via DEM 
simulations to determine the behavior of the heat transfer coefficient as a function of the separation 
distance and particle size. 

 
Gas Film Conduction For Poly-dispersed Particle Systems 

The Rong gas film conduction model assumes that the gas film thickness is roughly 50% of 
the particle radius.  Morris showed that the solution is not especially sensitive to this value and 
proposed a value of 42%.  In this work we use a gas film thickness that is 40% of the particle radius.  
Because the integral solution to Fourier’s equation is dependent on the linear distance from one 
particle surface to the other particle (or wall) surface, the minimum size ratio for this to remain valid is 
0.4 (see Figure 2).  The means the smaller particle’s radius cannot be smaller than the larger particle’s 
film thickness, otherwise the film thickness could enclose some surface area of the smaller particle not 
in direct line with the larger particle.   With this limitation in mind and assuming fixed material 
properties for spherical particles, the gas film heat transfer coefficient should be related only to the 
particle size ratio and separation distance. 
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𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 ≥ 𝑅𝑅𝑓𝑓𝑚𝑚𝑓𝑓𝑚𝑚,𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 

Figure 2 Illustration of minimum size ratio where Rmin ≥ film thickness 
 
NUMERICAL METHODS: DEM SIMULATIONS 
 
Particle-Particle Collisions 

The Rong gas film model as implemented by Morris in the open source multiphase code 
MFIX [12,13] was implemented as a custom contact model in the commercial DEM code EDEM [14].  
Care was taken to use as near to the original Morris algorithm as possible although some minor 
changes were necessary due to differences in which variables were directly accessible from each DEM 
solver.  Particle-particle and particle wall collisions were investigated using the Rong/Morris models 
for a range of particle size ratios varying from 1 to 0.4.  Table 1 shows the material properties and 
simulation settings.  Two particles with the same material properties were slowly brought into contact.  
The simulated velocities were very low and the resulting minimal collision force meant that the 
influence of physical contact could be neglected.  The gas film heat transfer coefficient was calculated 
from the predicted heat flux and temperature difference.  Figure 3 shows some representative results at 
the point of contact. 
 
 

Table 1 Material properties and simulation settings used in DEM simulation 
Density 2500 kg/m3 
Young’s Modulus 5.0 x 1010 Pa 
Poisson’s Ratio 0.3 
Thermal Conductivity 0.96 W/m K 
Specific Heat 472 J/kg K 
Coefficient of Restitution 1 x 10-7 
Coefficient of Static Friction 0.5 
Particle Radius 2 to 5 mm 
Initial Particle Velocity 0.01 m/s 
Initial Particle Temperature 20 C min, 100 C max 
Initial Wall Temperature 100 C 
Simulation Time Step 1 x 10-6s 

 

Rfilm, max 

Rmin 

Rmax 
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Figure 3  DEM results at the point of physical contact for size ratios 1 and 0.4 

 
Particle-Wall Collisions 

A similar simulation was used to investigate particle-wall collisions.  A single particle 
collision at low velocity with a fixed surface was simulated for different particle sizes.  Again, because 
the collision force was minimal the physical contact could be neglected.  The gas film coefficient was 
calculated from the predicted heat flux and temperature difference.   
 
RESULTS 
 
Particle-Particle Collisions 

The heat transfer coefficient (HTC) computed from the DEM simulations can be plotted as a 
function of the particle surface to surface distance normalized by the film thickness.  The result is 
shown in Figure 4a.  For a normalized separation distance of 1 there is no gas film contact and the 
coefficient is 0 for gas film conduction as expected.  For values less than 1 the heat transfer coefficient 
increases logarithmically until the point of contact when the normalized separation distance is 0.  For 
particle-particle collisions a set of curves was generated for the different particle size ratios.  As the 
ratio approaches 0.4 the log curve becomes more acute nearest to the point of physical contact.  At the 
point of contact a similar curve can be generated using the results for each particle size (Figure 5a).  
The response surface as a function of particle size and separation distance is shown in Fig 5b.   The 
logarithmic relationship of the HTC to normalized separation distance is easily recognizable and the 
relationship between size ratio at the point of contact can also be seen.   
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Figure 4a (left) Plot of the gas film coefficient vs the normalized separation distance for particle-particle size 
ratio = 1.  Figure 4b (right) Gas film coefficient for different particle size ratios 

  

Figure 5a (left) Plot of gas film coefficient at the point of physical contact as a function of the particle size ratio. 
Figure 5b (right) Response surface for particle-particle gas film coefficient 

This graphical representation of the HTC provides a much more intuitive description of the 
gas film heat transfer behavior involving particle-particle collisions.   Curve fitting was used to 
describe the HTC relationships for film contact and physical contact in simple equations as follows: 

 
Film Contact         𝑄𝑄𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑅𝑅1/𝑅𝑅2

(𝑅𝑅1/𝑅𝑅2)0.2125 [−3.161 ln ( 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑝𝑝𝑑𝑑𝑓𝑓𝑓𝑓 𝑑𝑑ℎ𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑) + 0.151] 𝑅𝑅𝑝𝑝𝑘𝑘𝑝𝑝∆𝑇𝑇  (8) 
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Physical Contact       𝑄𝑄𝑝𝑝𝑝𝑝𝑝𝑝 =  [20.22 ln(𝑅𝑅1 𝑅𝑅2⁄ ) + 40.604] 𝑅𝑅𝑃𝑃𝑘𝑘𝑝𝑝∆𝑇𝑇    (9) 
 

where a weighting function using the size ratio (R1/R2) was determined to provide the best fit to 
describe the whole domain. 

Particle-Wall Collisions 

For particle-wall collision the curve for the heat transfer coefficient is simply a function of the 
particle size and the separation distance.  Because we assume that the wall is infinite the shape of the 
curve is not affected by the particle size as shown in Figure 6a, that is, the curves for all the particle 
sizes are identical except for at the point of physical contact.  At point of contact, the HTC shows an 
increasing with the particle size (as shown in Figure 6b).  Curve fitting to each of these curves leads to 
Equations 10 and 11 respectively:    
 

Film Contact          𝑄𝑄𝑝𝑝𝑝𝑝𝑝𝑝 =  [−6.101 ln ( 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑝𝑝𝑑𝑑𝑓𝑓𝑓𝑓 𝑑𝑑ℎ𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑) + 0.6015]  𝑅𝑅𝑝𝑝k𝑝𝑝∆𝑇𝑇     (10) 

 

Physical Contact        𝑄𝑄𝑝𝑝𝑝𝑝𝑝𝑝 =  [6.2831 ln(𝑅𝑅𝑝𝑝) + 110.17] 𝑅𝑅𝑝𝑝𝑘𝑘𝑝𝑝∆𝑇𝑇   (11) 

 

 

Figure 6a (left) Plot of particle-wall heat transfer coefficient for film contact. Figure 6b (right) Plot of particle-
wall coefficient for physical contact as a function of particle radius. 

Simplified Model for Gas Film Conduction Model 

With the description of the heat transfer coefficient as a function of the normalized separation 
distance and particle size ratio, the gas film conduction model can be expressed in four simple 
equations 8-12.  These equations were implemented in EDEM replacing the analytical solution to the 
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Rong integral.  The computed HTC for particle-particle and particle-wall collisions using the 
simplified model are compared with the Rong/Morris full analytical mode in Figures 7 and 8 below 
which show an excellent agreement. 

 

Figure 7 Comparison of particle-fluid-particle coefficient for size ratio of 1 (left) and 0.4 (right) 

 

Figure 8 Comparison of particle-fluid-wall coefficient for size ratio of 10mm (left) and 4mm (right) particles 

Further, comparing the computation time of the calculation for a single binary collision, the 
portion of time spent on the conduction calculation can be determined by subtracting the calculation 
time of the standard Hertz-Mindlin model with no conduction from the total time.  Figure 9 shows that 
27% of the total calculation time was spent on the Morris conduction calculation while only 19% of 
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the total time was spent on the simplified model.  This represents an improvement of 33.4% of the 
conduction calculation.  The net total improvement is approximately 9.0%.  Further tests of an 
industrial scale problem with 250,000 particles have demonstrated speed improvements of 10% with 
near identical results for particle temperature (Figure 10). In this mill test case with heated walls, the 
maximum particle temperature after 10 second of simulation time for the simplified model is within 
0.022% of the maximum value predicted by the Morris model and the maximum gas film heat flux 
within 0.0017% of the Morris model.   The improvement in calculation time will depend on the 
individual simulation, but results for a range of simulations have been between 5 and 15% with 
simulations with more static contacts showing the least benefit.  

 

Figure 9 Computation time for standard Hertz Mindlin with no conduction, Morris gas film, and the Simplified 
conduction model for a binary collision 

 

Figure 10. Particle temperature for mill test case with 250,000 particles. The Morris model is on the left, the 
simplified model on the right. 
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CONCLUSION 

In this study we have investigated the behavior of particle scale gas film conduction for 
particle-particle and particle-wall contacts.  Using a model proposed by Rong as implemented by 
Morris, DEM simulations were carried out for a binary collision and a single particle-wall collision 
using a range of particle sizes.  The heat transfer coefficient was calculated based on the simulation 
results and plotted against normalized separation distance.  The heat transfer coefficient is found to 
vary logarithmically with separation distance and simple models were proposed from best fit to the 
simulation results.  

This simplified model was shown to reduce the total computation time of a range of flow 
regimes in the order of 5 to 15%.  It should be noted that since the curve fits are based on results up to 
the point of contact with no overlap, this model is independent of particle overlap which is 
advantageous when a reduced material stiffness is used to speed up calculations.  Beyond 
computational efficiency, the simpler expression for the relationship of the gas film coefficient will be 
useful in the next stage of work investigating scaling laws and the impact of the gas film model on 
multi-sphered particles. 
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Abstract. We describe the implementation of the Movable Cellular Automata Method 
(MCA) within the framework of the open-source code LIGGGHTS to simulate complex solid 
behaviour; most importantly plastic deformation, on different scales. The developed code 
extends the capabilities of the MCA method, as well as that of LIGGGHTS software; which 
simulates granular behaviour and is based on the discrete element method. The main 
difference between MCA and DEM is that the interaction between the particles is based on a 
many-body forces form of inter-automata interactions, similar to the embedded atom method 
used in molecular dynamics, because pair-wise interactions between elements used in DEM 
are insufficient to simulate irreversible strain accumulation (plasticity) in ductile consolidated 
materials. We first give an overview of the MCA method and its significance, followed by the 
implementation approach. The code has been successfully verified against analytical data. 
 
1 INTRODUCTION 

The Movable Cellular Automata Method (MCA) method was first introduced by Psakhie, 
Horie et al in 1995 [1] as a simulation tool within the framework of mesomechanics. MCA is 
a hybrid particle-based method based on the classical cellular automata (CA), discrete element 
(DEM) and molecular dynamics (MD) methods; combining their advantages. This method 
allows the modelling of complex materials behaviour and processes. Many developments in 
MCA have been made since 1995, and the latest description of the method can be found in 
[2]; where MCA is presented as a discrete approach to model the behaviour of materials on 
different length scales and is used as a multi-scale modelling approach. 

MCA represents the medium as an ensemble of contacting or linked particles to simulate 
fracture and material deformation, as in the widely known discrete element methods. 
However, one of the fundamental problems with some particle-based methods, including 
DEM, is the correct representation of the inter-particle interaction forces, which is the most 
sensitive and time consuming part of any particle-based simulation [3]. The forces that 
describe the particle-particle interactions determine the physical and mechanical response of 
the system. In DEM, these take an approximated pair-wise form to describe materials on the 
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microscale. This form assumes that the total energy of the system is just the sum of the pair 
bonds, the same as in the Lennard-Jones potentials [4], which has been proven to often fail to 
describe the material on the macroscale and damage generation at scales lower than the size of 
the discrete element; that is why they are often coupled with continuum approaches.  

Research showed that this problem can be solved by using a many-body interaction form 
which provides an accurate description of highly consolidated solids where elastic-plastic 
deformation occurs [2,3,5]. Hence, the authors of the MCA method applied the many-body 
interaction concept of the embedded atom method (EAM) [6,7], widely used in MD, to the 
MCA equations of motion. This allowed them to connect the average stresses and strains for 
the volume of each particle with the forces of interaction with its neighbouring particles. 
Meaning each automaton in the system follows the applied constitutive laws, leading to an 
accurate mechanical response of the whole system, and the capability of correct simulation of 
irreversible strain accumulation (plasticity) in ductile materials.  

Since MCA is a particle-based method, it can be implemented within an MD or DEM code 
with some modifications as they have the same main functionalities. We chose LIGGGHTS 
as a framework for this task. LIGGGHTS [8] stands for LAMMPS Improved for General 
Granular and Granular Heat Transfer Simulations, which is a DEM open-source code, 
distributed under the GNU general public licence (GPL). LIGGGHTS was extended from 
LAMMPS [9], a powerful MD software developed at Sandia National Lab, to include the 
simulation of granular materials on larger scale levels. They are massive parallel computing 
software and designed for large scale simulations; by using spatial decomposition techniques 
to break down the simulation space into smaller 3D sub-domains; where each is assigned to a 
different processor. Message Passing Interface (MPI) exchange is used for communication 
between the processors allowing large simulation domains to be scaled in memory and speed.  

In this paper we briefly describe the MCA methodology, more details can be found in 
[2,3,5], then present its implementation into the open-source code LIGGGHTS to enable the 
simulation of solid behaviour and plasticity in a 3D framework. This is done by adding our 
own commands and classes to the code, mainly a new atom style, pair style, bond style, and 
some fix styles, to implement MCA functionalities within LIGGGHTS; which is explained in 
section 3. LIGGGHTS source code, examples and documentation can be found at [10]. 

 
2 THEORETICAL BACKGROUND: THE MCA METHOD 

MCA assumes that the simulated system is discretised into a series of small elements of 
finite size, known as the movable cellular automata. These automata are in contact and/or 
chemically linked (bonded) or unlinked (unbonded), and when an external load is applied they 
interact with each other, rotating and moving from one position to another. The interactive 
state between automata could be changed and they can form new automata pairs; describing 
mechanical deformation processes [5]. The motion of the automata is simulated according to 
their inter-automata interactions; using the Newton-Euler equations of motion; including the 
pair relationship, many-body forces and bond forces. 

Hence, the simulation of automata motion is governed by the Newton-Euler equations to 
simulate the translational and rotational motion of pairs of automata: 
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where   ,       ,        ,     are the mass, location vector, rotation velocity and moment of inertia of 
automaton i respectively.     is the total force acting on i from its surrounding neighbours (  ), 
and        is the momentum of the system. This form for the inter-automata interaction forces is 
borrowed from the embedded atom method (EAM) [6,7]. By analogy, the total force     
consists of a pair-wise component (    

    ) which depends on the displacement of i relative to j, 
and the volume-dependent component (    ) which depends on the combined effects of all the 
neighbours of automata i.     can be described as the sum of the normal/central (     ) and 
tangential/shear (     ) components of interaction forces, and are characterized by the 
corresponding specific normal (   ) and shear (   ) response forces: 

 

 
                         
                            

                                                                    ( ) 

 

where     is the area of contact between automata i and j. Within the framework of multi-
body interactions, forces acting on the automata are calculated using deformation parameters 
such as: elastic constants (shear modulus    and bulk modulus   ), plastic constants (yield 
stress    and work hardening   ), relative overlap (    ) for translational interaction, and 
tangential/shear displacement (           for rotational interaction, as shown in Figure 1.  

 

 
 

Figure 1: Schematic showing the (a) translational (b) rotational interactions between a pair of automata 
 

 
                                                                          
                                                                 

                            ( ) 
 

where normal strain (   ) and shear strain (   ) are the parameters of deformation. Hence, 
the response of an isotropic elastic material can be described by the generalized Hooke's law: 

 

 
                         

                                                  
                                                                (4) 

 

where    is the pressure in volume (  ) of automaton i, also known as the mean stress       
 .    
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In 3D representation, bending and torsional deformation of the pair of automata also occur 
due to the difference in automaton rotation: 

 

                                                                                     ( ) 
 

where     is the torque of automata pair, which is used to calculate the momentum in Eq. 1. 
To calculate these parameters of deformation, in the many-body interaction form it is 

assumed that the stresses and strains are uniformly distributed in the volume of an automaton 
i. The average stresses and strains in the volume of i are determined by the average stress 
tensor (    

   and average strain tensor (    
 ), which are used to calculate mean stress    and the 

tensor invariants such as the equivalent stress (    
 ) and equivalent strain (    

 ) : 
 

 
 
 

 
     

   
  

                                           
                                                                           

          
                        

                                                                                                         

    
   

                                                                              

    ( ) 

 

where           are the coordinates of the system,     is the distance between the mass 
centre of i and its contact point with j,            and         are the projections of unit-normal 
(       and unit tangential (     , vectors on X,Y,Z coordinates. The average strain tensor in the 
automaton i can be computed by increments of elastic stress tensor at each time step [3] 

The stress/strain tensor components are then used to realize the different elastic and plastic 
deformation models developed in continuum mechanics. This means that the forces of inter-
automata interactions are directly obtained by the constitutive laws of the modelled medium.  

For elastic-plastic behaviour, the von Mises model for plastic flow theory is used by 
adopting the Wilkins algorithm [11,12]. Here, if the stress intensity (    

   exceeds the plastic 
stress (    

  ) which is the radius of Von Misses yield circle, then the corrected stress for i is: 
 

(    
         

                                                                              (7) 
 

where (    
    is the corrected (returned) average stress tensor,     

  is the elastic stress tensor 
calculated before, and        

      
  is the coefficient of stress drop. Thus the corrected normal  

       and tangential        forces are: 
 

 
                    
                                    

                                                                     (8) 
 

For fracture and bonding behaviour, a pair of automata can be considered to be linked or 
unlinked, and they can switch their state by using a switching criteria defined by the 
deformation of the material. These switching criteria could be a fracture or bonding criteria, 
and it is possible to apply any of the well known criteria used in continuum mechanics such as 
Mohr-Coulomb, Humber-Mises-Hencky, Drucker- Prager and others for this. 
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3 IMPLEMENTATION OF MCA IN LIGGGHTS: SOFTWARE DEVELOPMENT 
Here we describe the implementation of the MCA 3D elastic-plastic model into 

LIGGGHTS and the relevant code parts that were added to describe MCA functionalities.  
 
3.1 General data structure 

 

LIGGGHTS is written in C++ using an object-oriented structure making it possible to 
modify and extend. The flowchart in  

Figure 2 outlines the general structure of the LIGGGHTS program, which is quite similar 
to any general particle-based simulation program, showing their relevant functions in the 
source code in their order of execution. 

 

 
 

Figure 2: Flow chart of program structure and the relevant functions in LIGGGHTS   
 
The system is first initialised using the input data which is defined in an input script by 

commands relevant to the acquired simulation. The initial positions and velocities are 
assigned to the particles. Then the time-stepping starts by integration; we use the Velocity-
Verlet integration scheme [13], which is the most commonly used in MD and DEM 
simulations to calculate position and velocity as a function of time. According to the 
Velocity-Verlet integration scheme, as shown in Algorithm 1, the first step is to update the 
velocities by a half time-step and positions by one step. Then compute the interaction forces 
between the particles and their neighbours. Then update the velocities by another half-step. 
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Algorithm 1: Velocity-Verlet integration scheme 
 

1- Calculate:       
            

         
2- Calculate:                      

       
3- Derive          from the interaction forced using          
4- Calculate: :                

      
            

 
 

LIGGGHTS works by calling the main functions in the order shown in the flowchart in  
Figure 2. Steps 1 and 2 in Algorithm 1 occur in the 'initial_integrate' function shown in the 

flowchart, step 3 by computing the forces (mainly 'pair' and 'bond' computes), and step 4 by 
'final_integrate'. The calculation of the inter-particle forces is the most time consuming part of 
any particle-based simulation. The higher the number of particles, the relative distances and 
velocities between the neighbouring pairs, the higher the computational time to evaluate the 
forces between them. The computational time is reduced by using cut-off distance, neighbour 
lists and linked cell list algorithms to identify the nearby particles and only update and 
calculate the forces on the particles within the neighbour area within a given time step.  

Each command in LIGGGHTS corresponds to a relevant class that defines that specific 
functionality. The following are the new commands added relevant to MCA implementation 
and examples of how they are defined in the input script: 

 

atom_style mca radius ${rp} packing fcc n_bondtypes ${bt} bonds_per_atom ${bpa} 
pair_style  mca ${skin} 
bond_style  mca 
fix  integr nve_group nve/mca 
fix   bondcr all bond/create/mca 1 1 1 ${cutoff} 1 ${bpa} 
fix  topV_fix top mca/setvelocity 0 0 v_vel_up 

 
Algorithm 2 shows the functions and the relevant MCA classes that were added to 

LIGGGHTS in the order of execution as shown in Figure 2, to implement our new commands 
by adding MCA functionalities to the source-code. 

 
 

Algorithm 2: Programme structure with relevant new MCA implemented classes 
 

1- init( ) / setup( )   [AtomVecMCA],[FixBondCreateMCA],[FixMCASetvel] 
2- initial_integrate( )   [FixNVEMCA] 
3- post_integrate( )             [FixBondCreateMCA] 
4- pre_exchange( )               [FixBondExchangeMCA] 
5- pre_force( )              [FixMeanStressMCA] 
6- pair_compute( )              [PairMCA] 
7- bond_compute( )              [BondMCA] 
8- post_force( )              [FixMCASetvel] 
9- final_integrate( )              [FixNVEMCA]   
 
The main features that were added/implemented and their relevant classes according to 

Algorithm 2 are explained below. For the sake of ease of writing, the terms 'automata' and 
'atoms' are used interchangeably having the same meaning. 
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3.2 Initialization 
3.2.1 Initialise atom positions: AtomVecMCA 

Before time-stepping begins the atoms are generated, the necessary structures are allocated 
in their memory locations and each atom is assigned with a position and velocity. In MCA, 
same as MD, the particles are placed in an appropriate lattice structure (SC, FCC, HCP). 

Although the size of an automaton is characterized by a diameter (  ), the shape of the 
automaton is not always a sphere. The real shape is determined by the area of its contact with 
its neighbor (   ), they have face-face interactions. This equivalent shape is characterized by a 
new radius parameter which is calculated from the initial volume of the automata. 

Thus, some new automata parameters need to be defined in LIGGGHTS, which is done in 
a new class called 'AtomVecMCA'. These parameters are: mca radius, orientation vector, 
inertia, contact area, contact distance, volume, mean stress, equivalent stress, equivalent strain 
and number of bonded automata. Initial contact area and volume of automata are also defined 
and computed here based on the radius and packing. 

 
3.2.2 Create bonds between atoms: FixBondCreateMCA 

Each automaton forms bonds with its neighbours, and the maximum number of bonds of 
an automaton depends on the coordination number; 6 bonds for SC and 12 bonds for 
FCC/HCP. Each two neighboring  automata form an automata pair, and are considered to be 
in contact. Initially, if the simulated specimen is a consolidated solid, then the contacts are 
assumed to be linked (bonded). If there are damages or cracks, then they are assumed to be 
unlinked (unbonded). This is implemented in the new class 'FixBondCreateMCA'. 

 
3.2.3 Initialise atom velocities: FixMCASetvel 

Atoms should also be initialised with a velocity before the time stepping begins. It is also 
sometimes useful to set boundary conditions or loading via velocity. This can be done in the 
new class 'FixMCASetvel'. 

 
3.2.4 Initial integration: FixNVEMCA 

Here the time stepping (run) begins and, as explained, according to the Velocity Verlet 
integration scheme, the first step is to update the velocities by a half time-step and positions 
by one step. In MCA, we also update the rotation velocity      by half-step. 

 
3.2.5 Post integration: FixBondCreateMCA 

After the first half of integration, the bond list and number of bonds need to be updated. 
This is also done in the class 'FixBondCreateMCA'. 

 
3.3 Neighbour list generation and update 

As explained, neighbour lists are produced and /or checked at every time step to exclude 
computing the interaction forces for any far away automata. This also includes checking the 
bonds between automata at every time step, erasing any broken bonds from this list and 
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adding any new bonds created. This is done in a new fix called 'FixExchangeBondMCA' is to 
exchange data of MCA bonds across processors at every time step. 

 
3.4 Force calculation 
3.4.1 Mean stress predictor: FixMeanStressMCA  

Before starting the force calculation on each automaton, the predictor for       
  estimation 

should be calculated because the specific forces of interaction between the automata at the 
current time step is calculated using       

  as shown in Eq. 4. This is done by the 'pre_force' 
function in the FixMeanStressMCA' class. Usually for elastic behaviour, there is no need for a 
predictor corrector, while for accurate elasto-plastic behaviour two cycles are usually enough. 

 
3.4.2 Pair and many-body force interactions: PairMCA 

Algorithm 3 shows how the forces on the atoms are calculated, which is done in the new 
class 'PairMCA'. The elastic specific forces are calculated first, then the corrector for 
plasticity is calculated using the equivalent stress as described before, and the new total forces 
are obtained. Rotation is also taken into consideration and added to the code. 

 

 

 

 

 

 
 
 
 

3.4.3 Bond forces: BondMCA 
In this class the breaking of bonds is implemented. To do so the contact distances between 

automata are calculated, then using the equivalent stress criterion  it checks if any bonds have 
broken using the Drucker- Prager criterion or any new bonds have been created. 

 
3.5 Final integration 

Before the final integration step, boundary conditions are added if needed which is done in 
the new 'FixMCASetVel' class. Then according to the velocity Verlet integration, the last step 
is updating the velocity and rotations for another half step, as shown in Algorithm 1, to obtain 
the final location and velocities of the automata. This is also implemented in 'FixNVEMCA' 
and this is then the end of the current time step. If it is not the last time-step of the simulation, 
the cycle is repeated starting from step 4 in the flowchart of Figure 2.  
  

Algorithm 3: MCA forces computation algorithm - calculation in every time step 

1- Calculate    ,      and     at current time step (n+1), from equations 3,4 and 5. 

2- Calculate corresponding values of      ,      ,      ,       ,       
  and      , from equation 6. 

3- Examine the value of       , then calculate    if required. 

4- Calculate      and     , from equations 7 and 8. 

5- Calculate the forces and torques of automata, from equations 2,4 and 5. 
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4 VERIFICATION OF ELASTIC-PLASTIC MODEL 
To verify the elastic-plastic MCA developed model in LIGGGHTS, 3D samples under uni-

axial compression/tension and shear were modeled. The response function parameters of the 
material were checked to demonstrate correct macroscopic mechanical response. The 
simulated samples are 3D Aluminum samples, with equal-sized FCC packed automata as 
shown in Figure 3. The internal structure is assumed to be homogenous and free of 
discontinuities (damages or cracks), and all automata are assumed to be initially bonded. The 
material parameters are: Young’s modulus         , Poisson’s ratio      , density   
          , yield stress          and work hardening modulus          . The bottom 
layer of particles are fixed (velocity = 0) and the upper layer moves vertically 
(tension/compression) or horizontally (shear) with a low constant velocity to simulate quasi-
static deformation regime. Both layers are free in the horizontal direction. 

 

                
                                                          (a)                                                                           (b) 
 

Figure 3: Initial structure of MCA 3D model sample simulated in LIGGGHTS under (a) tension (b) shear 

To study fracture behaviour, uni-axial tension/compression and shear tests were simulated 
with the setup shown in Figure 3. Their stress/strain curves (blue curves) are plotted against 
the analytical solution (red line) of Young's modulus for tension/compression and shear 
modulus for shear behaviour in Figure 4.  

 

  
                                            (a)                                                                                                   (b) 
 

Figure 4: Stress/strain curves of uni-axial (a) tension and (b) shear compared to analytical solution (red line). 
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Both tension and compression showed correct macroscopic response and very close 
agreement with the analytical solution as shown in Figure 4(a). It is important to mention that 
here we only tested with large automata sizes because MPI exchange has not been 
implemented yet to allow for parallel processing. More accurate results are obtained by 
decreasing the automata size relatively to the required behaviour. However, still the results 
show how the implementation of the many-body interaction forces form resulted in correct 
macroscopic response; which is not possible when only pair-wise interactions are considered. 
The same is shown by the shear behaviour in Figure 4(b). The results show the possibility of 
modelling fracture under tension/compression and shear loading as the material fails after 
reaching a critical value. 

Furthermore, to test correct plasticity behaviour, uni-axial loading/unloading was also 
simulated for tension and shear as shown in Figure 5. The results show a typical loading-
unloading curve, which means the model is capable of modelling correct elasto-plastic 
behaviour. 
 

   
 
                                           (a)                                                                                                   (b) 
 

Figure 5: Stress/strain curves of uni-axial loading/unloading by (a) tension and (b) shear compared to 
analytical solution (red line). 

 
5 CONCLUSIONS 
 

- A new elastic-plastic model was developed within LIGGGHTS open-source code. 
The model is based on the MCA particle-based method. 

- This implementation allows for the modelling of correct fracture and elasto-plastic 
behaviour, as shown by the verification tests. 

- The current limitation of the code is that it does not allow MPI exchange for parallel 
processing, however this will still be implemented within the code. 

- Further work will also include testing the bond breaking of the particles, as well more 
complex materials systems, with smaller automata size and different boundary 
conditions. 
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Abstract. In the paper by using molecular dynamics method we investigate the sliding feature 
of different nano-scale specimens: single-crystal nickel evolving from amorphous pure Ni 
during shear deformation, Ni-P a layer and nanocrystalline nickel. Special attentions are paid 
to the value of resistance stresses and plastic deformation mechanisms manifested during 
sliding simulations. The study is performed at an ambient temperature. The analysis showed 
that Ni-P amorphous structure is characterized by lowest resistance stresses and smooth 
sliding provided by the bond-switching mechanism between pairs of atoms due to shear 
loading. Similar low resistance stress was also observed for an amorphous pure Ni layer, but 
only at an early stage of sliding before crystallization occurred. The highest shear resistance 
was confirmed for single-crystal nickel caused by classical deformation mechanisms like 
stacking fault formation and dislocation movement. Sliding simulations of a nanocrystalline 
specimen show both, crystal defect driven deformation in the bulk and sliding along quasi-
amorphous grain boundaries. Thus, it was shown that nickel-phosphorous coating in 
amorphous-like state may exhibit low friction properties, and, therefore, serve as the solid 
lubricant material.  
 
1 INTRODUCTION 

Pure metal coatings are highly appreciated in many technical applications due to relatively 
simple manufacturing technologies that allow adjusting the film properties depending on 
customers’ needs, controlling the processing parameters. Compared to copper and tin coatings 
nickel is a hard coating which often is used to increase the load carrying capacity of a 
substrate and thus improve its wear resistance [1]. Frequently, the improvement of hardness 
and wear resistance could be attributed to a reduction of grain size of electro-plated nickel 
coatings [2]. Taking into account that the effect of grain size reduction on hardness and wear 
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resistance is described by the Hall-Petch relationship [3], the effect of the grain size on the 
coefficient of friction (COF) has not been sufficiently studied. Considering electro-plated 
nickel coatings, the above mentioned authors have observed a decrease of the COF with 
decreasing grain size [2]. Fan et al. explained the peculiar mechanical behavior of 
nanocrystalline materials by assuming a certain grain boundary (GB) layer adopting an 
amorphous structure [4]. Since interesting results were obtained recently by using MD-
modeling for sliding simulations of amorphous silica and carbon films [5], the idea was born 
to study the sliding behavior of amorphous nickel films supported by nickel crystals on both 
sides in a similar way. With this model setup we hoped to find an explanation for the 
experimentally observed decrease in COF with decreasing grain size during the transition 
from the micrometer to the nanometer range [2]. 

Similar as nanocrystalline nickel coatings, completely amorphous films can also be used to 
reduce the friction coefficient of several tribological couples [6]. The amorphous structure is 
stabilized by adding a second element to the system that can interstitially dissolve in the 
matrix. Since this happens on the atomic scale at high temperature followed by rapid 
quenching, the metastable amorphous phase is preserved at ambient temperature. A well-
known technical coating system is Ni-P which is produced by electro-less deposition from an 
electrolyte containing nickel salts and NaH2PO2 as reducing agent. The distinctive 
characteristics of the Ni-P coating include wear resistance, high hardness, excellent 
lubricating properties, and others. It is widely applied in aviation machine, chemical industry, 
electronic manufacturers and etc. [1]. Moreover, it was found recently [2] that the hardness of 
Ni-P coating depends on P content and crystallization time at the given temperature. 
According to experimental observations high P (P>6 % vol.) coating has amorphous 
microstructure and it’s characterized by high corrosion resistance and low friction properties.  

The present paper focuses on a comparison of the sliding behavior of amorphous and 
nanocrystalline nickel films determined on the basis of MD modelling results. This study is 
related to interesting technical materials, namely the electro-less fully amorphous Ni-P 
coating and the electro-plated nanocrystalline glossy nickel coating. The objective of the work 
was to find correlations between the microstructure of different types of electro-plated nickel 
coatings and the friction forces evolving when coated parts were subjected to sliding. 

2 EXPERIMENTAL BACKGROUND 
The technical application of the considered tribological system is a plug-socket 

interconnects, where the plug is made of copper-Sn alloy coated with nickel and the socket is 
a printed circuit coated with copper. Since plug-in and plug-out forces have to fulfill certain 
requirements the tribological system has to be optimized. The first step into this direction is to 
determine coefficients of friction of different variants of nickel coatings sliding against copper 
by applying pin-on-disc tests in the laboratory. This was done in the meantime, and the results 
are shown in Fig.1. 

Increasing friction forces are observed while sliding occurs in positive direction especially 
for nanocrystalline, but also for micron-sized and submicron-sized Ni after some cycles, but 
not for the amorphous Ni-P coating. Simultaneously observed friction force fluctuations and 
acoustic signals provide evidence that local cold welding with subsequent de-bonding has 
occurred between pin and disc material. The amorphous material on the other hand seems to 
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be not prone to cold welding with the counter body. Thus it turned out that understanding the 
different mechanisms of sliding of the amorphous and nanocrystalline material are key factors 
for optimization of the friction couple towards desired functional properties of the envisaged 
application, a plug-socket connection. 

 
Figure 1: Results of reciprocating pin-on-disc tests; copper pins sliding against various nickel coatings. 

3 THE NUMERICAL MODEL 
Simultaneously with described above experimental studies a certain progress was made in 

sliding simulations of amorphous films by applying molecular dynamics modelling (MD) [7– 
9]. By the following a description of the numerical model is given in short. The MD 
simulation model of sliding test was consisted of three parts: the central part is a specimen 
under loading in shape of parallelepiped and two supports (loaded blocks) on top and bottom 
having an ideal single crystalline Ni structure. Each of the loaded blocks in turn was divided 
in an inner layer with Newtonian atoms and thin outer boundary layer with atoms through 
which the loading conditions were implemented. The vertical dimension of each loaded block 
was identical and was about 8 nm including the boundary layer thickness of approximately 1 
nm as shown in Fig. 2a and Fig. 3a. The total dimensions of the specimen with both loaded 
blocks were 7 x 10 x 30 nm along Z-, X- and Y-axes respectively. Thus, the total number of 
atoms within the framework of a micro-canonical ensemble NVE was about 200000. Three 
different structures of the central part were considered: Ni in amorphous state and amorphous 
Ni-P. The simulation model for sliding test of nanoscale polycrystalline nickel had a slightly 
different structure and will be described later separately.  

The modeled structure, situated between two stiff support layers, was subjected to a sliding 
simulation with constant velocities +15 and -15 m/s applied to the upper and lower boundary 
layers, respectively. Furthermore, additional compression forces along the Y direction 
corresponding to normal pressures of 350 MPa were applied to boundary atoms while the 
temperature of the whole specimen was kept in the acceptable range from 250 K to 350 K.  

A periodic boundary condition is prescribed in the X- and Z-directions of the specimen to 
reduce the simulation scale effect. The atomic interactions between nickel atoms as well as 
between Ni and P atoms are described by the embedded atom method (EAM) potential [10]. 
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All MD calculations were implemented using the LAMMPS [11] molecular dynamics code 
with a time step of 1×10-15 s. The common neighbor analysis (CNA) is adopted to identify 
the structural allocation of each atom during sliding simulation [12]. According to CNA, a 
single hexagonal-close-packed (hcp) coordinated-layer means a coherent twin boundary, the 
two hcp-coordinated-layers with a face-centered-cubic (fcc) coordinated-layer between them 
denote an extrinsic stacking fault, and the two adjacent hcp-coordinated-layers indicate an 
intrinsic stacking fault. Atoms with unidentified structure are denoted separately and indicate 
the amorphous-like structure. In this study, we track the microstructural evolution to reveal 
the features of shear deformation of specimens with different inner structure. 

3 RESULTS FOR SPECIMENS WITH AN AMORPHOUS INTERLAYER 

3.1 Sliding Simulation of Ni 
A thin layer of amorphous nickel was produced by virtual heating and further quenching to 

300 K of the middle part of an initially defect-free single crystal nickel specimen. Before start 
of loading, the specimen was relaxed to equilibrium configurations with minimum potential 
energy. Due to atoms rearrangement during melting and subsequent quenching procedures a 
few structural defects like nanopores and vacancy clusters were created in the amorphous 
layer as shown in Fig 1a where the initial structure is shown. 

  
(a)   (b)   (c)   (d) 

Figure 2: (a) The loading scheme and the initial structure of the modeled specimen before simulation of sliding. 
Structure (projection on XY plane) of an amorphous nickel layer at different moments of time: (b) after 30 ps; 

(c) after 70 ps; and (d) after 100 ps. Atoms are colored on the basis of values calculated by CNA. Green: fcc, red: 
hcp, gray: unidentified (amorphous). Yellow atoms shown in figure (a) belong to loaded layers.  

Figure 2 also presents some snapshots of XY-projections of the microstructural evolution 
of the modeled specimen during the sliding simulation. For a clearer visualization of the 
microstructure evolution the central part of the modeled specimen initially containing an 
amorphous layer is shown only. Surprisingly, but anyway plausibly, the amorphous structure 
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did not remain stable during the sliding simulation. The onset of crystallization leads to an 
increase in resistance stress, as shown in Fig. 4a. This process is taking place during the first 
30 ps for our specimen (see Fig. 2b). As shown in Fig. 2c, the crystallization of the 
amorphous layer can lead to formation of residual structural defects. Most atoms and their 
neighbors correspond to the fcc structure, but there are also some nano-pores, vacancies and 
nano-sized twins and intrinsic stacking faults corresponding to the hcp structure. The number 
of structural defects (nano-twins and stacking faults) increases with further loading (Fig. 2d).  

3.2 Sliding Simulation of an Amorphous Ni-P Film 
To study the features of sliding of an amorphous Ni-P film we extended the modeling 

system by adding 20 at. % P (11,65 wt. % P) to Ni amorphous interlayer. Similar to previous 
calculations we simulate a layered sample where two Ni crystals were separated by the central 
part, where atoms of Ni were initially mixed with atoms of P. An amorphous state of Ni-P 
layer was reached by virtual heating and further quenching to 300 K of that part of the 
modeled specimen. The resulting structure is shown in Fig. 3a. The thickness of the 
amorphous layer was about 14 nm.  

    
(a)   (b)   (c)   (d) 

Figure 3: (a) The loading scheme and the initial structure of the modeled specimen before simulation of sliding. 
Structure (projection on XY plane) of a central fragment containing an amorphous Ni-20 at. % P layer at 

different moments of time (b) 0 ps; (c) after 500 ps and (d) after 1 ns. CNA values are used for atoms’ 
colorization. Green: fcc Ni-atoms, blue: P-atoms, gray: undefined (amorphous) Ni atoms. A magenta marking is 

used to visualize atomic displacements in the specimen after corresponding time of sliding. The formation of 
several parallel lines is caused by the action of periodic boundary conditions along the direction of shear loading. 

According to the results of simulation the structure evolution always show homogeneous 
shearing within the amorphous Ni-P interlayer, irrespective of the applied normal pressure. 
This is confirmed by the snapshots with atomic configurations at different time steps shown in 
the Fig. 3b-d. Thus, the results of MD-modeling predict smooth sliding and a low COF for the 
amorphous Ni-P layer. 
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4 SIMULATION RESULTS FOR NANOSCALE POLYCRYSTALLINE NI 

4.1 Model Description 
A further objective of our study was to estimate tangential stresses occurring during sliding 

simulations of nickel layers with nanocrystalline structure. The motivation was to explain 
significant differences of the tribological behavior observed experimentally for electro-plated 
nickel coatings and electroless deposited Ni-P coatings [13]. The modelled sample consisted 
of more than 1.5 million atoms with the following geometry: 40,5×40,5×10,5 nm along X, Y 
and Z axis, respectively. To create the initial nanocrystalline nickel structure the Voronoi 
partition method was used [14]. In our simulation the crystallographic orientation of each 
Voronoi cell (grain) was chosen stochastically. The resulting polycrystalline Ni specimen has 
an average grain size of 8 nm. The structure after the relaxation stage is shown in the Fig. 5a 
where atoms are colored according to the values calculated by common neighbor analysis 
(CNA). For a clearer visualization of the defect structures atoms with local topology different 
from the fcc structure are depicted only. As a consequence of residual stresses due to 
polycrystallization after relaxation stage mostly all nano-grains contain structural defects like 
ensembles of vacancies or different planar defects as depicted in figure 4a. Phenomena like 
recrystallization and grain boundary curvature are also taking place. 

   
(a)      (b)  

Figure 4: Structure of the modeled polycrystalline Ni specimen (a) after the relaxation stage and (b) after 750 ps 
of sliding. Atoms are colored on the basis of values calculated by CAN: Red atoms – hcp lattice; gray – 

unidentified configurations (border atoms, grain boundaries, vacancies and so on). Fcc atoms are not shown.  

The loading scheme was implemented in the following manner. The atoms of the 
polycrystalline specimen belonging to top or bottom border layers with the thickness h of 
about 2 nm from each side were substituted by atoms of single-crystal nickel with defect-free 
structure of the same thickness. All atoms of these two layers were subjected to lateral motion 
with constant velocity. The velocity was oriented along X direction. Furthermore, top and 
bottom layers move in opposite directions with 15 m/s each. Thus the total relative velocity 
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was 30 m/s. The Z projections of atoms velocities in border layers were fixed to zero. Similar 
to amorphous Ni sliding simulation additional compression loading along Y direction of about 
350MPa was applied to atoms belonging to boundary layers. Periodic boundary conditions 
were simulated along Z and X directions. The initial temperature was 300 K and during 
loading the temperature was controlled within the acceptable range from 250 K to 350 K. 

4.2 Sliding Simulation of a Nanocrystalline Ni Layer 
Figure 4b shows the nanocrystalline Ni structure after 750 ps of sliding simulation. 

Obviously, a lot of structural defects are formed within nano-gains as a consequence of 
shearing between the upper and lower boundary layers. Note however, that a major part of the 
stacking faults is just an expansion of “original” defects caused by the action of periodic 
boundary conditions and a particular crystallographic orientation of that nano-grain. During 
our sliding simulations two further structural changes are observed. Firstly, grains are rotated 
in a way that the number of horizontal GBs lying parallel to the sliding direction is increased. 
Secondly, the interface between monocrystalline loading blocks and the central 
nanocrystalline structure is changed. With increasing simulation time, corresponding to 
increasing sliding distance, the load bearing single crystal blocks grow by consuming nearest 
atoms of the inner polycrystalline structure. Thus stress-driven interface migration in the 
direction perpendicular to the lateral motion of the single crystalline support layers occurs.  

5 COMPARISON OF TANGENTIAL STRESSES 
In Fig. 5 tangential resistance stresses are compared for all three specimens considered 

above (single-cristal nickel evolving from amorphous pure Ni during the sliding simulation, 
Ni-P amorphous layer and nanocrystalline nickel). The resistance stress was calculated as a 
ratio of resistance force and contact area of the loaded layer whereas the resistance force was 
computed as resulting tangential force acting on all loaded atoms in that layer. As expected, 
the average value of resistance stress in case of the polycrystalline nickel specimen is lower 
than the corresponding parameter for the single-crystal case and about twice as high as for the 
Ni-P amorphous structure. In all cases an averaging consisted of calculation of the mean value 
of 100 neighbouring points.  

 
Figure 5: Time dependencies of resistance stress for the three modeled specimens. Light grey peaks denote 

instantaneous values and coloured curves represent the corresponding mean values.  
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6 CONCLUSIONS 
Sliding simulations based on molecular dynamics modeling provided interesting insights 

into elementary friction mechanisms of amorphous and nanocrystalline nickel films which are 
widely used in numerous tribological applications. The experimentally observed low friction 
performance of an amorphous Ni-P coating [13] was confirmed by MD modeling. This 
behavior could be attributed to homogenous shearing of the amorphous film without defect 
formation. Smooth sliding is provided most likely by the bond-switching mechanism, which 
means that after breaking a bond between a pair of atoms due to shear loading, both atoms 
move a short distance in opposite directions before they are bound again to other atoms. 

It has been shown that grain boundary atoms which could not be assigned to a 
crystallographic structure and thus can be considered as amorphous layers, play an important 
role during sliding simulations of nanocrystalline nickel. In that case, most of the shear 
deformation needed for accommodation of opposing sliding velocities is concentrated in 
horizontal grain boundaries. Both, grain boundary alignment and interface roughening 
increase with increasing sliding time. Since these mechanisms exert opposing effects on 
friction force, higher stresses are needed for initiating sliding of the nanocrystalline sample 
than for the amorphous structure stabilized with 20 at% P. Nevertheless, good tribological 
performance (low friction and wear) can also be expected for nanocrystalline nickel coatings 
because of the evidenced crucial role of GB-sliding. It should be mentioned here that the grain 
boundaries of the nanocrystalline sample, actually consisted only of an array of single 
unidentified atoms, and not of a several nanometer thick amorphous layer, as assumed by Fan 
et al. [4]. Even after plastic deformation, the grain boundary structure did not change. Only in 
the presence of certain alloying atoms a thickening of amorphous GB-layers was observed. 

ACKNOWLEDGEMENTS 
Investigations have been carried out with financial support from Program for Basic 

Scientific Research of the State Academy of Science on 2013–2020. The numerical 
simulations have been carried out with supported by Tomsk State University competitiveness 
improvement program. 

REFERENCES 
[1] Wänstrand, O., Larsson, M., Kassman-Rudolphi, A. Mechanical and tribological 

properties of vapour deposited low friction coatings on Ni plated substrates. Tribol. Int. 
(2000) 33:737-742.  

[2] Jeong, D.H., Gonzalez, F., Palumbo, G., Aust, K.T., Erb, U. The effect of grain size on the 
wear properties of electrodeposited nanocrystalline nickel coatings. Scripta mater. (2001) 
44:493-499. 

[3] Hall, E.O. Variation of hardness of metals with grain size. Nature (1954) 173:948-949. 
[4] Fan G.J., Cho H., Liaw P.K., Lavernia E.J. A model for the inverse Hall–Petch relation of 

nanocrystalline materials. Mater. Sci. Eng. A (2005) 409:243-248. 
[5] Dmitriev, A.I., Nikonov, A.Yu., Österle, W. MD sliding simulations of amorphous 

tribofilms consisting of either SiO2 or carbon. Lubricants (2016) 4(24):1-12, 
doi:10.3390/lubricants4030024. 

[6] Ebrahimian-Hosseinabadi, M., Azari-Dorcheh, K., Moonir Vaghefi, S.M. Wear behavior 

785



Andrey I. Dmitriev, Anton Yu. Nikonov and Werner Österle 

 9 

of electroless Ni–P–B4C composite coatings, Wear (2006) 260:123-127. 
[7] Nikonov, A.Yu., Konovalenko, Iv.S., Dmitriev, A.I. Molecular dynamics study of lattice 

rearrangement under mechanically activated diffusion. Phys. Mesomech. (2016) 19(1):77–
85. 

[8] Dmitriev, A.I. Nikonov, A.Yu., Psakhie, S.G. Atomistic mechanism of grain boundary 
sliding with the example of a large-angle boundary Σ=5. Molecular dynamics calculation. 
Phys. Mesomech. 2011 14(1-2):24-31. 

[9] Dmitriev, A.I., Nikonov, A.Yu., Österle W. Molecular dynamics sliding simulations of 
amorphous Ni, Ni-P and nanocrystalline Ni films. Comput. Mater. Sci., (2017) 129:231-
238 

[10] Sheng, H.W., Ma, E. and Kramer, M.J. Relating dynamic properties to atomic 
structure in metallic glasses, JOM (2012) 64:856-881. 

[11] Plimpton, S. Fast Parallel Algorithms for Short-Range Molecular Dynamics, J. 
Comput. Phys. (1995) 117(1):1-19. 

[12] Honeycutt, J. and Andersen H. Molecular dynamics study of melting and freezing of 
small Lennard-Jones clusters. J. Phys. Chem. (1987) 91:4950–4963. 

[13] Österle W., Dörfel I., Wollschläger N., et al., Potential of different nickel coatings for 
optimizing the sliding behavior of electrical connectors, Tribol. Int. (2017) submitted. 

[14] Van Swygenhoven, H., Derlet, P.M. and Hasnaoui, A. Atomistic Modeling of Strength 
of Nanocrystalline Metals. Adv. Eng. Mater. (2003) 5:345–350. 

 

786



Molecular dynamics study of the acoustic emission during nanoindentation of iron crystal

V International Conference on Particle-based Methods – Fundamentals and Applications 
PARTICLES 2017 

P. Wriggers, M. Bischoff, E. Oñate, D.R.J. Owen, & T. Zohdi (Eds) 
 
 
 

MOLECULAR DYNAMICS STUDY OF THE ACOUSTIC EMISSION 
DURING NANOINDENTATION OF IRON CRYSTAL 

ANTON YU. NIKONOV¹,², ANDREY I. DMITRIEV¹,², ANDREY V. FILLIPOV¹,³, 
VALERIY E. RUBTSOV¹,³, SERGEY YU. TARASOV¹,³ 

 ¹ Institute of Strength Physics and Materials Science (ISPMS) 
2/4, pr. Akademicheskii, Tomsk, 634021, Russia 

e-mail: sp@ms.tsc.ru, web page: http://www.ispms.ru/en/ 
 

² Tomsk State University (TSU) 
36, Lenina Avenue, Tomsk, 634050, Russia 

e-mail: rector@tsu.ru, web page: http://tsu.ru/english/ 
 

³ Tomsk Polytechnic University (TPU) 
30, Lenin Avenue, Tomsk, 634050, Russia 

e-mail: tpu@tpu.ru, web page: http://tpu.ru/en/ 
 

Key words: acoustic emission, structure defects, molecular dynamics, indentation. 

Abstract. In the paper simulation of the indentation of iron crystal was carried out using the 
method of molecular dynamics. We investigated the effect of vibrations on the AE under the 
impact of a single element (indenter) with a certain amount of material. Fluctuations of the 
forces acting on the sensor, changing of the system energy and the formation of defects during 
loading were analyzed. The force signal showed the increase in its amplitude and power 
spectrum as well as the median frequency drop under loading by vibrating indenter. The 
rationale behind all these changes may be dependence between the vibration amplitude and 
full system energy.  
 
1 INTRODUCTION 

Analysis of acoustic emission (AE) is one of the most common methods for monitoring of 
mechanical systems. A distinctive feature of this approach is the ability to identify different 
structure changes by the generated acoustic signals without the active intervention and change 
the properties of the material, since AE relates to traditional methods of non-destructive 
testing. At present, the use of the AE method is gaining popularity as a monitoring of the state 
of mechanical systems (gearboxes and bearing friction units) and detection of vibrations. 
Also, this approach is used in the manufacture of machine parts, for example, in metal cutting 
machinery, where AE is used to monitor the state of the cutting tool or the type of chip 
formation. The appearance of vibrations during processing of this kind is highly undesirable, 
because they lead to a decrease in the quality of the obtained parts. Analysis of AE makes it 
possible to detect vibrations, but it is necessary to separate signals that arise both a result of 
the tribological contact of the workpiece with the tool and during intensive plastic 
deformation of the material. In view of the complex internal structure of polycrystalline 
materials and the multitude of processes occurring during plastic deformation in the volume 
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of the billet, it is difficult to interpret the sources of acoustic emission. The relevance of this 
problem is confirmed by a large number of experimental and theoretical works, the main 
results of which are published in high-ranking periodicals, for example, Physical review 
letters, Physical review, Tribology International, Engineering Fracture Mechanics, Materials 
Science and Engineering and other. So, Pawełek in [1] showed the Frank-Read source can be 
a source of AE. Chung and Kannatey-Asibu [2] notes, that initial and harmonic dislocation 
movement during plastic deformation of crystal (grains) can also be a source of emission AE. 
The harmonic motion of dislocations promote to reduce the frequency of AE as the degree of 
deformation increases. In [3], the authors associated low-amplitude continuous AE signals 
with the low-magnitude stress-strain curve serrations caused by the propagation of the 
Porteven-Le Chatelier bands. The high-magnitude burst-like AE signals were correlated to the 
high-magnitude stress-strain serrations generated by nucleating Portevin–Le Chatelier bands. 
Salje et. al. in [4] using molecular dynamics have shown, that on the atomic scale AE is 
determined by both potential and kinetic energy levels changes. The aim of present work is to 
study the influence of generated structure defects and change of internal energy of sample on 
AE signals during nanoindentation. 

2 NUMERICAL MODEL 
The study was conducted in the framework of molecular dynamics method using the 

software package LAMMPS [5]. The interaction between atoms is described within the 
embedded atom method [6]. The physical correctness of the used software package and 
interatomic potential was verified based on a comparison of the calculated values of the 
energy of vacancy formation and packing defect with similar experimental data. In both cases, 
the deviation amounted to less than 1%. The iron model sample was 18×18×9 nm rectangular 
parallelepiped. The total number of atoms exceeded 200000. A schematic representation of 
the sample is shown in Fig. 1. Along the Z axis of the laboratory coordinate system, periodic 
boundary conditions were specified. The four lower atomic layers were fixed, forming a 
substrate. The simulations were carried out for 0K and 300K temperatures. The zero 
temperature was used to evaluate the effect of heat motion on the system dynamics. A 
"combined" indenter was used to load the system. Such an indenter was an absolutely rigid 
cylinder of atoms with a radius of 2 nm and a field cylindrical indenter with a radius of 2.2 
nm. The indenter axes coincided and were oriented along the Z axis. The material indenter 
prescribes adhesion properties due to the mutual attraction of atoms. The atoms of the sample 
entering the interior of the field indenter region were acted upon by forces from the axis of the 
cylinder. The magnitude of the force is described by 𝐹𝐹(𝑟𝑟) = −𝐾𝐾(𝑟𝑟 − 𝑅𝑅)2, where K – 
constant, r – distance from cylinder axis to atom and R – cylinder radius, at r > R F(r) = 0. 
Thus, the field indenter reduced the adhesion forces between the atoms of the sample and the 
indenter. The indentation simulation was carried out in two stages when the first one was 
indenting the iron sample at the constant rate 0.1Å/ps. The second stage was that when the 
indenter penetrated 1 nm into the iron sample it began oscillating with an amplitude increment 
A(t)=0.05 Å/ps and frequency ω=1/3ps-1. The position of the cylinder axis as a function of 
time is shown in Fig. 2. 

The acoustic response to indenting was evaluated as forces acting on the atomic area 
sensor located on the sample’s right face (as shown by gray fragment in Fig.1). 
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Figure 1: Schematic representation of the simulated sample. 

 

Figure 2: Time dependence of indenter’s center position in case of vibrational loading. 

3 SIMULATION RESULTS 

3.1 Acoustic response to static indenter 
Constant loading rate indentation produces atomic displacements and defects that generate 

elastic waves received by the sensor in the form of a force directed along the X-axis. This 
force is oscillating around its constant value with time (Fig.3a) thus simulating the acoustic 
emission response to indentation. Median frequency of such a signal reveals the above 
observed type of behavior, i.e. irregular oscillations around mean value Fmed~7 THz (Fig.3b). 
Power spectrum shows signal frequencies in the range 0 to 8 THz. The maximum power 
spectrum value is found in the low frequency range (Fig.3c). It is reasonable to suggest that 
the non-zero temperature is the reason for oscillations in Fig.3a.  
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a)  

b)  

c)  

Figure 3: Force signal (a), median frequency (b) and power spectrum (c) in static loading 

3.2 Acoustic response to vibrating indenter 
The effect of vibrations on the acoustic response is shown in Fig.4 where at least three 

types of the acoustic response could be found. The first one (Fig.4a) corresponds to a static 
vibration-free loading stage and it is identical to the force oscillations in Fig.3a obtained under 
similar type of loading. Also both median frequency and power spectrum (Fig.4b, c) show the 
same type of behavior as shown in Fig.3b, c. 

The second type of behavior is a transition from a vibration-free loading to loading when 
the vibration amplitude has just started growing. The median frequency immediately started 
falling from 7 to 1.7 THz (Fig. 4b). The maximum power spectrum value grew to 0.7х1016 
(Fig.4c). 

The third type of behavior is characterized by the high amplitude force oscillations. In 
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addition, the force amplitude shows some long period oscillations but generally continues 
growing. The median frequency is still in the low frequency range (Fig.4b) with only ten up to 
3.1 THz peaks. The power spectrum shows only some peaks with the maximums in low 
frequency range. 

a)  

b)  

c)  

Figure 4: Force signal (a), median frequency (b) and power spectrum (c) in vibration loading 

According to the results force received by the sensor grows with the vibration amplitude. 
The spectral characteristics show dependence between the median frequency and vibrations 
on the one side and between power spectrum and vibrations on the other. The rationale behind 
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such a relationship may be a redistribution of energy inside the system modeled. 
By computing the full energy of the modeled system for both cases we can see that 

indentation without vibrations gives the full energy value oscillating around some mean level 
whereas the imposed vibrations cause its growth on the background of high amplitude 
oscillations (Fig. 5). This growth is achieved mainly due to increasing the potential energy, 
i.e. due to increased amplitudes of atom displacements. The kinetic energy changes may be 
evaluated from the temperature changes caused by vibrations (Fig.6). One can see that mean 
temperature is only slightly varied with time thus confirming our suggestion that potential 
energy is a main contributor to the full energy. If so then it becomes understandable why 
median frequency reduced due to vibrations. Interatomic distances increase together with a 
number of defects formed whose relaxation is retarded by enhanced elastic stress fields. The 
number of crystalline lattice defects produced during indentation without and with vibrations 
increases with time in both cases (Fig.7). 

 

 

Figure 5: Full energy of the model system 

 

Figure 6: Time dependence of temperature of the model system in case of vibrational loading 
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Figure 7: The number of atomic structure defects generated during vibration and static indentation 

This suggestion has been confirmed by the results of crystalline structure analysis carried 
out using the Common Neighbor Analysis (CNA) developed by Honeycutt and Andemen [7]. 
This method allows determining the local topology of interatomic structure corresponding to 
bcc, fcc and hcp crystal lattices [8-9]. In the present work, such a procedure was applied to 
count atoms belonging to crystalline structures other than the initial bcc during indentation, 
i.e. to determine the number of atoms forming the defect configurations.  

The dependencies in Fig.7 show how the number of atoms changes with time for vibrating 
indenter at 300K and static indenter at 0K and 300K. The number of atoms belonging to 
defect configurations shows a growth with time at 0K together with some periodicity. This 
tendency may have been explained by the fact that the defect atomic configurations are 
produced and accumulated because of low atom mobility at 0K. On the contrary, the number 
of defect configurations at 300K shows only periodic minimums and maximums without a 
tendency to accumulate. One can see in Fig.7 that the defect nucleation stages 1 and 3 
correspond to high defect number peaks while stage 2 corresponds to local minimum when 
previously formed defects have already relaxed by emerging on the sample’s surface. The 
situation is quite different during vibrational loading when the defects number grows sharply 
starting from the moment of time when vibrations have been imposed. 

Comparing the full energy dependence in Fig.5 to the number of defects in Fig.7 one can 
state that potential energy of the system is determined by the number of unrelaxed defect 
configurations. 

4 CONCLUSIONS 
The AE signal was simulated in framework of molecular dynamics method by the force 

obtained on the lateral face of the sample and resulted from deforming the sample by an 
indenter. The results show that the full system energy grows with the vibration amplitude 
mainly by means of the potential energy component, which means that atoms become more 
widely separated from each other and form more of defect configurations, i.e we have higher 
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volume of material involved in deformation. The resulting AE signal will be composed of 
different components possessing different frequencies and amplitudes. High AE signal 
amplitude gives low frequency components so that power spectrum migrates to the low 
frequency end and median frequency shows a drop. The rationale behind all these changes 
may be dependence between the vibration amplitude and the system full energy. Obtained 
results are in good agreement with experimental data on the acoustic emission response to 
vibration loading in the course of peakless tool turning [10]. 
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Abstract. Irradiation is a common method used for sterilizing objects in several fields. In 
the entomology sector, insects are sterilized through irradiation and released in to the wild to 
sexually compete with the population at large reducing the chance for reproduction. This 
practice is the Sterile Insect Technique (SIT). Traditionally irradiation sources for SIT 
purpose are radioisotopes but many reasons compelled to getting efforts to develop other 
radiative technologies. Since gamma rays and electrons have similar sterilizing effects, the 
choice of source for SIT irradiation is based on considerations about penetration and 
environmental factors. 

Gamma irradiators are usually simpler to operate, and less expensive, than electron 
accelerators, at least within the range of power required for SIT applications. Currently, the 
increased difficulties to manage and ship radioisotopes is being successfully resolved by the 
introduction of novel X-ray irradiators that enable a safer use of irradiator machines and 
procedures for SIT applications. 

In the ENEA Frascati research center we developed irradiators for clinical radiotherapy 
consisting in a radiation converter from electrons to X-rays. Since X-rays penetrate deeper 
than the electrons from which they are generated, we used this technology in a configuration 
that delivers a uniform dose on large targets to irradiate insects for SIT aim. 

In this topic, we gained practical experience working with Aedes albopictus, a mosquito 
vector of various tropical diseases such as dengue and zika. Several dosimetric studies have 
been conducted to achieve male sterility without affecting male mating competitiveness in 
comparison with untreated males. Lower doses have been also tested on an Ae. albopictus 
strain modified with the bacterium Wolbachia, which also determines male sterility, to 
sterilize the females eventually escaping the sexing procedures preliminary to the releases of 
the males. 
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1 INTRODUCTION 
The Particle Accelerators and Medical Applications Laboratory (APAM) at ENEA Frascati 

research center,  develops particle accelerators for medical, industrial and research 
applications [1-3]. Some electron accelerators were developed as stand alone accelerators or 
as parts of a larger facility. 

A 4.8 MeV 180 mA S-band electron on-axis coupled linear accelerator (linac) was 
completely designed and built inside the accelerator laboratory. This design was used as a 
basis for the IORT accelerator development with industry [4]. 

This medium energy linac offers some suitable services to scientific community in the 
several applications fields in which e-beam and X rays are useful and often it has been used as 
a test facility for material processing. Examples of test of radiations already carried out are in 
the following table 1.  

 
Table 1: Examples of irradiations with the 4.8 MeV linac at ENEA Frascati research center. 
 

Crosslinking of polymers 
Degradation of pesticides 
Degradation of phenols in waters of washing of the olives  
Degradation of policlorobiphenols (PCB) present in oils of isolation of the transformers 
Cracking of oil products 
Water sterilization infected by pathogenic agents 
Control of the effects of the on the functionality of the cells of the blood 
Production of color centers in alkaline crystals in presence of drugging for employs in solid state laser 
Generation from metallic targets of x-rays radiation 
Damage tests of hard materials for nuclear fusion applications 

 
The APAM laboratory unit dedicated to the electron accelerator system studies the physics 

parameters and the dosimetry of the particle beam up to the "radiation effects" investigating 
the whole chain of processes starting from the elementary interactions between ionizing 
radiation in matter up to the formation of the effect (eg, radiation damages to soft and hard 
materials [5]).  

Monte Carlo methods are developed and employed for the simulation of radiation field and 
the induced processes for radiation response studies and radiobiological experiments. 

 
Recently, within the COBRA project [6], a new irradiation chamber for treatment volume 

in order to remove biodegradation of artistic and cultural assets [3] has been realized. 
Investigations in this topic have led to the interest in the generation and characterization of 
radiation fields for radiobiological experiments with X-rays produced by the accelerated 
electrons. On this line we have devoted a study to the effects of radiation on insects. 

Aedes albopictus is a mosquito vector of various severe diseases including dengue, zika, 
yellow fever and chikungunya. Insecticides did not show the ability to obtain the suppression 
of this dangerous insect species on the long term, mainly due to the development of resistant 
populations. Thus, innovative strategies of control are required to supplement the existing 
means to maintain this population's population density below the epidemic risk threshold. The 
production and release of sterile males capable of reducing the fertility of the wild-type 
population is proving to be a suitable approach to achieving this goal. ARwP Ae. Albopictus 
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is a line capable of producing sterile males due to infection of a specific strain of the 
endosymbiotic Wolbachia bacterium. Herein, we tested various X-ray dosages as a mean to 
achieve the sterilization of females eventually escaping the sexing procedures which could be 
undesired during releases in the field. 

The present work was mainly aimed at the definition of a radiation protocol for the 
treatment volume of Aedes albopictus with X rays generated by electrons. 

 
LINEAR ACCELERATOR 
The linear accelerator employed in this work is an S-band standing wave on-axis coupled 

machine delivering 900 W maximum average power at 4.8 MeV and operating in the /2 
mode. The operating parameters are given in table 2. In figure 1 a drawing of the on-axis 
coupled accelerator and a picture of the brazed structure are given.  

 
Table 2: 4.8 MeV linac parameters. 

Mode Frequency 2999 Hz 
Q0 factor 12000 
Coupling Coefficient 1.9 
Shunt Impedance ZS 72.7 M/m 
Number of accelerating cavities 7+2 halves 
Number of Coupling Cavities 8 
Cavity Length 48 mm 
Pulse Duration (FWHM) 3.5 s 
Current at 4.8 MeV 200 mA 
Frequency Repetition Rate 100 Hz (max) 

 

 
Figure 1. Left: drawing of the linear accelerator; right: the 4.8 MeV on-axis coupled linear accelerator. 

 
Figure 2 shows the irradiation facility consisting on the described linear electron 

accelerator and the irradiation chamber. 
The energy of electrons is determined by measuring the electrons range in aluminum: the 

obtained energy depends on whether the transmitted beam is measured in peak current from 
the beginning of pulse or measuring the average current and by transforming it to peak value 
using duty cycle of beam pulse. 
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Figure 2. View of the e-beam/X-ray irradiation facility. 

 
X-RAY IRRADIATION 
Several set-ups are available using  the e-beam irradiation facility described above.  
The irradiation campaigns for the treatment volume of Aedes Albopictus depicted before 

were performed with X-rays. 
The accelerated electrons exiting from the linac were collimated by stainless steel flange 

with an aperture of 5.5 mm and then shoot a target to generate X-rays through the 
bremsstrahlung effect. The produced X-rays passes through a lead conic collimator with 30 
mm diameter as shown in figure 3. 

 

   
Figure 3. Left: view of the e-beam exit. Right: X-rays lead collimator in front of the e-beam exit. 

  
The MCNPX6 Monte Carlo Method was used to find the best thickness and material of 

target with biggest conversion efficiency. A simulation with the single material target model 
for scanning parameters calculates the conversion efficiency and estimates the dose rate. By 
the optimized calculation we choose a tungsten conversion target 1.64 mm thick [7] with a 
further aluminum, 0.5 mm thick, to block both any remaining primary electrons and the 
secondary ones produced. 

Figure 4 shows the X-rays source, tungsten converter, housed between the electron 
collimator, just outside the linac exit window, and the X-ray beam lead collimator. 

The insect sterilization protocol, afterward outlined, was developed working with the 
operational parameters summarized in Table 3. 

Figure 5 shows the X-ray source spectrum calculated by MCNPX6. 
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Figure 4. Schematic view (left) and photo (right) of the e-beam collimator (a); tungsten converter for X-rays 

(b); lead collimator (c). 
 

Table 3: 4.8 MeV linac operational parameters set for the insect sterilization protocol. 
Cathode Current 4 mA 
Cathode  Voltage 2 kV 
High Voltage (power supply) 19 kV 
Mean Current Accelerated Electrons 140 mA 
Repetition Frequency 14 Hz 
Pulse length 3 s 

 

 
Figure 5. X-ray fluence distributions for source particles: the peak at 511 keV due to the pairs production and 

the characteristic fluorescence X-ray peak at 1.02 MeV are visible. [7] 
 
The shield used for X-ray irradiation is a lead chamber positioned after the linac vacuum 

chamber (figure 2) and encloses both the electrons output terminal and the X-ray source as 
shown in figure 6. The internal volume of this irradiation chamber is: 410 x 810 x 400 mm3. 

 

 
Figure 6. Sketch of the irradiation setup with the lead shielding room (410 x 810 x 400 mm3) for the X-rays 

tests. 
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The half-value layer (HVL) method (effective up to 3 MeV photons) was used to measure 
the X-ray spectrum using thicker copper layers and also a Monte Carlo simulation was carried 
out interposing the filters on the previously calculated photonic spectrum.  

The dosimetric control measurements were executed in the volume of the shielding room 
by a FWT IC-17A ionization chamber having an active volume of 1 cm3, suitable for high 
dose rates, calibrated at the LAT-231 calibration center with 60-Co, 137-Cs [7]. This 
dosimeter has a linear calibration factor in the energy region between 50 keV and 1.25 MeV 
showing a maximum, acceptable, variability of 10%. The calculated uncertainties are 
associated as follows: 1.5% the calibration factor, 5% the measurements, 3% the positioning. 
These should also add to the variability of the irradiation intensity of the converter due to 
variability of the e-beam cathodic emission. 

The ionization chamber, powered by 300 V, was connected to a Keithley 6514 
electrometer with a feedback capacity of 400.97 nF. 

 
AEDES ALBOPICTUS 
Female pupae (46±2 hour old) of the ARwP Ae. albopictus line were irradiated at various 

doses. The emerging adults were then mated with fertile males and then allowed to lay eggs to 
check for their fertility. 

 
IRRADIATION MODALITY 
 
A preliminary X rays dose and dose rate measurements campaign allowed to assess the 

distribution of dose inside the irradiation chamber. An ionization chamber sensor (model 
PPC05 from IBA) coupled to a reference class electrometer for measurements of absorbed 
dose (model Dose 1 from IBA-Wellhofer-Scanditronix) has been used to measure the dose 
rate in several points inside the lead shielded room. The sensor inside the irradiation chamber 
was moved by a remote handling system. In order to have a relatively low dose rate and, at 
the same time, a greater homogenous dose distribution, we decide to move far from the beam 
source point. In particular, for the insects sterilization process a distance of 30 cm from the X 
rays exit window has been considered. In this position, the measured dose rate is 0.952 
Gy/min. 

Then, a Petri dish containing water and the ARwP Ae. albopictus pupae has been placed 
perpendicularly at X rays beam axis, as shown in figure 7. Two Petri dishes have been 
irradiated for 31’30” and two other samples for 20’50” 

 

 
Figure 7: Petri dish with Aedes albopictus pupae inside the irradiation room. 
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CONCLUSIONS 
 
Currently we're going to run the way of experimental campaigns to define the best 

irradiation protocol in the entomology sector of the Sterile Insect Technique (SIT), to sterilize 
the dangerous insects Ae. albopictus that released into the wild sexually compete with the 
population at large reducing the chance for reproduction. 

The reason of the interest in this X-rays application is related to the conditions of both 
radiation field and penetration improving sterilizing effects with simpler and safer process. 

To evaluate the absorbed dose appropriate for male and female specimens of Ae. 
albopictus modified with the Wolbachia bacterium, as described above, we're setting up the 
right X-ray exposure procedure also performing the photon beam simulations using the 
EGSnrc Monte Carlo code. This system, available for non-commercial purposes, of radiation 
transport, is a code specifically designed to model the transport of radiation. It includes 
BEAMnrc software component can meet the requirements for modeling beams traveling 
through consecutive material components ranging from a simple to a complex geometry of the 
linac head terminal. Also the EGS tool is used to estimate the dose distribution on the sample 
target and the data will be compared with Fluka simulations. In this way, we are simulating 
the fluency profile on our sample within the irradiation chamber, described in the above 
paragraphs, to optimize the delivering of the prescribed radiation dose to the sample and new 
several experimental tests are foreseeing. 
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Abstract. This work presents a comparative study of reactive flow in a realistically packed 
array of cylindrical particles on two widely different scales: particle-resolved direct numerical 
simulation (PR-DNS) and 1D modelling. PR-DNS directly simulates all transfer phenomena in 
and around the cylindrical particles, while 1D modelling utilizes closure models to predict 
system behaviour at a computational cost several orders of magnitude lower than PR-DNS.  

PR-DNS is performed on a geometry of ~100 realistically packed cylindrical particles generated 
using the discrete element method (DEM). Simulations are performed over a range of Thiele 
moduli, Prandtl numbers and reaction enthalpies. The geometry with particles of aspect ratio 
four is meshed with fine polyhedral elements both inside and outside the particles. Hence, we 
obtain accurate results for combined internal and external heat and mass transfer in the 
cylindrical particle array.  

These results are compared with a 1D packed bed reactor model incorporating appropriate 
models for intra particle diffusion and for external heat and mass transfer (applicable to 
cylindrical particles). Results document a good comparison for the heterogeneous first order 
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catalytic simple reaction. Therefore, recommendations are made to guide future 1D modelling 
works involving reactive flows in packed beds of cylindrical particles.  
 
NOMENCLATURE 
 
Greek Symbols 
𝛼𝛼 Volume fraction 
ԑ        Void fraction 
𝜙𝜙    Thiele modulus (Th) 
𝜂𝜂 Effectiveness factor 
 
Latin Symbols 

a Characteristic length of cylinder particle (rp/2) 
Cp Specific heat capacity of fluid [J/kg.K] 
CA Concentration of species A [mol/m3] 
D Molecular diffusivity [m2/s] 
dp Diameter of the cylindrical particle [m] 
E Activation energy [J/mol] 
h Heat transfer coefficient [W/m2K] 
k0 Arrhenius constant [1/s] 
Kf Thermal Conductivity of fluid [W/m.K] 
Nu Nusselt number (ℎ𝑑𝑑𝑝𝑝/𝐾𝐾𝑓𝑓) 
Pr Prandtl number (𝜇𝜇𝐶𝐶𝑝𝑝/𝐾𝐾𝑓𝑓) 
R Gas constant [8.314 J/mol/K] 
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐 Catalytic reaction rate [mol/m3s] 
r Radius [m] 
Re Reynolds number (𝜌𝜌𝑢𝑢𝑠𝑠𝑑𝑑𝑝𝑝/𝜇𝜇) 
Sc Schmidt number (𝜇𝜇/𝜌𝜌𝜌𝜌) 
Sh Sherwood number (ℎ𝑑𝑑𝑝𝑝/𝜌𝜌) 
T Temperature [K] 
𝑢𝑢𝑠𝑠  Superficial velocity of the fluid [m/s]. 

 
Sub/superscripts 

f Fluid 
p Particle. 

 
1 INTRODUCTION 

Cylindrical particles are often utilized in gas-solid packed bed systems, with application 
from process to pharmaceutical industry. Therefore, a wide range of closure models is available 
for gas-solid reaction systems. The closure models are segregated depending upon the 
application of the particles in either catalytic or non-catalytic role. 

There are several important works describing the non-catalytic gas-solid systems [1, 2]. 
While, for the heterogeneous catalytic system the most important parameter of effectiveness 
factor is given for intra particle diffusion in spherical porous particle by [3]. The correct 
expression for the effectiveness factor with the cylindrical particle can be found in [4-6].  

The recent work from the authors [7, 8] used the analytical expressions for effectiveness 
factor of general catalytic reaction forms in 1D packed bed models. The validity of these 1D 
packed bed models when combined with appropriate closure models for external heat and mass 
transfer in dense packed beds of cylindrical particle motivates the current work.  
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The objective of our work is to evaluate the predictions of gas-solid reaction systems on two 
distinct scales. Firstly, a PR-DNS on a geometry of ~100 densely packed cylindrical particles 
(aspect ratio four; ԑ = 0.468) [9] is used to give insight into the intra-particle diffusion and heat 
transfer phenomenon. Then the 1D packed bed model based on the closure for effectiveness 
factor [6] and external heat and mass transfer [9] is used to approximate this solution at a much 
lower computational cost. The comparison of the results for species concentration and 
temperature variation from both approaches are then documented.  

2 METHODOLOGY 
2.1   PR-DNS Simulation Setup 
 

The realistically packed cylindrical particle bed of aspect ratio four (ԑ = 0.468) is generated 
using discrete element method (DEM) integrated in Star CCM+ 11.02. It is explained in more 
detail in Singhal et al. [9]. Such a geometry obtained is free from wall effects, which has been 
proved in [10]) hence giving confidence in the numerical accuracy of the methodology. The 
geometry is meshed with polyhedral elements with resolution de/30 using FLUENT meshing 
on particle surfaces both inside and outside the particle to account for intra particle diffusion. 
Subsequently a growth rate of 20% is allowed from the particle surface to fill up the void (Figure 
1).  

 

 

Figure 1: A section (y = 0) through the geometry of cylindrical particles meshed with polyhedral elements. 
 
Steady state DNS with SIMPLE algorithm for pressure-velocity coupling and 2nd order 

spatial discretization for solver equations using ANSYS FLUENT is used to provide solution 
to the problem at hand. Steady state DNS is found to be accurate for the type of geometry 
solved, as transient fluctuations in the small spaces are negligible [10]. The final rendered 
geometry has a velocity inlet, pressure outlet and a non-slip condition on the wall. The solid 
particles are considered to be porous (the grain model [11]), where the reaction modelled by 
Eq. (1) takes place. Table 1 describes the simulation parameters used in the DNS.  
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A (g) + B (s) → C (g) + B (s) (1) 

 
The reaction rate is defined by Eq. (2) and (3): 
 

𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐 = 𝛼𝛼𝑠𝑠𝑘𝑘𝐶𝐶𝐴𝐴 

 
(2) 

                 
(3) 

 
PR-DNS was performed for different combinations of heat transfer resistance (Prandtl 

number) and mass transfer resistance (Thiele modulus). In total, nine combinations of Thiele 
modulus and Prandtl number were used to obtain the results (Table 1).  Different mass and heat 
transfer mechanisms are obtained by varying the molecular diffusivity and thermal conductivity 
of the gas phase using Thiele modulus (Th) and Prandtl number (Pr) definition given in Table 
1. Using an appropriate pre-exponential factor (Eq. (3)), the value for reaction rate constant of 
10000 1/s at temperature 1000 K is obtained. Similarly, a high value for activation energy is 
assumed to create a strong coupling between heat and mass transfer.  

 
Table 1: Simulation parameters for PR-DNS 

Parameters Value 
Eq. Particle diameter (de) (m) 0.001 
Packed bed voidage  0.468 
Particle void  
fraction (internal) 

 
0.3 

Density (kg/m3) Fluid :1  Particles :2500 
Fluid velocity (m/s) 1 
Inlet mole fraction (A) 0.1 
Specific heat capacity (Cp) (J/kg/k) 1000 
Arrhenius constant (k0) (1/s) 1673603814 
Activation energy (E) (J/mol) 100000 
Thermal conductivity (Solid) (W/m.K) 0.1 
Thiele moduli (Th) 5, 10, 20 
Prandtl numbers (Pr) 0.50, 0.75, 1 
Heat of reaction (kJ/mol) 100, 10, 0, -10 

2.2 Thiele Modulus and Effectiveness Factor 
The effectiveness factor and Thiele modulus [12] definition is similar to the previous work 

with spherical particle [8] defined for heterogeneous catalytic gas-solid reactions of first order. 
It is defined as the effect of intra particle diffusion on reaction rate [3, 13].  

 

𝜂𝜂 = actual reaction rate
reaction rate without diffusion limitations

 (4) 
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𝜙𝜙 ≈ reaction rate
diffusion rate

 (5) 

 
2.3   1D Packed Bed Model 
 

An outline of the 1D model setup can be seen in detail in the earlier work of the authors [7, 
8].  The 1D packed bed model domain consists of 100 cells in one direction. The model is 
simulated using a Two Fluid Model approach in ANSYS FLUENT 17.2. The velocity of the 
solid phase in all 100 cells is fixed to zero. Subsequently, the conservation for mass, 
momentum, energy and specie are solved to obtain the solution.  

In the 1D-model approach, appropriate closure models applicable to cylindrical particle beds 
have to be used to account for heat and mass transfer limitations. The closure models for 
effectiveness factor to model intra particle mass transfer limitations are given by Levenspiel 
[3], these closures are modified as suggested by [6], to be now applicable for cylindrical 
particles.  Moreover, the external heat and mass transfer limitations are modelled using the 
closure models developed for cylindrical particles [9]. The effectiveness factor closures 
considered in this work are given below in Eq. (6)-(8): 

 

𝜂𝜂 = 1
𝜙𝜙 ( 1

𝑡𝑡𝑡𝑡𝑡𝑡ℎ(3𝜙𝜙) −
1

3𝜙𝜙) (6) 

 𝜙𝜙 = 𝑡𝑡√ 𝑘𝑘
𝐷𝐷𝑒𝑒

     (7) 

𝐷𝐷𝑒𝑒 = 𝐷𝐷𝐷𝐷
𝜏𝜏    (8) 

  
     The Thiele modulus (𝜙𝜙) represents the ratio of kinetic rate to diffusion rate, so higher values 
represent greater mass transfer limitation. The effective diffusivity (𝐷𝐷𝑒𝑒) is composed of the 
molecular diffusivity (𝐷𝐷), the void fraction of porous particles (𝜀𝜀 = 0.3) and the tortuosity 
(𝜏𝜏 = 1). The correlation for external heat (Pr) and mass transfer (Sc) from Singhal et al. [9] is 
written as shown in Eq. (9). 
 

𝑁𝑁𝑁𝑁 = (0.81 + 0.0652𝜀𝜀−3.55𝑅𝑅𝑅𝑅0.644𝑃𝑃𝑃𝑃0.456) 

𝑆𝑆ℎ = (0.81 + 0.0652𝜀𝜀−3.55𝑅𝑅𝑅𝑅0.644𝑆𝑆𝑆𝑆0.456) 
 (9) 

 
The domain dimensions and the boundary conditions are identical to the PR-DNS 

simulations. In addition, the solid volume fraction is set as the mean volume fraction of the 
solid in the PR-DNS domain (0.532) times the solid volume fraction in the particles (0.7).  

3 RESULTS AND DISCUSSIONS 

3.1 Heat and Mass Transfer in Densely Packed Cylinders 
PR-DNS is performed over a range of Thiele moduli (Th 5-20) and Prandtl numbers (Pr 0.5-

1) for a densely packed bed of cylindrical particles of aspect ratio four (ԑ = 0.468). The results 
for typical variation of gas temperature and specie concentration (of specie A) for an 
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endothermic reaction (at dHrxn = 10 kJ/mol) are shown in Figure 2 and Figure 3. Figure 2 shows 
temperature variation over Pr 0.50 to Pr 1 (top to bottom). As the gas thermal conductivity 
decreases, the particle temperature decreases (Pr 1 has colder particles than at Pr 0.50). This is 
due to increase in heat transfer resistance with increasing Prandtl number that limits the influx 
of heat consumed by the endothermic reaction. Also, for a fixed heat transfer resistance (Figure 
2 (right to left)), a lower mass transfer resistance results in colder particles due to a faster 
endothermic reaction.  

 

 

Figure 2: PR-DNS results (plane y= 0) for the temperature variation in the packed bed of cylindrical particles of 
aspect ratio four for different Prandtl numbers (Pr) and Thiele moduli (Th) at dHrxn = 10 KJ/mol. 

    The mass transfer limitations can be seen appropriately in Figure 3. It is evident from Figure 
3 (left to right), that the concentration of specie A inside the particle decreases. This is because 
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of the increase in the mass transfer resistance, i.e. the gas mass diffusivity decreases with 
increase in Thiele modulus. More details are given in the subsequent sections.  
 

 

Figure 3: PR-DNS results for the reactant (A) mole fraction in the packed bed of cylindrical particles of aspect 
ratio four for different Prandtl numbers (Pr) and Thiele moduli (Th) at dHrxn = 10 KJ/mol. 

The effect of heat of reactions (dHrxn) on specie concentration (of A) is shown in Figure 4. Four 
different dHrxn (= 100, 10, 0, -10 kJ/mol) are assessed for the Pr1T20 case, including one 
exothermic reaction. The specie concentration (of specie A) inside the particle decreases as we 
decrease the dHrxn. This is because an exothermic reaction is self-strengthening (faster reaction 
 higher temperature  faster reaction), whereas the opposite is true for an endothermic 
reaction. The exothermic reaction strengthens itself by increasing the temperature, while the 
endothermic reaction extinguishes itself by decreasing the temperature.   
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3.2 1D Model Predictions 

The comparison between the PR-DNS data and the 1D model predictions are presented in 
this section. In the first comparison, the 1D model data is compared with the PR-DNS data for 
bulk fluid specie concentration and temperature (over a range of Prandtl number and Thiele 
modulus). The bulk fluid [9, 10, 14-16] properties are used for PR-DNS data to generalise any 
effect of the location of the planes [9, 10] in the geometry in the calculation of the temperature 
and specie concentration. Secondly, the effect of change in reaction enthalpies are compared. 
Also note that for the 1D model all the heat of reaction source term is implemented in the solid 
phase as suggested in our previous work [8]. 
 

 

Figure 4: PR-DNS results for the reactant (A) mole fraction for (Pr = 1; Th = 20) case. The variation in specie 
concentration with different heat of reactions (dHrxn = 100, 10, 0, -10) is shown from left to right. 

 
3.2.1 Variation of Prandtl number and Thiele modulus 

     Figure 5 shows the axial specie concentration (for specie A) profiles for nine combinations 
of Thiele modulus and Prandtl number. The results agree well with the PR-DNS results 
suggesting that mass transfer limitations are defined with appropriate closures for 1D model. 
Figure 6 shows the axial profiles for the difference between the bulk gas temperature and the 
average particle temperature. The amount of reaction in an endothermic system decreases as Pr 
is increased by decreasing the gas phase thermal conductivity. A lower thermal conductivity 
implies greater gas-particle heat transfer resistance, thereby allowing less heat to enter and 
sustain the highly endothermic reaction.  The temperature variation inside each particle should 
be very small given the solids phase thermal conductivity (Table 1) implemented.  In general, 
good agreement between PR-DNS and 1D results is obtained with a moderate discrepancy at 
Pr = 1.  
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Figure 5: Comparison of axial species  profiles (for 
specie A) between PR-DNS (solid lines) and 1D 
simulations (dashed lines) for different Prandtl 
numbers (Pr) and Thiele moduli (Th) at dHrxn = 10 
kJ/mol.. 

 

Figure 6: Comparison of axial gas-particle 
temperature difference between PR-DNS (solid 
lines) and 1D simulations (dashed lines) for different 
Prandtl numbers (Pr) and Thiele moduli (Th) at 
dHrxn = 10 kJ/mol.
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3.2.2 Variation of reaction enthalpy 
In the previous sections, the heat of reactions used is (dHrxn = 10 kJ/mol) signifying an 

endothermic reaction. In order to monitor the effect of dHrxn on the reactant conversion, three 
additional heat of reactions (including an exothermic reaction) are evaluated for the case 
(Pr1T20) with greatest heat and mass transfer limitations.  

It can be seen from Figure 7 that the 1D model predicts PR-DNS results accurately and the 
reactant conversion increases with a decrease in the reaction enthalpies. In the two cases with 
the fastest reaction rates, the inclusion of the external mass transfer limitation becomes 
important to achieve a good match with PR-DNS results.  
 

 

Figure 7: Comparison of axial species profiles (for specie A) between PR-DNS (solid lines) and 1D simulations 
(dashed lines) for Pr1T20 case and different reaction enthalpies (dHrxn in kJ/mol).  

11 CONCLUSIONS 
This work presented a comparison of particle-resolved direct numerical simulations (PR-

DNS) with 1D packed bed model for a densely packed bed of cylindrical particles of aspect 
ratio four (ԑ = 0.468) in a gas-solid first order catalytic reaction system.  

Existing closures for 1D packed bed model for spherical particles modified appropriately for 
cylindrical particles predicts well against the result for resolved simulations (PR-DNS) over a 
range of Thiele moduli, Prandtl numbers and reaction enthalpies. Recently proposed closures 
for external heat and mass transfer from cylindrical particles were important to ensure good 
performance of the 1D model. Future works will assess whether this good performance is 
maintained in systems with multiple reactions with different reaction orders.  
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P. Wriggers, M. Bischoff, E. Oñate, D.R.J. Owen, & T. Zohdi (Eds)

MODELLING OF CHEMICAL REACTIONS IN
METALLURGICAL PROCESSES

MUSTAFA E. KINACI1, THOMAS LICHTENEGGER2,3 AND SIMON
SCHNEIDERBAUER1,3

1 Christian Doppler Laboratory for Multi-Scale Modelling of Multiphase Processes
4040 Linz, Austria

mustafa efe.kinaci@jku.at

2 Linz Institute of Technology (LIT), Johannes Kepler University
4040 Linz, Austria

thomas.lichtenegger@jku.at

3 Department of Particulate Flow Modelling, Johannes Kepler University
4040 Linz, Austria

simon.schneiderbauer@jku.at

Key words: CFD-DEM, Iron-ore reduction, Chemical models, Particle shrinkage,
Unreacted-core model, Diffusion coefficients

Abstract. Since the last three decades, the study of reduction of iron-ore has gained
much attention as it is considered a core process for the steel industry. Fluidized bed
and moving bed reactors are utilized to reduce the iron-ore efficiently. As reducing agents
coal, coke or natural gases are used, which are released as CO2 gas, or sometimes in small
amounts as H2O to the environment. The conditions in these reactors are harsh and
provide limited accessibility, therefore computational tools are used to investigate them.
One such tool is the CFD-DEM method, where the reacting gas species and the governing
equations for the gas flow are calculated in the Eulerian (CFD) side, whereas the particle
reactions and equation of motion are calculated in the Lagrangian (DEM) side.

In the current work, the CFD-DEM method is extended to cover the most dominant
types of models for heterogeneous reactions between submerged solids and fluids. One of
these models is the Shrinking Particle Model (SPM), which is used to verify the commu-
nication framework between the CFD and DEM sides by running preliminary test cases.
Another model is the Unreacted Shrinking Core Model (USCM), which is considered as
a good model for a reality like iron-ore reduction modelling.

1
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1 INTRODUCTION

The deterioration of the quality of ore and coal due to high costs and low availability
related with the shortage of resources has led to increase in research of iron ore reduction.
The practical importance of being used as a feedstock for steel-making processes has also
played an important role [1, 2].

The leading process used in iron-making is the blast furnace. These furnaces consists
of a moving bed reactor with countercurrent flow of the solid reactants against a reducing
gas. In the blast furnace process, the iron ore fines which built up around 80% of iron
ores, need to go through a pelletizing or sintering process [3]. In some cases, such as
the fluidized bed technology, fine ores can directly be charged into the reduction process
making it highly advantageous. Such fluidized bed reactors are used in the pre-reduction
stage of the FINEX® process [4, 5]. The FINEX® process, which was jointly developed
by POSCO (Korea) and Primetals Technologies (Austria), produces hot metal in the same
quality as traditional blast furnaces, without the need for sintering and coke making. The
iron-ores that are charged into the process go through fluidized bed reactors where they
are heated and reduced to Direct Reduced Iron (DRI). The DRI is then charged into
the melter gasifier where the final reduction and melting as well as the production of
reducing gas by gasification of coal with oxygen takes place. Another advantage of the
FINEX® process is the exhaust gas, which can be used for various other applications such
as heating within a steel plant, power generation and so forth [6].

The main reactions for the reduction of metallic oxide with a gaseous reductant (CO
or H2) can be expressed with the following reaction steps:

3 Fe2O3 + CO/H2 −−→ 2Fe3O4 + CO2/H2O (1)

Fe3O4 + CO/H2 −−→ 3FeO + CO2/H2O (2)

FeO + CO/H2 −−→ Fe + CO2/H2O (3)

The conditions inside the reactors limit accessibility thereby complicating the phys-
ical investigation of the processes. Thus, simulation methods and computational tools
are used to improve the iron-making processes. One such tool is the Two-Fluid Model
(TFM), which is an Euler-Euler approach that treats the solid and the fluid phases as a
continuum. However, this model lacks the proper representation of particle size descrip-
tion and the related physical phenomena. In order to represent micro-scale phenomena,
the TFM would require a fine spatial grid, which would make the computation unafford-
able for industrial scale utilization. If coarse-graining is carried out there would be a
loss of unresolved (small) scales and might lead to errors [8, 7]. Another tool uses the
coupling of Computational Fluid Dynamics (CFD) for the continuous fluid phase (i.e.
the reduction gas) and the Discrete Element Method (DEM) for the discrete particles

2
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such as iron-ore and coal. These methods are coupled in a CFD-DEM approach based on
the open source software packages OpenFOAM (OpenCFD Ltd. 2009) and LIGGGHTS
(LIGGGHTS, 2011) [9]. DEM provides an easier way to evaluate the per-particle chem-
istry such as the shrink/growth of particles due to reactions and it does not require to
transfer these reactions to a continuum representation. However, to tackle industrial scale
operations with the CFD-DEM, coarse-graining needs to be carried out in order to reduce
the computational demands. Another method that can be thought of would be the hybrid
Lagrangian-Eulerian model that combines the Lagrangian Discrete Phase Model (DPM)
and a coarse-grained TFM such as in the works of Schneiderbauer et al. [10].

2 REACTION KINETICS

The most common types of representation models for the non-catalytic reactions of
solids submerged in fluids are the shrinking particle model (SPM) and the unreacted
shrinking core model (USCM) [11]. In the SPM, only the surface of the particle reacts
with the surrounding fluid therefore there is no layer formation due to the reaction and
the products diffuse directly into gas. As the reaction progresses, the particle shrinks and
eventually disappears completely. In the USCM, as the particle surface reacts and shrinks
it forms a layer behind. The reductant gas has to diffuse through this layer in order to
react with the core.

The main reactions for the direct reduction of iron with a gaseous reductant, CO/H2,
can be expressed in three reaction steps as shown in reaction equations 1 - 3. The three
layer USCM developed by Philbrook, Spitzer and Manning [12] is able to represent the
three interfaces of hematite/magnetite, magnetite/wustite and wustite/iron adequately.
The reduction of iron-oxide to produce metallic iron follows these steps [12];

• The reducing gas is transported through the gas film onto the particle surface.

• The reductant gas then diffuses through the porous iron layer.

• Part of the reductant reacts with wustite at the wustite/iron interface producing
iron and gaseous product.

• Rest of the reducing gas diffuses through the wustite layer onto the wustite/magnetite
interface.

• A portion of the gas reacts with magnetite at layer surface producing wustite and
gaseous product.

• The balance gas diffuses through the magnetite layer onto the magnetite/hematite
interface.

• Chemical reaction of the leftover gas occurs at the hematite core and produces
magnetite and a gaseous product.

3
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• The gaseous product diffuses outwards through the pores of the pellet.

Since each step poses a resistance to the total reduction of the pellet, the reduction
pattern of a single pellet can be considered to follow a resistance network such as an
electrical resistance circuit network as illustrated in Fig. 1.

Figure 1: Resistance network diagram that illustrates the resistance of an iron-ore pellet
that goes through in the reduction process.

The solution of the resistance network yields the reaction flow rate Ẏi,j for every layer
that can be defined as

• from hematite to magnetite

Ẏi,h = [([A3(A2 + B2 + B3 + F ) + (A2 + B2)(B3 + F )](x0 − xeq
CO,1)

− [A3(B2 + B3 + F ) + B2(B3 + F )](x0 − xeq
CO,2)

− [A2(B3 + F )](x0 − xeq
CO,3))

1

W
]i

(4)

• from magnetite to wustite

Ẏi,m = [([(A1 + B1 + B2)(A3 + B3 + F ) + A3(B3 + F )](x0 − xeq
CO,2)

− [B2(A3 + B3 + F ) + A3(B3 + F )](x0 − xeq
CO,1)

− [(A1 + B1)(B3 + F )](x0 − xeq
CO,3))

1

W
]i

(5)

• from wustite to iron

Ẏi,w = [([(A1 + B1)(A2 + B2 + B3 + F ) + A2(B2 + B3 + F )]

(x0 − xeq
CO,3)− [A2(B3 + F )](x0 − xeq

CO,1)

− [(A1 + B1)(B3 + F )](x0 − xeq
CO,2))

1

W
]i

(6)

4
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in which Ai,j represents the relative chemical reaction resistance term, Bi,j the relative
diffusivity resistance term, j represents the layers hematite, magnetite and wustite and
i the reducing gas species. F is the mass transfer resistance term, which is defined with
1/kf . x0 is the bulk gas mole fraction and xeq

i,j the relative layer equilibrium mole fractions.
The denominator W is expressed as

W = [(A1 + B1)(A3(A2 + B2 + B3 + F ) + (A2 + B2)(B3 + F ))

+ A2(A3(B2 + B3 + F ) + B2(B3 + F ))]i
(7)

The equilibrium mole fractions of the reducing gas species can be defined with the
equilibrium constant. The equilibrium constant Keqj, is the ratio of product to reactant
equilibrium mole fractions, and represented as

xeq
prod,j

xeq
reac,j

= KeqFexOy,CO. (8)

With the help of the reaction flow rate ˙Yi,j, the reactant gas mass change for every
layer is calculated as

dmi,j

dt
= Ẏi,jρg4πr

2, (9)

where i is the reactant gas species such as CO or H2, ρg is the gas density, r is the particle
radius. With the help of the reactant gas mass change, one is able to calculate the mass
change of every layer and the product gas as

dmk,j

dt
=

dmi,j

dt

υk
υj

Mk

Mj

, (10)

in which k is either the layer species of the iron-ore pellet Fe2O3, Fe3O4, FeO, Fe or the
product gas of H2O or CO2. The υ is the stoichiometric coefficient of the relative species,
and M is the molar mass of relative species.

The chemical reaction resistance term Ai,j can be expressed as

Ai,j =


 1

(1− fj)
2
3

1

kj

(
1− 1

Keqj

)



i

(11)

in which j represents the reduction layer, i the reducing gas,. kj is the reaction rate
constant for layer j and is determined as

kj = k0 exp(
−Ea

RT
), (12)

the values for the pre-exponential factor k0, and the activation energy Ea can be found in
literature[13]. fj is the local fractional reduction of the relative layer that is calculated as

5
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fj = 1−
(
rj
rp

)3

. (13)

The diffusivity resistance term Bi,j can be calculated for the relative iron oxide com-
ponent as [13]

Bi,h =

[
(1− fm)

1
3 − (1− fh)

1
3

(1− fm)
1
3 (1− fh)

1
3

rg

Deff
h

]

i

, (14)

Bi,m =

[
(1− fw)

1
3 − (1− fm)

1
3

(1− fw)
1
3 (1− fm)

1
3

rg

Deff
m

]

i

, (15)

Bi,w =

[
1− (1− fw)

1
3

(1− fw)
1
3

rg

Deff
w

]

i

, (16)

in which Deff
j represents the effective diffusion coefficient of the relative layer.

2.1 Diffusion Coefficients

The diffusion of a gas through a porous medium, in this case the porous iron-ore pellet,
depends on the molecular and Knudsen diffusions. If the Knudsen number, the ratio of
the mean free path of the gas molecules to the pore diameter, is smaller than 0.1 molecular
diffusion becomes predominant. If the Knudsen number is larger than 10, then Knudsen
diffusion becomes prevalent [14, 15].

The Knudsen diffusion for diffusing species i, Di,K can be determined with [14, 15, 16]

Di,K =
φpore

3

√
8kBNT

πMi

. (17)

where kB = 1.38066 × 10−16g · cm/s2K is the Boltzmann constant, and N = 6.023 ×
1023molecules/mol is the Avogadro’s constant, φpore is the pore diameter and Mi represents
the molar mass of species i.

The effective Knudsen diffusion can be defined as a function of porosity, ε , and tortu-
osity, τ for layer j of the iron-ore particle with

Deff
j,K =

εj
τj
Di,K (18)

There are various diffusion coefficient correlations for binary molecular diffusion. The
most common method is the Chapman-Enskog correlation, which is derived from the
particle collision diameters and the Lennard-Jones potentials. Since for some gases the
estimates for collision diameters or Lennard-Jones parameters are not available [14, 17],
other empirical correlations have been proposed. A slightly better correlation

6
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Di,j =
10−3T 1.75

(
1
Mi

+ 1
Mj

)(1/2)

p
[
(
∑

i νi)
(1/3) +

∑
j ν

(1/3)
j

]2 (19)

where M is the relative gas molar mass, and ν the diffusion volume of the specified species
has been proposed by Fuller, Schettler and Giddings [16, 17]. The values for the diffusion
volumes are defined in Table 1.

Table 1: Diffusion volumes for various species [17]

.

Atomic and Structural Diffusion Volume Increments
C 16.5 H 1.98
O 5.48 N 5.69

Diffusion Volume of Simple Molecules
H2 7.07 N2 17.9
O2 16.6 Air 20.1
CO 18.9 CO2 26.9
N2O 35.9 H2O 12.7

The diffusion coefficient in multicomponent mixtures is then calculated as [18, 19]

Di,m = (1− xi)

(∑
i �=j

xj

Di,j

)−1

, (20)

in which x is the mole fraction. Just like the effective Knudsen diffusion coefficient, the
effective diffusion coefficient for multicomponent mixtures is determined by multiplying
the diffusion term with the ratio of porosity to tortuosity as

Deff
j,m =

εj
τj
Di,m. (21)

The total effective diffusion can thus be defined as

1

Deff
j

=
1

Deff
j,m

+
1

Deff
j,K

. (22)

3 RESULTS

The CFD-DEM coupling library is extended to cover the SPM. This model is used to
verify if the communication framework between the Eulerian and the Lagrangian sides.
The communication of DEM and CFD works by first initializing the particles on the DEM
side and transferring their information such as the locations and velocities to the CFD
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side. This information is then used to localize the particles and determine the voidfraction,
fluid density, temperature, drag force and the species concentration (mass fractions) at
particle locations. These data are communicated back to the DEM side. The newly
transferred data is then used to determine the particle movement, the change in particle
size and change of gas concentrations for the new time step. After DEM calculations, the
new data is transferred back to CFD side. This process continues until a specified amount
of time steps have been computed.

A simple test case is developed, consisting of a single carbon particle that reacts with
the reactant gas of O2 with a user defined reaction rate constant. The test case results
are verified by comparing the species mass balances. The particle reacts only with the O2

present, and stops after the total amount of O2 has been depleted. The mass change of
the reactant and product gas species is investigated in relation to particle shrinking. The
simulation results are compared with theoretical data that is calculated with the same
species concentration as the simulation, which prove to be in a good agreement. The mass
change of the gas species is illustrated depending on the time in Fig. 2.

Figure 2: The change of mass of reacting gas species O2 and product gas CO2 depending
on time.

After the communication framework has successfully been established, the USCM is
implemented. At first, only the reaction resistance terms Aj is considered. An iron-ore
pellet with diameter of 0.2 dm is placed in a rectangular domain with a volume of 375
m3 and a cell volume of 1.80 m3. The relative radii for hematite, magnetite and wustite
layers are set to 0.3, 0.5 and 0.6 respectively. The reactant gas CO reacts with the particle
to produce CO2. The fractional reduction of the relative layers with only the reaction
resistance term is illustrated in Fig. 3a, and the shrinking of radii is illustrated in Fig.
3b.

The simulation is run for 3 seconds, however as the fluid velocity is practically zero, to
make the reduction process faster the mass changes of the reactant gas, the pellet layer,
and product gas are increased numerically with 104. As there is no flow, the Eulerian
side is not affected by this scale up. As, the reduction of the layers with only the reaction
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(a) The fractional reduction. (b) The layer radii shrink.

Figure 3: The reduction of an iron-ore pellet with only the reactions resistance term.

resistance term proved successful results, the previously defined diffusion coefficient of
FSG, Knudsen diffusion and the effective total diffusion coefficient is also added to the
model. The particle properties that have been defined for the test case are defined in
Table 2.

Table 2: The particle properties used in test case.

Parameter Symbol Value Unit
Porosity εp 15 %
Tortuosity τp 3 (-)

Pore Diameter dp 3.61× 10−9 m

It is clear that the time of layer reduction increases drastically with the activation of
the diffusion coefficient resistance term. With the same amount of upscaling not even the
hematite core is reduced as illustrated in Fig. 4a. An upscaling of 108 is carried out, to
see the total fractional reduction with the diffusion resistance term. It can be seen that
the particle totally reduces first when at 2.7× 108 seconds real time as illustrated in Fig.
4b.

4 CONCLUSION AND OUTLOOK

The mathematical models representing the fluid-solid chemical reactions have been
implemented into the DEM library, so that the CFD-DEM method can be used to inves-
tigate the reduction of iron-ore inside the fluidized bed reactors. First, the SPM has been

9
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(a) Scale up of 104. (b) Scale up of 108.

Figure 4: The fractional reduction of an iron-ore pellet with the diffusion resistance term
and various scale up factors.

implemented and verified. A test case is constructed to check the communication frame-
work between CFD and DEM sides. As the communication was successfully established,
the framework was expanded to cover the three-layered USCM. The USCM is considered
as a valid model to represent the reduction of iron-ore. Simulations have been carried
out that considered only the reaction resistance terms. It has been seen that the particle
layers reduce in a reasonable manner. Afterwards, the diffusion resistance term has been
added to the equations. With the addition of the diffusion resistance term, the time it
took for the layers to shrink increased greatly.

Further research involves implementing the mass transfer coefficient to the coupling
library, considering the effects of different pore diameters, particle porosities and tortu-
osities. After a thorough investigation and comparison with literature, a coarse-graining
of the CFD-DEM approach will be carried out and even maybe a combination of the TFM
and DPM for industrial scale simulations.
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Abstract. Spouted beds are widely used in the chemical and process industries for
a large variety of processes. Good understanding of the transport phenomena in these
systems is of great importance to improve the design and scale-up procedure [1]. Gas-
solid flow heterogeneities, such as particle clustering can have a significant impact on
interphase transport properties. The focus of the research is on the interaction between
solid particles and interstitial gas. The investigation is realized by means of non-resolved
CFD-DEM simulation and the experimental measurement of the spouted bed.

Experimental measurements are conducted in a lab-scale pseudo-2D spouted bed test
facility. The cohesive material is substituted by non-cohesive particles with an added
moister. With wet particles, it is expected to observe the effects related to the particle
cohesion, such as channeling and formation of particle clusters. The main purpose of the
experiment is to obtain the information on the overall dynamics of the spouted bed in
cohesive and non-cohesive flow regimes. The recorded images were processed with DaVis
Particle Image Velocimetry (PIV) post-processing tool.

Numerical CFD-DEM model is developed to investigate the behavior of non-cohesive
particles in a spouted bed. Particles are modeled with the Discrete Element Method
(DEM), where one integrates Newton’s law of motion for each particle under the forces
due to the surrounding particles. This method is based on the use of an explicit numerical
scheme in which the interaction of the particles is monitored contact by contact [2, 3].
Coupled CFD-DEM simulations allow the incorporation of single-particle properties and
modifications of their interaction and as such are suitable for this study. Numerical
simulation can be validated by the experimental measurement. Future work will deal
with cohesive forces between the particles.
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1 INTRODUCTION

Fluidized and spouted beds have a wide industrial application such as drying, combus-
tion, granulation, gasification, coating etc. These applications take advantage of useful
properties such as good solid-fluid contact characteristics. While the conventional flu-
idized bed uses a porous plate distributor, typical spouted bed generally involves a single
central orifice. A narrow jet is injected through the orifice which leads to a flow pattern
with two distinct regions: a dilute region with upward fluid and particle movement and
a dense region including slower downwards moving particles. A spouted bed can operate
with larger particle size and more predictable particle circulation compared to a fluidized
bed [4].

In industrial applications, cohesion between the particles is a very common occurrence.
Cohesive effects lead to the formation of heterogeneities in the particle distribution. In
rapid distortion regime of non-cohesive powders with instantaneous inter-particle colli-
sions, such heterogeneities might establish in the form of particle clusters. In cohesive
powders where long enduring inter-particle contacts prevail, it might lead to a formation
of block-like structures divided by gas tunnels.

Experimental studies conducted by a number of researchers had shown liquid bridge
forces having considerable effects on the flow behavior. These studies found that effects of
liquid phase include a decrease of the minimum spouted velocity, changes of flow patterns
and pressure drop [5, 6, 7].

Due to the difficulties in measurement and control of the cohesive force experimentally,
there is a motivation to approach the issue by means of numerical simulation. Coupled
approach of CFD and DEM can provide detailed information about behavior on the
particle scale. As such, numerical simulations can give valuable information in the analysis
of the cohesive effects and their influence on highly dynamic particulate flows [1, 2, 3].

2 PHYSICAL MODELING

Experimental measurements are conducted in a lab-scale pseudo-2D spouted bed test
facility. The bed column has a cross section of 150 mm x 20 mm. To allow flow visibility,
the column is made of glass front and back plates with aluminum side walls. Air inlet
in located in the center of the bed with the width over the whole bed depth. Particles
used in the experiment are soda-lime glass spheres, with 2 mm mean diameter and bulk
density of 1.5 kg/dm3. Thus, they belong to particle type D of Geldart classification.
Background illumination is achieved with five fluorescent tubes behind the diffusing plate
and it provides a good contrast between the particles and the gas phase.

Images are recorded with a Photron Fastcam at 250 frames per second at the resolution
of 640 x 928 pixels and exposure time of 1/500 s. The setup allows 9.66 seconds of
measurement and results in 2403 images before the internal memory of the camera is
full. For each experimental run, an initial snapshot of the bed is captured and initial bed
height is calculated. For more details on the set-up, one can refer to the previous work

2
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on flow regime detection in spout-operated fluidized beds [8].
Deionized water is added and mixed with the particles prior to the insertion in the

column. Such practice can not ensure the information about the exact amount of the
moisture, or the distribution inside the bed. Due to the unsteady nature of the experiment,
the water drops would have to be continually added to achieve a steady state. However,
this setup should be sufficient as the measurement time is less than 10 seconds, so the
change in the moisture content is negligible.

(a) Initial bed configuration (b) After 0.86 s with dry particles (c) After 0.86 s with wet particles

Figure 1: High-speed camera snapshots

Digital image post-processing is done in MATLAB to obtain the mean image and pixel
variance image from the series of recorded snapshots. These images provide a reproducible
result that can be compared with previous measurements. Image processing also allows
the identification of different zones inside the bed. In the mean images, it is possible to
observe central spout, blurred moving annulus region, and sharp dead zones.

Since the particles in question are of type D, with relatively large diameter, PIV method
can be applied to investigate the particle phase dynamics. The results of tracking algo-
rithm represent the velocity field of the particles phase [9]. Multi-pass PIV time series
operation was performed on a windows sizes of 128x128 and 32x32 with an overlap of
50% and 70%, respectively. The geometric mask is defined to avoid the unphysical vec-
tors appearance on the edges and algorithmic thresholding mask to increase the contrast
between the fluid and particle phase.

3
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3 NUMERICAL MODELING

In the CFD-DEM model, the gas-phase dynamics are obtained from the volume-
averaged Navier-Stokes equations in Computational Fluid Dynamics (CFD) method. The
motion of every individual particle is calculated from Newton’s second law in the Discrete
Element Method (DEM) [1].

3.1 Fluid phase

The equation for mass and momentum conservation are used to compute the motion
of the fluid and are given by:

∂

∂t
(ερf ) +∇ · (ερf�uf ) = 0 (1)

∂

∂t
(ερf�uf ) +∇ · (ερf�uf�uf ) = −ε∇p+∇ · (ε¯̄τ) + �Fd + ερf�g (2)

where ε is the void fraction, ρf is the fluid density, �uf is the fluid velocity, p is the static

pressure, ¯̄τ is the fluid viscous stress tensor, �Fd is the drag force between the particles and
fluid and �g is the gravitational acceleration. Correlation obtained from Lattice-Boltzmann
Method (LBM) was used for the drag force [10].

3.2 Particle phase

Newton’s second law of motion is solved for each particle separately in the DEM calcu-
lation. Particles are modeled as spheres that interact with each other and the surrounding
fluid:

mi
d�vp,i
dt

= �F
(p−p)
i + �F

(p−f)
i + �F e

i (3)

where �F
(p−p)
i is the particle-particle contact force, �F

(p−f)
i is the force related to the

interaction of particles with a fluid, as the drag force and the pressure gradient.
The force on the particle i due to the surrounding particles j have normal �F

(n)
i,j and

tangential �F
(t)
i,j component described with spring-dashpot model [2].

�F
(p−p)
i =

∑
j �=1

(�F
(n)
i,j + �F

(t)
i,j ) (4)

Granular hooke/stiffness model is included to describe contact forces between particles.
When the distance between the particles is less than their contact distance (sum of two
particle diameters), the correlation for the frictional force between two granular particles
is used.

�F = (kn�δnij
− γn�vnij

) + (kt�δtij − γt�vtij) (5)
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where δnij
is the overlap distance of two particles, kn the elastic constant for normal

contact, kt the elastic constant for tangential contact, γn the viscoelastic damping constant
for normal contact, γt the viscoelastic damping constant for tangential contact, δtij the
tangential displacement vector between two spherical particles, vnij

the normal component
of the relative velocity of the two particles and vtij is the tangential component of the
relative velocity of the two particles. The coefficients kn, kt, γn, γt are calculated from
the material properties.

3.3 Model setup

The simulation is set up with the geometry and conditions similar to the one in the
experiment. The geometry of the modeled pseudo-2D spouted bed matches the test facility
cross-section of 150 mm x 20 mm, and a cross-section of 2 mm x 20 mm. The size of the
grid must be sufficiently fine to obtain accurate fluid field, but also coarse enough since
non-resolved CFD-DEM requires cell larger than particles [13, 14, 15, 16]. The width of
the orifice matches the size of the smallest cell in the domain with 2 mm, what is also
the size of a single particle. Due to the limitations of the CFD-DEM method, it is not
possible to use a finer grind on the inlet for the particles in question. The domain is
discretized into 35 x 110 x 6 cells with expansion ratios, as shown in Figure 1.

Figure 2: Numerical grid. Front wall and inlet views.

5
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Physical and numerical parameters are defined for two types of the wall so that the
particle-wall properties can be modified for sapphire glass front and back wall and alu-
minum side walls. For additional details on simulation parameters and operating condi-
tions, one can refer to a previous work on CFD-DEM fluidized bed simulation [13].

For particle Reynolds number over 1000, the minimum fluidization velocity can be
expressed as [4]:

U2
mf =

dp(ρp − ρf )g

24.5ρf
(6)

Equations (1), (2) are solved with the PISO algorithm [11] for incompressible flow.
Equation (3) is solved with Verlet integration [12] with DEM.

Solid particles are randomly generated with an established mass rate and allowed to
settle under gravity to initial bed height H0 = 100 mm. The total number of inserted
particles is 42016. With the insertion done, the restart file is created and coupled CFD-
DEM simulation can be run. A gas flow is introduced from the inlet with a velocity of
Uin = 85 m/s. On the walls, zero pressure gradient boundary condition is applied, with
velocities fixed at 0 m/s. Fixed atmospheric pressure is applied to the outlet. Coupled
CFD-DEM simulation of the spouted bed is carried out for 10 seconds of real time what
matches the experimental investigation.

4 RESULTS

There is a noticeable visual difference between the results obtained for cohesive and non-
cohesive particle-gas flow regimes. Dry particle experiment showed spouted bed behavior
with periodic jet fluctuations. Interstitial liquid adds cohesion to the particles, what leads
to the formation of channels and fluid flows through preferred path. The movement of
the spout it very limited compared to the case with dry particle and observed velocities
are lower. The height of the expanded bed is larger with wet particles and bigger void
can be observed inside the bed.

It should be noted that particles moving in the dilute spout region might not be
detected with the camera, even with chosen low exposure time. Vector values obtained
by the post-processing PIV multi-pass time series operation show the dynamics of the
dense annular region, fountain and bed surface regions.

Every fourth recorded image is exported to DaVis PIV post-processing tool and the
time-step between images is adjusted accordingly. The software gives values for 8960
vectors in each of the 600 frames, resulting in a 3D matrix with dimensions 80x112x600.
The results are exported to MATLAB where further post-processing is done in order to
find a quantifiable difference between cohesive and non-cohesive particle-gas flows.

The results are analyzed with histogram distribution divided into 100 bins. Values
outside of the particle bed are filtered out in order to reduce a redundant number of zero
velocity vectors. However, most of the values fall into low-velocity range and in Figure
5. bar graphs are plotted with logarithmic y-axis for better transparency. Histograms
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are standardized with a total number of obtained values to compare the two cases. The
comparison is made for two parameters: total magnitude and the horizontal component
of velocity vectors. Measurements of the dry particle-gas flow gave a wider range of the
velocities and more uniform distribution.

Figure 3: PIV post-processing snapshots for dry particle experiment. The observed pixel
displacement range is shown in the scale.

Figure 4: PIV post-processing snapshots for wet particle experiment. The observed pixel
displacement range is shown in the scale.

The histogram distribution is made for total velocity magnitude U and horizontal
component of the velocity Ux. One bin represents the values in range of 0 - 1.4 px/s
and 0 - 0.75 px/s, respectively. The number of vectors inside each bin is tracked for
all the processed frames. Autocorrelation process is applied to vector count function for
further investigation of the distinct regimes. It was expected to detect a significantly
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different time lag of the function before crossing the 0 value. The manner in which the
autocorrelation function approaches the 0 value shows some distinctive features for both
regimes. However, the difference between sample autocorrelation of the function through
the first bin is not too prominent. It should be noted that the investigated function of
vector count in the middle of the range for dry particle bed has very strong fluctuations,
so autocorrelation process does not result in a clear figure.
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Figure 5: Histogram distribution of the velocity ranges for both regimes.
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Figure 6: Autocorrelation function of the vector number through 50 frames.
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With autocorrelation function not showing a sufficiently clear difference between the
cohesive and non-cohesive experiment, a different method has to be applied. Intersections
between two functions are tracked to better capture the parameters related to cohesive
flow structures. One function being the mean number of vectors in the chosen bin and
the other one a number of vectors per frame.

A number of consecutive frames between the intersections can be related with a block-
like movement. There is a noticeable difference in chosen parameters obtained from dry
and wet particle experiment. A relative number of intersections between referred functions
was significantly lower in the cohesive particle-gas flow, with a higher mean number of
consecutive frames between intersections.

Table 1: Parameteres related to a block-like movement.

Function Relative number
of intersections

Frames between
intersections (mean)

Vectors in first bin (dry) 0.18 5.52
Vectors in middle bin (dry) 0.42 2.36
Vectors in first bin (wet) 0.035 26.14
Vectors in middle bin (wet) 0.12 8.28
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Figure 7: Number of vectors inside the first and the middle bin through the processed
frames. Middle of velocity range is represented by the bin number 50 for the dry particles
and the bin number 12 for the wet particles.
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Figure 8: Expansion of a spouted bed predicted by the numerical simulation.

Dry particle experiment can serve as a good validation of the described CFD-DEM
model since it is conducted under very similar conditions. The snapshots in Figures
8. and 9. show values of the void fractions inside the bed and the particle velocities.
The simulated flow pattern is in good agreement with experimental measurement. As
demonstrated, current simulation can predict the behavior of non-cohesive particles in
the spouted bed.

Previously described post-processing procedure was applied to images obtained by the
numerical simulation. Processed data were compared with the experimental results and
good agreement can be found with similar parameters related to a block-like movement.

Figure 9: Development of a spouted bed predicted by the numerical simulation.
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5 CONCLUSION AND OUTLOOK

In the paper, experimental set-up and post-processing methods are described, together
with a developed CFD-DEM spouted bed simulation. The goal of the experiment was to
investigate the influence of particle cohesion on the flow behavior. In order to obtain an
indicator for block-like movement related to particle cohesion, a new methodology was
developed. Non-cohesive particle experiment also serves as a validation of the numerical
model.

The experimental measurement showed a significant difference in the solid-gas flow
dynamics between the setups with cohesive and non-cohesive particles. Particle image
velocimetry operation provided velocity vector values that show the difference between
the regimes. Block-like movement of the cohesive particles was detected with PIV method
and quantified with post-processing scripts.

The developed CFD-DEM numerical model showed a good agreement with the exper-
imental results. Future work will deal with cohesive forces between the particles. There
have been some proposed models to quantify the cohesive interaction [17]. Furthermore,
the goal is to develop a new drag model to address the phenomena of the block-like move-
ments and formation of gas tunnels. Such model should provide realistic results that can
give a better comparison with measurements.
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Abstract. Debris flows are fast gravity-driven flows consisting of multiple interacting
phases. Due to their rapid movement and destructive power, structural mitigation mea-
sures have become essential in order to prevent extensive damage to property and life.
Among these structures, rigid barriers constitute an efficient system of mitigation, which
induces sediment deposition in case of an event. The optimal design of these structures re-
quires the impact force estimation, which has recently become a crucial issue. Because of
this, numerous experimental and numerical investigations have been carried out in recent
years concerning debris flow and their impact energy on rigid closed barriers [1]. However,
there is a lack of information in the framework of rigid open barriers, especially for what
concerns the influence of the outlet geometry. In this regard, many studies have examined
the jamming of a single-outlet silo [2], where the mass discharges in the direction of grav-
ity, but the jamming of particles on an inclined slope has not been sufficiently investigated
yet. The present numerical study investigates the formation of arching behind an open
barrier that partially arrests the flow of particles on an inclined channel. The nature of
jamming, and the impact energy on the barrier are examined using DEM simulations for
a fixed discharged mass, using different outlet sizes and inclines. The applied model is
an improvement of the LBM-DEM code developed by Leonardi et al. [3]. Static friction
is implemented with the spring-dashpot linear model and a directional constant torque
model is included in order to describe rolling resistance due to elastic deformation and
the effect of non-spherical particle shape. The resulting force and momentum at the flow
base are analysed in detail together with the kinetic energy and the distribution of par-
ticles in the slit. The dynamic impact of the solid component alone is analysed in order
to rationalize the design of open barriers. Indeed numerical examples show that a single
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outlet could jam with a probability that decreases with the slope and the outlet size, but
two adjacent outlets do not necessarily jam in the same configuration.

1 INTRODUCTION

Much research in recent years focuses on debris flow, recognizing it as one of the
most devastating landslide phenomenon, in terms of loss of life and damage to structures
and infrastructures. Debris flows are a mixture of water and non-plastic coarse material
that flow in a steep channel [4]. Their destructive potential is due to the absence of
premonitory signs, the extremely high velocity (0.05 − 20 m/s), the erosive capability
and the long travel distance even on gentle slopes. In this perspective, the design of
mitigation structures as countermeasures has become of great interest. Among these
structures, the present study focuses on open rigid barriers, which constitute as efficient
system for reducing kinetic energy, trapping sediment, and causing material deposition.
Recently, more and more numerical and experimental investigations have been carried out
in the frame of studying debris flow impact on rigid closed barrier [5, 1, 6]. Nevertheless,
insufficient informations are available on open rigid barriers. In particular the influence
of the outlet size on the trapping efficiency remains almost unstudied [7]. In this regard,
many studies have examined the jamming of a single-outlet silo [8, 9, 2, 10, 11, 12], or
a granular pile [13, 14], where the mass discharges in the direction of gravity. In those
cases the granular material can generate bridges or arches, i.e. stable collective structures
comprising several grains which can sustain the weight above them [15]. Arches can cause
granular jamming in a fixed configuration that is mechanically stable, which results in a
temporary or permanent clogging of the outlets of a barrier thus trapping the material
behind it. Notwithstanding its importance for the retainment mechanism, the jamming
of particles, and the formation of arches behind barriers built along an inclined plane,
have not been sufficiently investigated yet.

The purpose of this work is to study arch formation behind a barrier, which in turn
is a key factor for determining its trapping capability, and the impact energy exerted on
the barrier itself. To achieve such goals, simulations are performed using a DEM model,
using a fixed discharging mass treated as an assembly of rigid spheres with deformable
contacts.

Real debris flows have a complex multi-phase nature, where sediments are mixed with
an ambient fluid [4]. A complete description of this is outside of the scope this paper,
which instead focuses on the different role played by the barrier outlet size and the slope
inclination. The model is an improvement of the LBM-DEM code developed by Leonardi
et al. [3], and a new and more sophisticated friction model is tested. Static friction
is implemented with the spring-dashpot linear model and a directional torque model is
included to consider both elastic deformation effect and non-spherical particle shape.
This paper is organized as follows. A brief description of the model applied is introduced
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in Sect. 2. In this section, constitutive parameters, initial condition and geometry of the
analyses are specified. In Sect. 3 the main features of numerical results are illustrated.
In Sect. 4 the role played by the variables and the outcomes are discussed. Finally in
Sect. 5. conclusions and future perspectives on multiple outlets barrier are proposed.

2 THE DEM APPROACH AND SIMULATIONS

2.1 The DEM approach

Numerical simulations have been performed by employing the LBM-DEM code devel-
oped by Leonardi et al. [3]. This code has been improved by introducing rolling and static
sliding friction, i.e. the resisting forces to sliding motion between two surface in contact.
In the DEM model framework these forces arise when a particle-particle or particle-wall
collision occurs. The linear dashpot model idealizes the contact as a parallel connection
with a spring of stiffness k and a damper with viscous coefficient α. The tangential force
FT is capped by the normal force FN through Coulomb’s law |FT| ≤ µsF

N. For the
sliding case the dynamic friction is FT = µdF

N. The static (µs) and the dynamic (µd)
friction coefficients follow the relation µd ≤ µs. In DEM simulations the static situation
requires an elastic spring to allow a restoring force, i.e. a non-zero remaining tangential
force in static equilibrium due to the activated Coulomb friction. This spring represents
the distance between the first contact point between two particles and the actual contact
point, and is active as long as a contact is present. The model implemented in the code
follows the solution proposed by Luding [16].

The present DEM model has been expanded by including a rolling resistance model,
which consider the elastic and plastic contact deformation of the material and the effect
of non-spherical shapes. In fact, the contact between two particles creates a deformation
of the two bodies, whose contact forces no longer act on a single point, but over an area.
Furthermore, a sort of rolling resistance arises also from the effect of a non-spherical par-
ticle shape. The employed DEM uses simple spheres to represent a real granular material,
thus requiring a rolling resistance to take non-sphericity into account. A directional con-
stant torque model has been adopted: a constant torque is applied, always contrasting
the relative rotation between the two contacting bodies. The torque MR is applied to
each pair of particles in contact [17], as follows.

MR
i = −µrF

N ωrel

|ωrel|
Ar (1)

MR
j = +µrF

N ωrel

|ωrel|
Ar (2)

where i, j denote two generic particles, FN is the modulus of the normal component of
the particle-particle force, ωrel = ωi−ωj is the relative angular velocity, Ar = (rirj)/(ri+
rj) the rolling radius, r the particle radius, and µr the rolling friction coefficient. This
parameter is dimensionless, and is only a function of shape, material roughness, and of
the rolling speed.
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Following the approach proposed for implementing sliding and rolling resistance, a
simple linear contact model, characterized by a normal and a tangential stiffness (kN and
kS respectively) is chosen for the following simulations.

2.2 Simulations

The model geometry is illustrated in Fig. 1, where both the granular mass and the
single-outlet rigid barrier are shown. The model is confined within a cubic domain,
enclosed by walls with their own friction coefficient. The flow width is equal to 18 times

X
Y

Z

2,1 m 4,6 m

S1.
35

 m

Figure 1: DEM Model, initial condition of the monodisperse spherical discharged mass and position of
the barrier.

the average grain diameter D, so that the influence of the lateral boundary is minimized.
The barrier width spans the whole transversal size of the domain, except for the outlet,
positioned in the center of the barrier, and its height is equal to the domain height. For
the sake of simplicity, the simulations consider a monodisperse granular flow modeled
using rigid spherical grains. The geometrical characteristics as well as the constitutive
parameters are reported in Table 1.

The initial velocity for the granular mass is set to zero, and the flow is driven by gravity.
The obstacle is orthogonal to the sliding plane. Four different slopes θ are considered:
10◦, 20◦, 30◦, 35◦, 40◦, with the purpose of simulating inclinations smaller or greater than
the internal friction angle φi, equal to 30◦, a typical value for soils. The wall-particle and
the barrier-particle friction coefficients are here equal.

Generally, rigid open barrier are built in the fan apex area, where the slope is much
lower than 30◦. However debris flow events are characterized also by the presence of water,
which reduces the internal friction angle and increases mass mobility. In this view, the
choice of simulating an inertial flow, in which frictional forces do not contrast and halt
the motion, is essential in order to correctly estimate the trapping efficiency. Generally
it is assumed that if θ ≤ φi the flow regime is frictional, while if θ ≤ φi it is mainly
inertial. Furthermore, finding multiple barrier is not unusual, and is often required to
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Table 1: Parameters considered in the numerical model. For the description of all parameters not defined
here please refer to [3]

Number of particles 7640
Diameter D [m] 0.1
Density [kg/m3] 2500

kN [N/m] 106

kS [N/m] 2
7
kN

Restitution coefficient ζ [-] 0.2
µs,particle-particle, µs,particle-wall [-] 0.577

µr,particle-particle [-] 0.0678
µr,particle-wall [-] 2µr,particle-particle

Domain size (XY Z) [m] 20.00× 2.10× 1.35
Mass discharge size (XY Z) [m] 4.60× 1.90× 1.00
Position of the front(X) [m] 4.725

Position of the filter barrier (X)[m] 8.00

catch material from high-energy supercritical flows rather than allowing the free saltation
of grains downstream [7].

In addition to the slope inclination, also the outlet size S, (written as a multiple of
the characteristic radius of the grains r), is varied, with the purpose of finding a critical
S/r ratio above which no clogging occurs. For θ = 10◦ and θ = 20◦, the investigated S/r
varies from 2 to 10. For the whole range an arching effect is always observed. Critical S/r
is instead investigated for slope angles greater than internal friction angles, simulating
until S/r ≤ 9 − 10, depending on the considered slope. The study of both inclinations
and S/r is in the perspective that the grain-trapping efficiency depends on both outlet
width and flow condition.

3 RESULTS

In the perspective of a proper design of open rigid barriers, jamming occurrence and
characteristics, as well as the maximum impact forces, need to be investigated. The nu-
merical simulations carried out are analyzed in this view and in this section the numerical
results are presented in detail. The formation of arching is examined analyzing the fol-
lowing parameters for each incline: (1) the ratio between the height of the arch Harch and
the height of the barrier Hbar with respect to the time of arching tstop, referring to the
first arrival time t0. (Figs.2, 3), (2) the fraction of the material that is not retained %nr

with respect to the outlet width of the barrier, after a complete stop of the discharging
mass is occurred (Fig. 4) . To compute the height of the arch, the outlet height has
been subdivided in ten intervals, within which, for all outlet width, the kinetic energy of
particles EK,p has been calculated. If

∑
interval EE,p < 10−5 the particles are considered
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halted. Figs. 2,3 plot with markers the center of each interval, when the mass halts and
only if there is any retained mass inside.
Considering each slope angle θ, it is observed that:

• θ = 10◦: frictional forces prevail and the discharging mass is halted before it impacts
against the barrier. Permanent arching occurs for each outlet dimension, but with
a height far lower than the barrier height. Clogging time with respect to the first
impact time is very short, around 2 − 5 s, reaching a maximum value of 24 s by
increasing the outlet width (Fig. 2 (A));

• θ = 20◦: frictional forces prevails as for θ = 10◦. Arching occurs for all outlet sizes
with a greater height, but is not always rapid. For S/r = 6 stable clogging occurs
progressively in time and for S/r > 7 formation is rapid but only later in time and
involving only few layers of grains, (Fig. 2 (B));

Figure 2: Ratio between the height of the arch and the height of the barrier with respect to the time of
arching for θ = 10◦ (A) and θ = 20◦ (B)

• θ = 30◦: frictional forces balance inertial ones. Stable clogging occurs up to S/r < 9.
For S/r < 5 jamming verifies almost instantaneously, and after this value clogging
involves only few layers of grains (Fig. 3 (A));

• θ = 35◦: inertial forces prevail. Jamming occurs rapidly up to S/r ≤ 4; for S/r = 5
clogging occurs progressively and a a stable configuration is reached at 70 s from
the first impact against the barrier. For S/r > 5 until S/r = 9 clogging involves
only one or two layers of grains and verifies later in time (Fig. 3 (B));
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• θ = 40◦ inertial forces prevail. The same trend as for θ = 35◦ is observed. Arching
occurs up to S/r = 8 (Fig. 3 (C)). This result is in agreement with [12], who stated
that for an inclined plane of 40◦ the probability that an arch is destabilized is around
0.3 for S/D = 5.

Figure 3: Ratio between the height of the arch and the height of the barrier with respect to the time of
arching for θ = 30◦ (A), θ = 35◦ (B) and θ = 40◦ (C)

Fig. 4 shows how the amount of material flowing through the barrier varies with respect
to the outlet size. A negligible amount of material passes through the outlet of the barrier
for S/r ≤ 4. Almost the whole material is retained for θ = 10◦ independently from the
outlet width. A substantial material retainment is observed also for θ = 20◦. For θ ≥ 30◦

an increasing amount of grains flows through the barrier by raising S/r (starting from
S/r = 5) and a stable configuration is reached with about 90− 95% of the material fully
retained. Concerning the impact forces on the barrier, the results examine the following
variables for each outlet size S/r and slope θ: (1) the maximum value of the normal impact
force FN

max exerted against the barrier (Fig. 5 (A)), (2) the maximum value of the x torque
Mx

max exerted to the barrier (Fig. 5 (B)), (3) the ratio between the maximum value of
the normal force and the maximum value that would have been registered if the barrier
had been completely closed FN

0 (Fig. 6 (A)), (4) the ratio between the maximum value
of the normal force and its value in static condition FN

st (Fig. 6 (B)), (5) the maximum
normal force exerted against the barrier versus the time lag between first arrival and the
time at which the maximum force is registered tlag (Fig. 7). Considering Fig. 5 (A), the
results collapse on a narrow envelope, with no evidence of a specific trend for varying
S/r. A significant increase of the maximum value is registered by increasing slope incline.
The same trend occurs for the momentum exchange (Fig. 5 (B)). Fig. 6 (A) shows the
influence of the presence of an outlet in the barrier in term of forces exerted to the barrier
itself. For θ ≥ 20◦ an appreciable reduction (40− 60%) is observed, almost irrespective of
slope incline and outlet size. Only for θ = 10◦ no reduction is, as here the maximum value
is due to the single-grain impact, which is the same for both open and close barrier. The
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Figure 4: Non retained material fraction with respect to the outlet size of the barrier at complete stop
of the discharging mass

plot of Fig. 6(B) highlights that for S/r ≤ 6 a considerable amount of mass (75 − 95%)
flows through the outlet and thus the static force is far lower the maximum one. Finally,
the graph in Fig. 7 shows a considerable scattering of data and a high tlag for θ = 20◦.
For greater slopes, tlag reduces. For equal slope angle, the data scattering varying the
outlet size reduces when increasing the slope angle, with no evident trend considering S/r
variation. For θ = 10◦ all results converge to the same value, as for all simulations at this
slope the maximum value is reached at the same time and corresponds to a single grain
impact.

4 DISCUSSION

Results of the simulations allow some preliminary conclusions for what concerns the
dynamics of arching and impact against the barrier.

Concerning the arching for a slope angle lower to the internal friction angle (θ < φi),
it is recognized that the steeper the slope is, the higher the arch will be, with jamming
occurring more rapidly. Conversely, for θ ≥ φi the steeper the inclined plane is, the less
promptly a permanent clogging occurs, and the height of the arch decreases. This might
be due to an increase of the flow velocity and thus of the collisional forces which grow
at the expense of the frictional ones. Nevertheless, the increment in velocity seems to
result in higher arches for lower slopes, as frictional forces still prevail on inertial ones.
Here arching originates with progressive clogging (that is the sequence of jamming and
unjamming situations until a stable configuration is reached) and lower stable arches form
for steepness grater than internal friction angle. This implies that the critical outlet size
decreases with increasing slope. It may be inferred that for inertial regimes, in which the
collisional dynamics prevails, stable clogging occurs for an outlet size lower or equal to
3 − 4D. These results are comparable with those found for 3D laboratory experiments
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Figure 5: Maximum normal force (A) and maximum momentum in x direction (B) exerted by the
discharged mass to the barrier.

on spherical steel beads discharged by a silo: [8] found a critical value S = 4− 5D, while
[2] S = 3D and [10] S = 4D. Furthermore, for S/r = 5 progressive clogging is observed,
creating a transitional state of jam and flows, until a stable arch forms. For 6 ≤ S/r ≤ 9
arching verifies later in time and therefore stabilizes at a lower height. This tendency
suggests that for this setting ore than 80% of the material should flow to allow resisting
force to balance driving ones. The increase of slope (and thus velocity) in the collisional
regime reduces the clogging time and the flowing of the mass through the outlet. For this
reason, the situation for θ = 20◦ is equal to θ = 40◦, but the amount of retained material
and the halt mechanisms are quite different.

The analysis shows that FN
max increases by raising θ: velocity grows and the kinetic

energy with it, resulting in a greater impact force. Collisions occur more frequently by
increasing θ. It seems that this trend is almost independent from the outlet size dimension.
For the same reason, the time at which FN

max is registered decreases with increasing θ.
Referring to Fig. 7, the data scattering for θ = 20◦, for which a great gradient among
values in time for different outlet is observed, is attributed to great oscillations occurred
before reaching a static value, without a specific peak value. It appears that for this
inclination motion is considerably decelerated and delayed by frictional forces, preventing
the reach of a clear peak value.

5 CONCLUSIONS AND FUTURE PERSPECTIVES

An appropriate modeling of the mechanical process that develops when a granular flow
interacts with protection measures is of great concern and a crucial issue. Achieving a
deeper understanding of the mechanisms is very important in the perspective of deriving a
better structure design. In this context, the present study focuses on open rigid barriers,
investigating the arching and the impact dynamics. The research is based on a series
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Figure 6: Ratio between maximum value of force for each outlet size and maximum value for a closed
barrier with the same slope is plotted in respect to slope angle (A) and ratio between maximum value of
the force and its value in static condition for each outlet size in respect to slope angle (B).

of numerical simulations where both outlet size and slope angle are varied in order to
separately analyze their influence. The critical discussion of the numerical results has
allowed to derive some significant considerations.

The slope incline remarkably affects the prevalent mechanism of motion and thus how
arching evolves in time and in height. For a slope lower than the internal friction angle,
frictional forces prevail and arching occurs for every outlet size, with a deposit height
and clogging time that increase with the slope. For slope angles equal or higher than
the internal friction angle, inertial forces prevail and stable arches are observed up to the
outlet size S ≤ 3− 4D. Furthermore, for S/r = 5 a progressive clogging is observed and
jamming is no more very rapid. For 6 ≤ S/r ≤ 8 − 9 the jamming time increases, with
few layers of grains involved in the process. In this configuration the retained mass value
is around 5%. This implies that the amount of mass flowing downstream is considerable
but the presence of the barrier still provides a significant reduction of kinetic energy. This
aspect will be targeted by future works. The trapping efficiency is nevertheless proved for
S/r ≤ 5 for each inclines, with progressive clogging occurring for S/r = 5 for slope θ ≥ φi.
This allows to draw conclusions for what concerns the efficiency and maintenance cost of
a barrier. Progressive clogging to some extent prevent a sudden filling of the barrier and
thus a quick loss of effectiveness.

The nature of jamming is different if there are two or more adjacent outlet [18]. Stable
and/or independent arches cannot form if the width of the racks in the barrier is lower
than a certain value. This aspect requires further investigation, which is deferred to future
works.
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Figure 7: Maximum force exerted against the barrier versus time lag between first arrival and maximum
value.
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Abstract. The effect of an evolving particle size distribution due to particle agglomeration 
and breakup, and the direction and absence of gravitational acceleration, on flow turbulence 
modulation is investigated using large eddy and discrete particle simulation of a turbulent 
channel flow. The results are compared with the case in which the particle size distribution is 
static and where only inter-particle collision is allowed. Due to the small particle Stokes 
number considered, inherent in a solid-liquid flow, and the small simulation time, only small 
effects were observed for the static versus dynamic particle size distribution on the fluid 
turbulence. For vertical channel flows, however, the influence of flow direction and gravity 
lead to different particle segregation patterns which, together with changes in wall shear 
stresses and mass flow rate due to buoyancy effects, do affect the flow turbulence and the 
evolution of inter-particle collisions, collision efficiency and agglomerate breakup. 
 
 
1 INTRODUCTION 

The structures in a turbulent flow are known to be highly complex, associated with time-
dependent, three-dimensional phenomena covering a wide range of spatial and temporal 
scales. The degree of the complexity increases with the introduction of a dispersed particle 
phase. Additional effects include the interaction between phases in terms of mass, momentum 
and energy (as applicable) exchange, the interaction between particles and any walls, and the 
influence of gravity, particle collision, agglomeration and breakup. Since the system 
performance is a complex function of such underlying phenomena, a detailed knowledge 
regarding the hydrodynamics and the evolution of the dispersed phase is essential for 
understanding such systems. The governing features of the dispersed phase are its size and 
velocity distributions, both of which have a major influence on the flow turbulence. 

Previous works have focused on the effect of particle size distribution (PSD) on fluid 
turbulence. These have been performed by studying two-way coupling and four-way coupling 
[1, 2], where the effects of two-way coupling between the particles and the flow, and inter-
particle collisions, on fluid turbulence are considered. To the best of our knowledge, there has 
been no work on the effect of an evolving PSD due to particle agglomeration and breakup on 
turbulence modulation. Work to date therefore considered the effect of a static, poly-dispersed 
PSD on turbulence modulation. In this paper, an eddy-resolving simulation for prediction of 
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the fluid velocity distribution is adopted to improve confidence in the results. Large eddy 
simulation (LES) is preferred to direct numerical simulation (DNS) to benefit from LES’s 
lower computational cost as compared to DNS. Discrete particle simulation (DPS) 
considering particle drag, shear-lift, pressure gradient, added mass and buoyancy forces, and 
sub-grid scale velocity fluctuation contributions to particle acceleration, is applied to treat the 
particle dynamics in the turbulent flow. The classical particle-in-cell technique is used to treat 
the two-way coupling.  

Most numerical simulations exclude the gravitational force to study only turbulence-
induced agglomeration. However, gravitational acceleration is inevitably present and hence 
must be included as one of the external forces that induce particle-particle interactions leading 
to agglomeration and sedimentation. The inclusion of gravitational acceleration does alter the 
fluid mass flow rate and the particle behaviour in a system, as shown in the literature [3-5]. 

In resolving four-way coupling aspects, the search for possible binary particle collisions is 
based on a deterministic method following domain decomposition. The outcome of all 
collisions is determined using a hard-sphere collision model while all collisions are subjected 
to an energy-balance agglomeration to test for possible agglomeration [6]. All agglomerates 
are subjected to hydrodynamic shear stresses in the flow for possible breakup of agglomerates 
[7]. Note that agglomerate breakup is due to agglomerate-agglomerate or primary particle-
agglomerate collisions, and through impact with a wall or due to hydrodynamic shear [7]. 

The LES-DPS developed for predicting the dynamic PSD and turbulence modulation is 
tested on flows of relevance to the transport of nuclear waste sludge. Channel flow is the 
simulation domain while calcite particles suspended in water are the nuclear waste simulant. 
Results will be presented in terms of the PSD, and profiles of fluid and particle velocities, 
with simulation time, focussing on the impact of the evolving particle size distribution on the 
flow turbulence. 

 
2 MATHEMATICAL FORMULATION 

A four-way coupled Eulerian-Lagrangian approach is adopted since the suspension is 
dense with high particle volume fractions. In large eddy simulation, the continuity and 
Navier-Stokes equations are spatially filtered so that the energy-containing large-scale 
turbulent motions are solved while the sub-grid scales (SGS) are modelled. The filtered 
governing equations with the influence of the dispersed phase can be expressed as: 
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where ���� = −2���̅� represents the viscous stress, ��̅� = 0.5(����/��� + ����/���) is the 
filtered strain-rate tensor, � is the kinematic viscosity, ��� = ���� − ������ is the SGS tensor 
which represents the effect of the SGS motions on the resolved motions, � is time, �� is the 
spatial co-ordinate directions, ��  is the velocity vector, � is the pressure, and � is the density. 
The SGS tensor is computed using the dynamic version of the Smagorinsky model proposed 
by Piomelli and Liu [8]. Its specific implementation has been presented in a recent paper [9]. 
Π = −���

�/ℎ  is the mean pressure constant imposed along the streamwise direction (z-axis) 
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that drives the flow. ��,� is a source term and accounts for the action on the fluid of the 
particles, given by the sum of all hydrodynamic forces in the momentum equation due to all 
particles in a fluid computational cell. 

The motion of a particle in a turbulent flow field follows Newton’s second law of motion: 
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An important notation convention is that the derivatives d/d�  and D/D� represent Lagrangian 
derivatives, following the particle and the containing fluid element respectively, so that 
boldface symbols denote the vector quantities, with d��/d� = ���/�� + � ⋅ ∇�� and D��/D� =
���/�� + �� ⋅ ∇��. The terms on the right-hand side of Eq. (3) are, respectively, contributions 
from the drag, shear lift, pressure-gradient, added-mass, and buoyancy forces. The particle 
properties are denoted by the subscript �, and fluid properties are either given without a 
subscript (for readability) or by the subscript � (where it enhances clarity). � and �� are the 
particle instantaneous velocity and position; �� and �� = 0.5(∇×��) are known resolved fluid 
velocities and rotation interpolated at particle position. The term �� is a non-linear correction 
due to the particles’ finite Reynolds number, ��� = |�� − �|��/�, taken from the Schiller and 
Naumann drag correlation, and expressed as �� = 1.0 + 0.15���

�.���, with �� as the particle 
diameter. �� = (����

�)/18� is the particle relaxation time and when normalised by the 
viscous time-scale �� = �/��

�, gives the particle Stokes number, ��
� = ��/��, which is then 

used to characterise the particle response time, with �� = ��/� being the particle to fluid 
density ratio. Hence, a superscript (�) denotes variables made dimensionless in wall (viscous) 
units using the fluid kinematic viscosity, �, and the fluid shear velocity, ��. The shear lift 
force coefficient ��� accounts for corrections due to small and large particle Reynolds 
numbers, as proposed by Mei [10].  

The deterministic hard-sphere collision model [11] is adopted to treat the interactions 
between particles due to binary collisions. Agglomeration for the colliding particles is based 
on an expression which permits agglomeration if the elastic energy (i.e. the relative kinetic 
energy before the collision minus the dissipated energy) after the compression period of the 
collision is less than the work required to overcome the van der Waals’ forces [12]: 
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where quantities with the superscript * are made dimensionless in the integral scale using the 
channel half-height ℎ, bulk velocity, �� and fluid density, �. � is the particle Hamaker 
constant, �̅ is the maximum contact pressure at which plastic deformation occurs, �� is the 
minimal contact distance and �� is the normal restitution coefficient. Note the superscript (–) 
denotes quantities before the collision, and the subscripts 1 and 2 denote particles number one 
and two. The agglomerate size and structure are based on a volume-equivalent sphere.  

Breakup is defined as a singular event in time, i.e. there is an exact moment in time when 
an agglomerate turns from being intact into being broken. We assume that this happens when 
the local hydrodynamic stress �~�(�/�)�/� at the agglomerate position, acting on the 
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agglomerate, exceeds a critical stress, ��� [7]; where � is the instantaneous turbulence kinetic 
energy dissipation rate at the position of the agglomerate, and � and � are the dynamic and 
kinematic viscosities. The critical stress ��� is a characteristic of the considered agglomerate, 
i.e. ��� is a function of the aggregate properties such as size, structure, type of the constituting 
particles, and the chemical environment. Among these variables, the size of the aggregate is 
most crucial. A large body of experimental, numerical and theoretical studies, see Babler et al. 
[7] and cited references, suggest a power law dependency of the form: 

 ���~��� = ���
��/��  (6) 

where ���~��� is the number of primary particles constituting the agglomerate, �� is the 
agglomerate fractal dimension, � is the radius of the primary particle, and � = �9.2�3 −
��� � 1�/2  is a scaling exponent that depends on the agglomerate structure [7]. There are no 
exact models to effect breakup, and recent research [7] has been limited to detecting the 
moment break-up events are likely to occur. We adopt this model for detecting breakup events 
for small agglomerates and subsequently breakup the parent agglomerate into two daughter 
particles. This method of breaking an agglomerate into two parts is a popular modelling 
assumption mainly because of the lack of data for other types of breakup mode. 
 
3 NUMERICAL SIMULATIONS 

The BOFFIN-LES code [13] was used to solve the LES equations. The shear Reynolds 
number of the channel flow was ��� = �� ℎ/� = 300 based on the properties of water (� =
1000 kg m-3, � = 10�� m2 s-1). The computational domain, 2ℎ×�ℎ×2�ℎ, was discretised 
using grid nodes of 129×128×128 in the wall normal, spanwise and streamwise directions, 
respectively. Periodic boundary conditions are applied in the streamwise and spanwise 
directions and the no-slip condition is imposed on the walls. 
 

Table 1: Calcite mechanical properties and influence of particle diameter, normal restitution coefficient and 
volume fraction on particle-particle interactions. 

 
Parameter Symbol Unit Value 

Particle density �� kg m-3 2710 
Hamaker constant � J 3.8×10��� 
Mean yield stress �̅ Pa 3.0×10� 

Minimal contact distance �� m 2.0×10��� 
Particle diameter �� µm 60 

Normal restitution coefficient ��  - 0.4 
Particle volume fraction ��  - 1×10�� 

 
Particles are injected uniformly into the fully developed un-laden flow with their velocity 

set to the local fluid velocity and tracked by solving the particle equation of motion. A 4th-
order Runge-Kutta scheme and a trilinear interpolation scheme are employed in the DPS code 
with time step equal to that of the LES. Periodic boundary conditions are applied in the 
streamwise and spanwise directions and perfect elastic collisions are imposed on the walls. 
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The particle simulation properties and the mechanical properties of calcite particles, a 
simulant for UK legacy waste sludge, used in these simulations are listed in Table 1. Particle-
particle collisions are considered within a long dispersion phase to assure a proper mixing of 
the primary particles. Then, two-way coupling, inter-particle collision, agglomeration and 
breakup are considered. The instant in time at which the agglomeration and breakup models 
are applied is denoted �∗ = 0 and then a dimensionless time interval of Δ�∗~100 is 
investigated. 
 

4 RESULTS AND DISCUSSION 

Figure 1 shows the population balance (growth and/or death) of the single, ���, and 
agglomerate particles, ��,���, defined as the ratio of the number of particle sizes to the initial 
number of total single particles, �� = 2,748,100, after a simulation time �∗ = ���/ℎ = 100.  
In this test case, agglomeration and breakup were monitored for primary particles with 
particle diameter, �� = 60 μm, particle Stokes number, ��

� = 5, density ratio, ��/� ~100 
and agglomerate fractal dimension, �� = 2.0.  

 

 
 

Figure 1: Time evolution of the population of single, ���, and agglomerate particles, ��,���,�,…. Lines are as 
follows: black (−) single; red (− ⋅⋅ −) double; green (− −) triple; blue (− ⋅ −) quadruple; purple (−) quintuple  

 
Figure 1 shows the particle size distribution at any time instance, �∗, and demonstrates that 

agglomerates of two particles, ��,���, form first. With increasing time, large agglomerates 
begin to form through collisions between single particles and larger agglomerates, and 
between the agglomerates themselves, all constrained by de-agglomeration due to 
hydrodynamic shear stress acting on the agglomerate. The rate of formation and breakup of 
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the lower order agglomerates, e.g. ��,���,�, ultimately tends to a steady state, while those of 
the higher order agglomerates, e.g. ��,���, show an unsteady trend since the large 
agglomerates are susceptible to breakup.  

 

 
 

Figure 2: (a) Mean streamwise fluid velocity, ��
�, and rms of fluid velocity fluctuations for (b) streamwise, 

��,���
� , (c) spanwise, ��,���

� , and (d) wall-normal, ��,���
� , components. Lines are as follows: black (−) unladen 

DNS; red (− −) unladen LES; green (− ⋅ −) four-way coupled LES, with collision only and blue (− ⋅⋅ −) four-
way coupled LES, with collision, agglomeration and breakup (�� = 60 μm, ��/� ~100, ��

� = 5, �� = 2.0). 

Following the test case presented in Figure 1 where four-way coupling including inter-
particle collision, agglomeration and breakup are considered, the first and second statistical 
turbulent moments for the liquid phase are compared in Figure 2 with those obtained from 
unladen DNS [14], unladen LES and four-way coupled LES with inter-particle collision only, 
all computed at shear Reynolds number ��� = 300. The four-way coupling case considering 
particle collision, agglomeration and breakup results in a dynamic particle size distribution, 

(a) (b) 

(c) (d) 
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while the four-way coupling case considering inter-particle collision only results in a static 
PSD, and in this case mono-dispersity. 

Figure 2 gives profiles of the mean streamwise fluid velocity, ��
�, and the root mean square 

(rms) of the fluid velocity fluctuations in the streamwise, ��,���
� , spanwise, ��,���

� , and wall-
normal, ��,���

� , directions. All show only small differences between the unladen flow and the 
four-way coupled case based on the static and dynamic PSDs. Although the presence of 
particles in the fluid flow does modulate the flow turbulence, therefore, the degree of this 
modulation depends on several factors as reviewed in Pang et al. [15]. Due to a small particle 
Stokes number, ��

� = 5, for this flow, and a small elapsed simulation time Δ�∗~ 100, the 
consideration of two-way coupling with static and dynamic PSD has little effect on the fluid 
statistical moments studied. This negligible effect of small particle Stokes number on fluid 
statistics has been observed in previous studies, e.g. [12].  

 

    

      
 

Figure 3: Time history of (a) the total number of the accumulated particle-particle collisions, ����/��, (b) the 
total number of the accumulated particle-particle collisions leading to agglomeration, ����/�� , (c) the 

agglomeration rate, ����/����, and (d) the total number of the accumulated agglomerate breakups, ���/��; �� 
is the total number of primary particles ��� = 60 ��, ��/� = 2.71� initially injected into the domain. Lines are 

as follows: red (−) downward flow; green (− −) no-gravity flow; and blue (− ⋅ −) upward flow. 

(a) (b) 

(c) (d) 
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Figure 3 shows the evolution of the number of collisions, ����, the number of collisions 

which satisfy the agglomeration criterion in Eq. (5), ����, the agglomeration rate, ����/����, 
and the number of breakups, ���, for the three flows considered, i.e. downward flow, no-
gravity flow and upward flow, all normalised by the initial total number of primary particles, 
�� = 2,748,100. The effect of momentum exchange between the solid and liquid phases, the 
shear induced lift force and the direction of gravity all have an effect on particle segregation, 
inter-particle collision, particle agglomeration and agglomerate breakup. Subsequently, their 
combined effects influence the fluid first and second statistical moments.   
 

 
 

Figure 4: (a) Mean streamwise fluid velocity, ��
�, and rms of fluid velocity fluctuations for (b) streamwise, 

��,���
� , (c) spanwise, ��,���

� , and (d) wall-normal, ��,���
� , components. Simulations based on particle diameter 

�� = 60 μm and ��/� = 2.71 Lines are as follows: black (−) unladen DNS; red (− −) downward flow; green 
(− ⋅ −) no-gravity flow; and blue (− ⋅⋅ −) upward flow. 

(a) (b) 

(c) (d) 
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The particles in the downward flow (DF) and no-gravity flow (NG) accumulate at the wall, 
with the former showing more particle segregation at the wall compared to the flow without 
gravity. In contrast to both these flows, the particles in the upward flow (UF) are depleted in 
the near-wall region. Note the results that support this observation are not shown here, but this 
has been observed previously [2]. Due to presence of gravity, and also to local momentum 
exchange with the carrier fluid and to differences in particle segregation, we observe in Figure 
4 significant increases (resp. decreases) of both the wall shear and liquid mass flow rate in 
downward (resp. upward) flows when compared to the no-gravity flow. Hence, in the three 
cases, the particles see significantly different turbulence intensities, as is evident in the 
evolution of the number of collisions, agglomerations, breakups and the agglomeration rate in 
Figure 3. With the largest wall shear stress and mass flow rate for the downward flow, the DF 
case showed the highest rate of particle collisions, ����/��, agglomeration events, ����/��, 
and breakups, ���/��. In contrast, the DF case showed the lowest agglomeration rate, 
����/����. These observations are consistent with theory and with our earlier observations 
reported in Njobuenwu and Fairweather [6], where particle collision, agglomeration and 
breakup, all increased, while the agglomeration rate (����/����) decreased, with an increase 
in the carrier-phase mass flow rate (Reynolds number). Hence, the influence of the direction 
of gravity in a vertical flow on particle collision, agglomeration and breakup is like that of 
flow Reynolds number, i.e. equivalent to increased Reynolds number of DF, and decreased 
for UF. In the same vain, the UF showed the least particle collision, agglomeration and 
breakup, but the largest agglomeration rate. 
 
5  CONCLUSIONS 

The effect of the particle size distribution (static versus dynamic), and the direction and 
absence of gravitational acceleration, on particle collision, agglomeration and breakup, and 
fluid turbulence, in vertical channel flows has been investigated. Large eddy simulation, 
discrete particle simulation, deterministic hard-sphere collision and energy-balanced based 
agglomeration models, and breakup due to hydrodynamic shear stress, were all adopted for 
this study. Due to the small particle Stokes number considered, inherent in a solid-liquid flow 
and small simulation time Δ�∗~100, only small effects were observed for the static versus 
dynamic particle size distribution on the fluid turbulence. In the vertical channel flow case, 
particles in downward and zero gravity flows are transported towards the wall where they 
accumulate, while particles in upward flow migrate away from the wall. This segregation 
pattern, as well as changes in the wall shear stresses and mass flow rate due to buoyancy 
effects, do affect the flow turbulence and the evolution of inter-particle collisions and the 
collision efficiency, as well as agglomerate breakup rate. 
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Abstract. This investigation examines the effect that particle concentration has on the dynamics 
of two-phase turbulent channel flows at low and high density ratios. In the literature, little 
explanation is offered for the existence of high particle turbulence intensities in the buffer layer 
and viscous sublayer for particles with high Stokes number. The present study aims to explore 
particle dynamics in those regions. The spectral element method DNS solver, Nek5000, is used 
to model the fluid phase at a shear Reynolds number, . Particles are tracked using 
a Lagrangian approach with inter-phase momentum exchange (two-way coupling). Mean fluid 
and particle velocity statistics are gathered and analysed to determine the effect of increasing 
both Stokes number and concentration. Results indicate that the system with the greater Stokes 
number (air) has a much larger impact on the mean streamwise velocity and turbulence intensity 
profiles. As the concentration is increased, the mean flow velocity and turbulence intensity are 
reduced in the bulk and increased very close to the wall. For the low Stokes system, there is 
negligible effect on the flow statistics at low concentration. One-way coupled solid-phase 
statistics indicate that particles in water follow the flow very closely. At the higher density-
ratio, particles lag behind the flow in the bulk, but overtake the flow in the near-wall region, 
where the existence of increased streamwise turbulence intensities is also observed. To 
elucidate the dynamics, concentrations and fluxes are analysed. Particles are observed to be 
distributed more densely close to the wall in air, compared to a reasonably uniform distribution 
in water. Finally, contour plots indicate that particles in air tend to congregate in regions of low 
streamwise fluid velocity, and the extent to which this differs between the two systems is then 
quantitatively measured. 

1 INTRODUCTION 
The transport of solid particles by turbulent fluid flows is common in many natural and 

industrial processes. A detailed understanding of the dynamics of such systems is important in 
determining the properties of the flow, and in particular the dispersion, deposition and 
resuspension of particles. A knowledge of these mechanisms is vital to improving and 
optimising flow systems containing particulate suspensions. Nevertheless, due to the complex 
nature of particle-turbulence interaction, the dynamics and mechanisms underpinning the 
motion of particles in these flows is currently not fully understood. Previous work investigating 
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this kind of phenomena has demonstrated Stokes number-dependent particle behaviour in the 
near-wall region [1-3]. However, understanding of the physics of this behaviour is poor, with 
relatively few sources offering explanations for its existence. Preferential concentration of 
particles in low-velocity regions close to solid surfaces has also been observed [4], but the 
extent to which particles remain in these low speed streaks is unknown. The topic of turbulence 
modulation through two-way coupling is also of great interest, since the volume fraction of 
most industrial flows tends to be high. It has been shown that the addition of particles can either 
enhance or attenuate the turbulence depending on the properties of the solid phase [5]. This 
tends to depend on the size of the particles such that those with large diameters ��� � ������
will increase the streamwise turbulence intensity [6] whilst the latter is attenuated for those with 
small diameters.    

The purpose of this study is to compare the dispersive properties of particle-laden turbulent 
flows at two different Stokes numbers representing identical glass particles in water and air. By 
fixing the diameter of each set of particles, we can examine more closely the effect of density 
ratio. In order to assess the extent to which particle concentration affects the turbulence field, 
the air channel flow is also compared at low and high volume fractions.  

The fluid phase is modelled using the direct numerical simulation code, Nek5000, at a shear 
Reynolds number, ��� 	� 	���. A two-way coupled Lagrangian point-particle tracking method 
is used to predict the dispersed solid phase. A non-dimensional particle equation of motion is 
introduced using solely solid phase properties, non-dimensionalised against bulk fluid length 
and timescales. This includes the effects of drag, lift, pressure gradient and added mass forces. 
A feedback force is included in the Navier-Stokes equations based on the sum of particle forces 
in a grid-cell to account for two-way coupling. In both low and high concentration situations, 
the volume fraction is high enough to cause turbulence modulation. To allow focus primarily 
on the two-way interaction of these systems, inter-particle collisions will not be considered. 

2 METHODOLOGY 

2.1 Fluid simulation 
The carrier-fluid field representing a fully developed channel flow is obtained using direct 

numerical simulation. This allows for resolution of the smallest length and time scales 
associated with the dynamic turbulent structures of the flow. In this work the Eulerian-phase 
solver, Nek5000 [7], was used which utilizes a high-order spectral element method to simulate 
the fluid phase. This code was chosen due to its efficient parallelisation capabilities and 
extensive testing and validation history. In the code, the incompressible Navier-Stokes 
equations are solved to high accuracy on a discretized Cartesian grid consisting of 27 � 18 �
	23 8th order elements (i.e. 5.7M nodes). The elements are scaled such that the nodes closest to 
the wall are distributed more densely. The Navier-Stokes equations are non-dimensionalised 
using the channel half-height, �, the bulk velocity, ��, and the fluid phase density, ��. From 
here on, a quantity with an asterisk (*) denotes a variable non-dimensionalised in this manner. 

The equations are: 
� � �∗ � � (1)
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��∗
��∗ � �∗ � ��∗ � ���∗ � 1

��� � � �
∗ � ��∗ (2)

where �∗ is the fluid velocity, �∗ is the fluid pressure, ��� is the bulk Reynolds number defined 
as ��� 	� 	������, �� is the fluid kinematic viscosity and �∗ is the viscous stress tensor. The 
additional term ��∗  is cell-dependent and accounts for the two-way momentum exchange 
between particles in that cell and the surrounding fluid. 

For this study, the computational position domain ��� �� �� corresponds to a 1��	 � 	��	 �
	��	channel. Here, � is the streamwise direction, � is the wall-normal direction, and � is the 
spanwise direction. Periodic boundary conditions are enforced in the streamwise and spanwise 
directions, whereas the wall-normal axis uses nonslip conditions at �∗ � ��. The flow is driven 
and maintained by a constant pressure gradient. Using non-dimensional parameters this is: 

��∗
��∗ � ��������

� (3)

where ��� is the shear Reynolds number. 

2.2 Particle dynamics 
In order to model the transport of large numbers of particles through the fluid field, a 

Lagrangian particle tracker (LPT) was developed which interfaces concurrently with Nek5000. 
Each element of the solid phase is represented by a computational sphere. The LPT solves the 
non-dimensional Newtonian equations of motion for each particle in order to calculate 
trajectories. This equation is derived by considering the force-balance between the particle's 
inertia and the fluid. For this study, we have chosen to consider contributions from drag, lift, 
virtual mass and pressure gradient forces. The Basset history force has been neglected due to 
long computation times and previous evidence [8] showing little effect on the resulting motion.  

The equations of motion are as follows: 
���∗
��∗ � ��∗      (4)

���∗
��∗ �

3��|��∗|
4��∗��∗ ��∗�������

����

� �∗�1 � �∗��������
�������

� 3
4
��
��∗ ���

∗ � ��∗ ������������
����

� 1
���∗

����∗
��∗�������

������� ����

� 1
��∗
���∗
��∗�����

��������	��������

	 (5)

In Equations (4) and (5), ��∗ 	represents the coordinates of the particle position, ��∗ is the particle 
velocity, ��∗ � ��∗ � ��∗ 	is the particle-fluid slip velocity, ��∗  is the diameter of the particle non-
dimensionalised by the channel half-height, ��∗  is the particle-fluid density ratio and ��∗ is the 
fluid vorticity at the particle position given by ��∗ � � � ��∗ . The drag coefficient, ��, is taken 
from standard empirical observations [9, 10] and the lift term uses the Saffman-Mei [11, 12]
coefficient. A fourth order accuracy Runge-Kutta scheme was applied (with a �� equal to that 
of the continuous phase solver) for integration of the differential equations in order to obtain 
each particle's position and velocity at each fluid timestep. Each particle's inertial effect on the 
fluid phase was considered through the inclusion of an additional source term in the Navier-
Stokes equations: 
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��∗ � 1
�� ���∗

��

���

(6)

where �� is the volume of a computational cell, �� is the number of particles in that cell and 
��∗ is the non-dimensional fluid force exerted on particle P. This is applied at each fluid timestep 
and uses the particle force calculation from the previous timestep. 

Table 1: Simulation parameters (L: Low concentration, H: High concentration). 

Parameter Water (L) Air (L) Water (H) Air (H) 
Shear Reynolds number, ��� 180 180 180 180 
Bulk Reynolds number, ��� 2800 2800 2800 2800 
Particle diameter, ��∗ 0.005 0.005 0.005 0.005 
Number of particles, �� 300,000 300,000 2,566,851 2,566,851 
Shear Stokes number, ��� 0.113 91.845 0.113 91.845 
Bulk Stokes number, ��� 0.01 7.937 0.01 7.937 
Density ratio, ��∗ 2.5 2041 2.5 2041 
Volume fraction, Θ� 10�� 10�� 10�� 10��

The properties used in each simulation are presented in Table 1. Each simulation presented 
here was performed both one-way and two-way coupled, with the exception of the high-
concentration water flow due to time constraints. The simulations were first run as a single-
phase flow using a standard turbulent profile with added chaotic terms in the wall-normal and 
spanwise directions. Once turbulence was established, fluid statistics were monitored every 100 
non-dimensional time units until the mean streamwise velocity and RMS velocity fluctuations 
had reached a statistically steady state.  

Particles were then injected uniformly throughout the channel and given an initial velocity 
equal to that of the fluid. Particle statistical distributions across the wall-normal direction were 
obtained by splitting the domain into 120 cuboidal regions of equal size, and taking an average 
over all the particles in that zone. Once the particle number density near the wall had reached a 
stable value, considered later, particle data was collected and statistics were obtained. It was 
from this stable state that the two-way coupled runs were started, reducing the fluid and particle 
timestep initially to avoid divergences in the flow field due to high particle forces. The fluid 
velocity statistics were then tracked once again to determine whether the system had finished 
responding to the addition of momentum-coupling. Once satisfied, statistics were reobtained as 
previously.

3 RESULTS AND DISCUSSION 

3.1 Fluid phase statistics 
This section explores the effect of particle concentration and Stokes number on the dynamics 

of the fluid phase. All flow variables plotted here are normalised by the bulk properties of the 
flow. Figure 1 compares the mean streamwise velocity of the fluid for each simulation as well 
as for the unladen flow. Here, the difference between the unladen flow and the low 
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concentration two-phase flow in water is negligible. This is due to the low Stokes number, 
limiting the momentum coupling between the two phases. In the low concentration air 
simulation, the mean velocity profile is slightly reduced in the bulk flow region. 

Figure 1: Mean streamwise fluid velocity comparison.  : unladen flow; : two-way coupled air phase at 
low concentration;  : two-way coupled water phase at low concentration;  : two-way coupled air phase at 

high concentration. 

Figure 2: RMS fluid velocity fluctuations and shear stress comparison.  : unladen flow; : two-way 
coupled air phase at low concentration;  : two-way coupled water phase at low concentration;  : two-way 

coupled air phase at high concentration. 

This is further emphasised at high concentration, with an increase in fluid velocity found 
near the wall. This effectively reduces the thickness of the boundary layer and increases the 

863



L. Mortimer, M. Fairweather and D. O. Njobuenwu 

6

wall shear stress due to a higher wall-normal velocity derivative. The combination of both 
increased volume fraction and density ratio provides the particle phase with enough inertia to 
increase the fluid velocity close to the wall. 

The fluid phase turbulent normal and shear stresses are presented in Figure 2. When 
compared to the unladen flow (solid lines), the particles once again show negligible impact on 
the water phase. With increased volume fraction, particles tend to reduce the streamwise 
turbulence intensities and increase the wall-normal and spanwise components. Close attention 
to the rightmost graph in Figure 2 indicates that the streamwise turbulence intensities are 
increased very close to the wall at �∗ � 0.0��.

3.2 Particle phase statistics 

Figure 3: Mean streamwise particle velocity comparison.  : unladen flow; : one-way coupled particle 
phase at high concentration in air;  : one-way coupled particle phase at high concentration in water;  

To explore the dynamics associated with the particle phase, mean velocity and RMS velocity 
fluctuation statistics were obtained. Figure 3 compares the one-way coupled particle mean 
velocities in the streamwise direction. Since one-way coupled flow statistics are concentration-
independent, only the high concentration systems are considered here. For water, the particle 
profile is very similar to the fluid profile, with a slight increase towards the wall at �∗ � 0.02.
Particles in air generally lag behind the fluid in the bulk region, but travel faster than the fluid 
at �∗ � 0.0�.

Particle RMS velocities are plotted in Figure 4. There are slight deviations from all three 
fluid RMS components in the water channel. The spanwise and wall-normal components are 
all reduced slightly when compared to the unladen flow, which is most emphasised around �∗ �
0.2 (i.e. on the boundary between the bulk and log-law regions). The streamwise component 
resides very close to the unladen flow except for very close to the wall where it increases 
somewhat. These effects are strongly emphasised at the higher Stokes number (air). A very 
notable feature is that the streamwise RMS velocity increases as the wall is approached and is 
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significantly larger than for the unladen flow profile. Large RMS values imply that particle slip 
velocities will also be high, since the particles are unlikely to be following the flow directly in 
that region due to their range of speeds. This is then directly linked to the magnitude of the 
coupling in that region, since the predominant forces (drag and lift) will be much greater. In 
this case it seems that the particles dampen the momentum, moving in a more turbulent manner 
themselves. In the spanwise and wall-normal direction, particles possess enough inertia to avoid 
being influenced by the fluid turbulence, and so their RMS velocity profiles are greatly reduced. 

Figure 4: RMS particle velocity fluctuations comparison.  : unladen flow; : one-way coupled particle 
phase at high concentration in air;  : one-way coupled particle phase at high concentration in water;  

The left plot in Figure 5 depicts the concentration of particles close to the wall over time 
which is used to establish whether the particle motion has reached stability. The concentration 
is normalised by the concentration at injection. Clearly particles in air take around 30 non-
dimensional time units to reach this point, after which the gradient drops off greatly and the 
normalised concentration continues to deviate slightly around 2.7. The right plot shows the 
distribution of particles across the channel at �∗ � ���. Here we can see more directly the 
effects of the increase in wall-region particle concentration for the air channel. The water 
channel profile remains very flat, aside from a slight increase and dip very close to the wall. 

Table 2 defines the boundaries of the regions of the flow and provides the mean net flux of 
particles through those regions per timestep both up (towards the centre-line) and down 
(towards the wall). For water, it is evident that the flux (upwards and downwards) through each 
plane separating two regions is almost identical. This implies that there is no net 'flow' of 
particles in any particular direction, which is further validated by the right plot of Figure 5. This 
also seems to be true for air, however, there are far fewer particles moving between the log-law 
region and the buffer layer than there are in water. Conversely, there are more particles moving 
between the buffer layer and the viscous sublayer than there are in water, indicating more wall-
normal motion in that region. 
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Figure 5: Instantaneous normalised particle concentration in near-wall region �∗ � ������� over time for air 
(left) and mean across the channel (right). : water;  : air. 

Table 2: Definition of flow layers in �∗and particle fluxes through those regions (W: Water, A: Air). 

Region Start End F up (W) F up (A) F down (W) F down (A) 
Bulk flow 0.200 1.000 - - 994 449 
Log-law 0.166 0.200 994 456 914 458 
Buffer layer 0.027 0.166 914 463 137 576 
Viscous sublayer 0.000 0.027 136 576 - - 

Figure 6 overlays one-way coupled particle positions on top of contour plots of the 
instantaneous streamwise fluid velocity on the plane �∗ � ������ for both the air and water 
channel flows. It is clear that for the air channel (upper plot), the particles reside predominantly 
in areas of low streamwise velocity (white regions). In an effort to compare the two flows more 
quantitatively we define a low velocity region such that the streamwise or magnitude 
���∗ � ��∗� �� ������ and the wall-normal and spanwise components ���∗ � ��∗ �� �������. Figure 
7 shows the percentage of time a particle spends in our definition of a low velocity region for 
the air and water channels. The results of this analysis are also filtered by region. Comparing 
the two, it is notable that in all cases particles spend more time in low velocity regions in air 
than they do in water. In most cases, particles in air spend almost twice as much time in these 
regions. Note that the percentage will be strongly dependent on where we define a low-velocity 
region, so the emphasis of this analysis is on comparison between the two systems.   
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Figure 6: Particle distribution overlaid on contour plots of instantaneous fluid streamwise velocity in the viscous 
sublayer (�∗ � ������). Upper: Air; Lower: Water. 

Figure 7: Percentage of time a particle spends in low velocity region for air (left) and water (right) channel 
flows.  
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4 CONCLUSIONS 
This work aimed to expand the knowledge surrounding turbulence modulation and near-wall 

particle dynamics at high Stokes number by comparing the effects with that of a flow at low 
Stokes number. 

It has been demonstrated that at for particles with high Stokes numbers there is a much 
greater impact on the turbulence, such that it dampens the streamwise component and enhances 
the wall-normal and spanwise components. In the near-wall region, mean particle streamwise 
velocity fluctuations were high for the large Stokes number system and tended to match the 
unladen flow for the low Stokes number system. The effect of momentum-exchange between 
particle and fluid and its relation to the RMS profiles for the particle phase was explored. It was 
speculated that the reduced fluid turbulence intensities could be due to the high particle RMS 
velocities in that region. It is certain that regions of high slip velocity will directly impact the 
magnitude of the coupling force term, but the nature of impact (attenuation or enhancement) is 
yet to be understood. Further work should be carried out comparing density ratios at higher 
particle diameters to try observe their effect on turbulence enhancement. 

Particle distributions in the wall region were compared for low and high Stokes number. 
There was a notable increase in particle concentration near the wall during the stabilising period   
for the particles with greater inertia, which remained consistent for the remainder of the time 
considered. This was not apparent with the particles of low Stokes number, which was 
explained by the near identical streamwise and RMS velocity profiles. By tracing the fluid flow, 
the mass flux through planes in �∗ must remain zero overall (as in the continuous phase), 
therefore there cannot be a buildup of particles in any one region. By considering particle fluxes 
in the wall region, we observe this to be true in the stable state for both air, and more so for 
water. It is also notable that the greatest amount of particle movement between one region and 
another takes place on the boundary between the buffer layer and the viscous sublayer for air, 
whereas in water this is from the bulk flow into the wall-region. 

Finally, the extent to which particles remain in low velocity streaks is assessed both 
qualitatively and quantitively. It is indicated by considering particle distributions in the viscous 
sublayer that there is a tendency in air to show preference to low speed streaks, which is not 
apparent in water. This is confirmed and examined in further detail by partitioning the domain 
into regions. Results indicate that for a certain definition of a low velocity region, particles in 
air are around twice as likely to be found in a low speed streak than those in water. This could 
be further validated by considering the effect of increasing the cut-off point between ‘low’ and 
‘high’ velocity regions, as particle distribution plots indicate congregation around the regions 
and sometimes not directly inside them. 

After having observed how the turbulence is attenuated by high concentrations of small 
particles in high-density ratio systems, this work should be extended by performing similar 
simulations with larger particles. This should encourage turbulence enhancement, with the 
effect that density ratio and concentration has on the fluid turbulence of equal interest.
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Abstract. Direct numerical simulation, facilitated by a spectral element method, is used to 
predict a multi-phase fluid flow through a channel at a shear Reynolds number of 300. 
Following validation of single- and multi-phase flow results against other DNS predictions 
available in the literature, a channel flow is simulated utilising a Lagrangian particle tracker to 
model 300,000 particles with a diameter of 100 m, having a density ratio equivalent to that of 
water to glass, and a particle volume fraction of approximately 0.01%. This flow is calculated 
using multiple levels of coupling between the particles and the flow; one-way, two-way and 
four-way. The mean streamwise velocity of the fluid and the particles, along with the shear and 
normal stresses, are compared for the different coupling methods, with the differences between 
them analysed and, although small, they are found to be consistent across the channel. A second 
set of runs is performed using in excess of 2 million particles in order to facilitate a tenfold 
increase in the particle volume fraction, to 0.1%, with the particles expected in this case to have 
a greater impact upon the properties of the fluid. The statistics of the fluid and particles in these 
simulations are then compared with those from the simulation with a lower concentration of 
particles in order to determine the magnitude of the effect the particles have on the fluid in this 
flow. The effects of the different couplings on the flow are much greater in this case due to the 
increased number of particles affecting the flow. Also, the presence of the particles is seen to 
increase the turbulence levels of the fluid, especially in the streamwise direction. The accuracy 
of the simulations clearly increases with the level of coupling. However, the speed of the 
simulations decreases. One way of achieving decreased run times, for both volume fraction 
cases, is to use a faster stochastic version of the particle tracking code for four-way coupling. 
This is tested, replacing the Lagrangian collision mechanics in the four-way coupled 
simulations with a probabilistically-determined mechanistic model. For the lower volume 
fraction, the normal stresses of the particles are exaggerated somewhat using the stochastic 
method. The simulation time is decreased compared to the Lagrangian approach, although the 
results presented suggest that the stochastic method requires further refinement.  
 
 
1 INTRODUCTION 

Accurately simulating particle-laden flows is of fundamental importance in many industries 
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that, as part of their operations, are required to transport multi-phase flows, including waste. 
This includes industries in the chemical, nuclear, agriculture, pharmaceutical and minerals 
processing sectors. Without proper optimisation, these processes can be inefficient and the time 
between maintenance and/or replacement of equipment can be increased, with all of the 
associated costs. 

Under complex turbulent conditions, it is laborious, if not impossible, to exactly predict how 
the dynamic interactions between the fluid and particles affect the flow as a whole using 
conventional mathematical methods, and experimentation often produces inconsistent results 
due to the difficulty in repeating initial conditions. Hence this work turns to computer modelling 
methods. Direct numerical simulation is a method which resolves the entire flow, over all length 
and time scales, and all of the turbulence effects within it and, when coupled to a particle 
tracking technique, offers the potential to provide basic understanding of particle-laden flows. 
However, it is also far more computationally expensive than the less inclusive, and accurate, 
large eddy simulation and Reynolds-averaged Navier-Stokes approaches. 

By assessing the behaviour of particles within a multi-phase flow it is possible to set a useful 
benchmark which can be used to predict the behaviour of such flows. Depending on the scale 
of the change in the behaviour of the fluid when increasing its level of simulated coupling with 
the particles, it can be determined if the particle phase has a negligible effect or otherwise. 

A number of previous works have simulated these flows in recent years [1-3]. Important 
findings include the fact that turbulence intensities grow more anisotropic as the particle mass 
loading is increased. Furthermore, qualitative descriptions have been offered [4] concerning the 
way particles affect the continuous phase at high concentrations. However, there is insufficient 
literature on the effect of various physical and flow properties of the fluid and particles in 
simulations of particle transport and interactions in turbulent flow. The present work, therefore, 
considers particle-laden channel flows using direct numerical simulation coupled to a 
Lagrangian particle tracking technique, with simulations performed using one-, two- and four-
way coupling between the particles and the fluid flow. Two particle loadings are considered, 
equivalent to particle volume fractions of approximately 0.01% and 0.1%, to elucidate the effect 
of particle concentration on the continuous phase properties. Lastly, a stochastic method, 
replacing the Lagrangian collision mechanics in the four-way coupled simulations, is assessed 
in terms of its accuracy and potential to decrease simulation times. 

2 METHODOLOGY 

2.1 Fluid flow modelling 
The fluid flow is simulated using a spectral element method, a hybrid of the finite-element 

method and the spectral method, which was developed by Patera [5]. The fluid domain is 
divided into elements with a resolution finer than 15 times the Kolmogorov scale, which Moser 
and Moin [6] have shown to be the minimum requirement to resolve the smallest turbulent 
structures.  

��∗
��∗ � ��∗ � ���∗ � ���∗ � �

�� � � �∗ � ��                                           (1) 
 

�� �∗ � �                                                                      (2) 
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Equations (1) and (2) are the non-dimensional, incompressible Navier-Stokes and continuity 
equations solved, where �∗is the fluid velocity vector, which has been non-dimensionalised 
using the bulk velocity	��, and �∗ is the non-dimensionalised time �����, where � is half the 
height of the channel. �∗ is a non-dimensionalised pressure term equal to	������, where � is 
the density of the continuous phase. �� is the bulk Reynolds number given by �����, and �∗ 
is the non-dimensionalised deviatoric stress tensor given by �∗ � ���∗ � ��∗��. �� is an 
arbitrary forcing term that is only applied to flows with multiple phases. 

The code used to simulate the fluid flow was Nek5000, an efficient DNS code developed by 
Fischer et al. [7]. 

2.2 Channel geometry 
The fluid flow equations were solved for a turbulent flow in a channel with dimensions 12δ 

 2δ  6δ, with δ being the half-height of the channel, at a bulk Reynolds number of 4900, 
which translates to a shear Reynolds number of 300. The channel had periodic boundary 
conditions in the streamwise and spanwise directions, making its size arbitrary in those 
directions, with the channel wall having a significant effect on the flow. The computational 
domain was divided into 32 × 32 × 32 elements consisting of 8 × 8 × 8 nodes each, giving a 
total of 16.8M nodes. 

2.3 Multi-phase simulations 
The first simulation considered below concerned validation of predictions of a single-phase 

channel flow against previous runs by Marchioli and Soldati [8]. Subsequent runs were for 
multi-phase flows with varying number of particles that were simulated using a highly versatile 
Lagrangian particle tracking code which synchronises with the Eulerian fluid flow model, time-
step for time-step. 

���∗
��∗ � ��∗      (3) 
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	 (4) 

(
The tracking code solves Equations (3) and (4) for ���∗ /��∗,	the change in non-dimensional 
position over non-dimensional time, of each particle using the fourth order Runge-Kutta method 
[9], although in this work gravitational effects were ignored. ��∗ ,	��∗  and �∗are the non-
dimensional particle diameter, density and fluid density, ��∗, ��∗ , ��∗ are the slip velocity, fluid 
velocity and vorticity, and ��, �� and �∗are coefficients of drag, lift and gravity, respectively. 

The first set of particle runs used 300k 10.2 m particles with a high density compared with 
that of the fluid, corresponding to fly ash with a density of 1500 kg m-3 in air of density 1.3 kg 
m-3. These particles had a Stokes number of 1 and predictions were validated against the results 
of Marchioli and Soldati [8]. All subsequent results were collected from runs containing 100 
m particles with a density corresponding to glass, 2500 kg m-3, in water, 1000 kg m-3. These 
particles had a Stokes number of 0.3125. 

The particles used for the validation noted were one-way coupled, such that the fluid applied 
a force on the particles but not vice-versa. In four-way coupling, the fluid is affected by the 
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particles and the particles are allowed to collide. The two-way coupling term in Equation (5) is 
added to the initial Navier-Stokes equations to account for the force the particles have on the 
fluid: 

�� � �
� ��� � �����                                                (5) 

Here, V is the volume of a computational cell, N is the number of particles it contains, and FP 
is the force exerted on any particle P. In order to gauge the effect of neglecting higher levels of 
coupling, one-way coupled and four-way coupled 100 m glass particles were run at volume 
fractions of 0.01% and 0.1%. 

Inter-particle collisions were simulated by checking the radius of a particle and comparing 
it to each potential collision partner in the region, extrapolating backwards to find the time of 
collision and changing the particle velocity and position accordingly. In order to limit computer 
run times, the flow was divided into small segments and only those particles in the same 
segment of the flow were considered for collision. Despite this, the computational expense of 
this process rises drastically with the number of particles. 

2.4 Stochastic method 
Another way of decreasing the computational expense present in monitoring particle-particle 

interactions is to use the stochastic method as described by Sommerfeld [10], and forgo 
monitoring the colliding of particles altogether, instead treating them as probability 
distributions for the purpose of collision. The probability of a collision according to this method 
is given by first calculating the velocity���������  of a fictional collider using Equation (6), which 
accounts for the Stokes number St in the form of a correlation function R(St) which determines 
whether the fictional particle has a velocity closer to the real particle’s velocity ��������  or a 
random value calculated from the root mean squared velocity ���� and a Gaussian random 
number �. 

�������� � ������������� � ������ � �������                                  (6) 

����� � ���������� � ������                                              (7) 

����� � ���� � �
� �����

������������� � ����������������                                (8) 

Kinetic theory is then used to calculate the probability of the collision from Equation (8) based 
on the instantaneous relative velocity |����������� � ������������| between the fictional and real particles, the 
number density np and the particle diameter Dp. 

3 RESULTS AND DISCUSSION 

3.1 Validation 
Figure 1 shows the results of the single-phase validation runs against the predictions obtained 

by Marcholi and Soldati [8], and Morinishi and Tamano [11]. Few runs have been performed 
at a shear Reynolds of 300, and Morinishi and Tamano [11] only gave results for y* values close 
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to the wall. Nevertheless, there is good agreement between the present results and those of these 
previous works.  There is a slight discrepancy between the height of the peak of the stream-
wise fluid normal stress, but this is at an acceptable level, and is most likely due to minor 
differences in the numerical methods employed. 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
  

  

u'*

v'*

w'*

uv'*

Figure 1: Validation of the mean streamwise fluid velocity U* for a) linear scale and b) log scale, and the 
normal and shear stresses, u’*, v’*, w’* and uv’*, for c) linear scale and d) log scale of a single-phase flow at 

300 shear Reynolds number. Present results as line, Marchioli and Soldati (2007) and Morinishi and Tamano 
(2005) as black and white points, respectively. 

u'*

v'*

w'*

uv'*

a) b) 

c) d)
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Figure 2 gives the results of a multi-phase validation run, plotting the mean streamwise 
velocity and the normal stresses for the particles. Since the flow was one-way coupled the fluid 
phase for this run is as in Figure 1. The particles again show mean streamwise velocity and 
normal stress values which are a good match to the predictions of Marchioli and Soldati [8].  

3.2 Low concentration comparisons 
The glass spheres were then run in a water flow at a volume fraction of 0.01% to compare 

the effects of one-way and four-way coupling between the fluid and particle phases at a 
Reynolds number of 300. The results are given in Figure 3. At first glance the difference in the 
fluid flow seems negligible, with the mean streamwise velocity unchanged between the two 
sets of results. There is a not imperceptible increase in the fluid and particle velocities towards 
the centre of the flow, however, and between ±0.2δ and ±0.6δ, it is clear that the four-way 
coupled fluid flow has a slightly greater streamwise velocity fluctuation than for the one-way 
case. 

In the region between ±0.7δ and ±δ, towards the centre of the flow, the streamwise velocity 
fluctuation of the four-way coupled run dips below the one-way case, but the spanwise and wall 
normal fluctuations increase slightly. In the region between ±0.2δ the peak shows a similar 
trend and this would appear to accord with energy conservation laws, namely, the kinetic energy 
from the streamwise direction is transferred to or from the other directions. The particle 
velocities and stresses show markedly similar responses . 

Figure 2: Validation of a) the mean streamwise particle velocity U* and b) the normal stresses u’*, v’* and w’* 
of a one-way coupled multiphase flow at 300 shear Reynolds numer. Present results as line, Marchioli and 

Soldati (2007) as points. 

u'*

v'*

w'*

a) b)
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u'*

v'*

w'*

uv'*

3.3 High concentration comparisons 
The particles at a volume fraction of 0.1% show a magnified difference between the effects 

of one-way and four-way coupling (Figure 4). The mean streamwise velocity and all of the 
normal stresses are greater in the latter case. The turbulence level in the fluid flow has thus seen 

Figure 3: Mean streamwise velocities U* for a) linear scale and b) log scale, and the normal and shear 
stresses u’*, v’*, w’* and uv’*, for c) linear scale and d) log scale of a multiphase flow with 100μm particles at 

a volume fraction of 0.01% and 300 shear Reynolds number. Fluid and particles as solid line and points, 
respectively, with one-way coupled in black and four-way coupled in blue. 

a) b)

c) d)

u'*

v'*

w'*

uv'*
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a noticeable increase. These effects are more pronounced away from the centre of the channel, 
as for the low concentration results. 

Although increasing the number of particles does change the behaviour of the fluid, and 
increases the impact of the particles on the flow, the particles themselves show a strong 
tendency to follow the flow that does not change with concentration, despite the fact that they 
are affecting the medium in which they are carried. The low Stokes number of the particles 
makes this unsurprising. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

a) b)

u'*

v'*

w'*

uv'*

u'*

v'*

w'*

uv'*

c) d)

Figure 4: Mean streamwise velocities U* for a) linear scale and b) log scale, and the normal and shear 
stresses u’*, v’*, w’* and uv’*, for c) linear scale and d) log scale of a multiphase flow with 100μm particles at 

a volume fraction of 0.1% and 300 shear Reynolds number. Fluid and particles as solid line and points, 
respectively, with one-way coupled in black and four-way coupled in blue. 
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3.4 Stochastic model 
Under the same conditions as the previous low concentration runs, the results of which are 

given in Figure 3, the stochastic method was used with the aim of providing a suitably accurate 
set of predictions without the relatively slow computational speed of the Lagrangian collision 
mechanics that the regular four-way coupled approach used. The mean streamwise velocity, as 
before, varied only slightly due to the change in methodology, as shown in Figure 5, but the 
particle normal stresses now differ considerably from the fluid normal stresses in a way that 
suggests a methodical overprediction of these values, when compared to the results of Figure 
3, especially considering the fact that the divergence in predictions increases considerably 
towards the centre of the flow. For the low volume fraction, therefore, the normal stresses of 
the particles are exaggerated somewhat using the stochastic method, although this was found to 
be less the case for the higher volume fraction (not shown). In both cases the simulation time 
was decreased compared to the Lagrangian approach, although the results suggest that the 
stochastic method requires further refinement.  

 
4 CONCLUSIONS 

The study reported considered the effects of different particle-fluid coupling regimes on the 
turbulence statistics of a simulated multi-phase channel flow at a shear Reynolds number of 
300. By performing direct numerical simulations, coupled to particle tracking, at different 
particle concentrations and differing levels of coupling, results have been established that 
demonstrate how particles affect the turbulent flow at this Reynolds number. Further work 
should consider investigating the impact of lower and higher volume fractions of particles than 

Figure 5: a) Mean streamwise velocity U* and b) the normal and shear stresses u'*, v'*, w'* and uv'* for 100μm 
particles at a volume fraction of 0.01% and 300 shear Reynolds number using a stochastic collision metric. 

Fluid flow results as line, particles as points.

a) b)

u'*

v'*

w'*

uv'*

878



David A. Rupp, Derrick O. Njobuenwu and Michael Fairweather 

 10

considered herein, as well as different sizes of particles, to establish precisely those flows in 
which it is necessary to use higher order coupling and for which flows such coupling is 
unnecessary. For higher concentrations of particles, the implementation of a stochastic collision 
metric, rather than a full four-way coupling approach, becomes advantageous in terms of model 
run times, although the results presented suggest that the stochastic method used requires further 
refinement prior to its use in computing such flows. 
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Abstract. Spheres with complex contact models or clumped sphere models are classically
used to model ballast for railway applications with the Discrete Element Method (DEM).
These simplifications omits the angularity of the actual ballast by assuming the ballast is
either round or has rounded edges. This is done by necessity to allow for practically com-
putable simulations that may consist of a few hundred particles. This study demonstrates
that an experimentally validated DEM simulation environment, BlazeDEM-3DGPU, that
computes on the graphical processing unit (GPU) is able to simulate railway ballast with
a more realistic shapes that includes angularity for railway applications. In particular,
a procedure is developed that extracts polyhedral shaped ballast geometries digitized
from 3D-laser scanning for use in DEM simulations. The results show that much larger
number of particles can be successfully modelled allowing for new possibilities offered by
the GPUs to investigate model railway problems using DEM. Specifically, in this study
a typical experimental ballast box that contains up to 60 000 polyhedral particles have
been simulated with the BlazeDEM-3DGPU computing environment within reasonable
computing times.
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1 INTRODUCTION

France has the second largest European railway network that accounts for a total of 29
901 km of railway. The French railway network is comprised of 16 445 km of double track
railway, 15 140 km electrified railway and 1 876 km can accommodate high-speed trains.
The main track gauge and high-speed track gauge are both 1 435 mm. In 2014 a freight
of 32 billion tonne-km was hauled and a passenger distance of 84 billion passenger-km
serviced in France alone. The integrity of the railway relies significantly on the integrity
of the railway ballast that supports the railway with failure proving disastrous [?, ?].
The deterioration of superstructure ballast and sub-ballast is amplified by train-track
vibrations of high speed trains inadequate water drainage that may cause subsidence of
the superstructure ballast and track. As a consequence a number of countries have limited
the maximum speed of high speed trains which include China that reduced speeds from
220 mph to 185 mph, Eurostar in Britain runs up to 185 mph and the TGV Est in France
reaches only 200 mph.

Particle shape is a key parameters that influences the performance of railway ballast
in particular the settling of railway ballast. Specifically, railway ballast depends strongly
on the particle shape, surface roughness and wear characteristics of the ballast. As a
consequence railway industries have imposed standards to define quality requirements
regarding railway ballast.

In parallel, researchers are developing simulation methodologies to tackle the prob-
lematic settling of ballasts as freight is hauled within an infrastructure. In particular,
the discrete element method (DEM) is classically used to better understand the settling
of ballasts under repeated cyclic loading and train-track vibrations. The computational
demands of DEM often limits these studies to 2D simulations [2] with limited 3D sim-
ulations that at most consider clumped spherical particles [2] with neglects the effect of
particle angularity. This is unfortunate as one of the critical geometric aspects of ballast
and ballast degradation is particle angularity. This is poorly represented using clumped
spherical representations [2, 3] or using a modified rolling contact model adapted from
simple individual spheres [4].

This study investigates the potential of BlazeDEM-3DGPU [5] code to model

1. realistic ballast particle shapes,

2. large number of particles in 3D ballast simulations,

3. ballast using GPU based simulations.

In this study preliminary simulation results are presented but in future studies aim to
validate simulations against experimental results to assess the importance of accurate
and realistic particle representations when modeling ballast. The GPU that makes highly
efficient parallelized hardware available is essential for our study towards ii) increasing the
number of particles in a ballast simulation within reasonable computing times on multiple
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GPUs [5, 6, 7], while the specific DEM environment BlazeDEM-3DGPU [5] is crucial i)
to model polyhedral convex and non-convex shaped particles that allows for accurate
and efficient incorporation of both angularity and interlocking of the ballast. The GPU
by design a highly parallelized hardware architecture as a typical CPU node can launch
12 threads per cycle, a GPU node can launch 53284 threads per cycle. This allows for
particle scale simulation to be explored when modeling balast as parallelism at particle
level allows one thread per particle which significantly decreases the computational times.
In addition, to the particle shape the contact model in BlazeDEM-3DGPU [5] is based
on the overlapping volume between particles for a better assessment of the strain energy
involved between contacting particles.

The ballast particle shapes are captured using a 3-D laser scanner to obtain accurate
digitized ballast particle shape representations of high-speed track ballast for use in the
DEM simulations in this study. The detail of the digitized ballast particles are controlled
by the number of vertices and faces used to approximate the ballast particle samples.
A significant benefit of this approach is that the critical geometric features could be
investigated by conducting DEM simulations using varying detailed ballast samples. In
addition, the simplified the ballast samples allows for larger number of angular particles
to be simulated during loading and unloading and vibration studies of the ballast.

The remainder of this study is dedicated towards demonstrating that the developed
laser scanning strategy is effective, efficient and practical to quantify the shape properties
of the ballasts towards constructing digitized ballast samples for use in DEM simula-
tions. Secondly, that GPU-enabled DEM can efficiently model typical large scale box
representative of a typical laboratory ballast experiments to test the cycling compressive
loading.

Figure 1: Representative ballast samples from Fontaineriant quarry (Normandy France).
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2 3D Laser Scanning Procedure

The 3D laser scanning procedure consists of mounting the particles appropriately to
be accurately scanned as outlined in Section 2.1. Thereafter the particle is digitized by
approximating the high resolution representation by fitting vertices and planes to cover
the surface of the particle as discussed in Section 2.2. the process is repeated for all
six selected ballast particles whereafter they are used in DEM simulations of ballast as
detailed in Section 3.

The ballast considered in this study are from the ballast used for the new French high-
speed rail LGV Bretagne-Pays de la Loire (LGV LN 10, to be completed in 2017). The
ballast were extracted from Fontaineriant quarry (Normandy France) which is a quartzite
(locally called also in French grès amoricain). The classical designation range for ballast
used for French high-speed railway is 31.5/63. The 6 representative ballast samples used
in this study are presented in Figure 1.

2.1 3D-Laser scanning device and initial digitization

The shape of ballast particles are classically obtained by particle image processing
or X-ray computed tomography (CT). The particle image processing allows for fast and
inexpensive processing of the ballast particles allowing for large numbers of particles to be
processed. However, the 2-dimensional images obtained by image processing and stitched
volume objects are sufficient for the overall particle geometry and aspect ratios while
additional detail is seldom well resolved. Improved accuracy is obtained using X-ray
CT that allows 3-D shapes to be captured more accurately as demonstrated by Ahmed
et al. [11] for ballast applications. However, X-ray CT measurements are expensive,
sophisticated and laborious which limits the number of particles that can be processed.

Figure 2: (a) 3D-laser scanning device (b) ballast with scan support

This study considers the 3D-Laser scanning device depicted in Figure 2(a), which can
be considered intermediate to the particle image processing and X-ray CT scanning. A 3D-
Laser scanning device has already been employed with sufficient accuracy to characterize
aggregate shape [10]. In this study, a modern 3D-laser scanning device is used to obtain
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a scan of the ballast. As shown in the Figure 2(b), the ballast samples are scanned
sequentially with the sample being supported by wire supports. The samples are rotated
as they are only scanned from the top, this allows for a full digitization of the particle
geometry in which there is no effect of the wire supports. The 3-D laser scanning device
requires several rotations to scan a sample to finally obtain a digitized ballast particle. The
number of rotations to complete planar scans can reduce or increase the precision of the
scanned sample. In our case, the times to scan and digitize a ballast sample varied between
10 and 20 minutes depending on the scanning parameters and selected representative
planar element i.e. triangle or parallelogram. Table 1 shows that the number of initial
polygons of the detailed digitized representations depend of the size and complexity of
the ballast as the scanning parameters of the device are the same for each sample.

Table 1: Digitized ballast data before and after mesh reduction operation : number of geometrical
elements

After Scanning After Mesh Reduction
Ballast Triangle Point Facet Vertex
B1 24964 12470 12 8
B2 89980 44856 12 8
B3 25212 12606 12 8
B4 100246 50111 12 8
B5 69096 34517 12 8
B6 71876 35873 12 8

2.2 Ballast digitization to reduce geometrical detail

Once the ballast samples have been scanned they need to be digitized into DEM parti-
cles ready for simulation. The scanned particles are digitized with high detail and stored
in the STL data format, which represents the the particle surfaces as triangles. The geo-
metric detail of the highly detailed digitized samples are then reduced using MeshLab [12],
which is open-source and freely available. In this study, the mesh reduction function was
utilized to reduce the number of triangular facets to avoid excessive storage requirements
as particles in the DEM simulation environment. For this study we chose number of final
facets to be 12 for all particles as outlined in Table 1.

Future investigations will adapt the number of facets according to the complexity of
the particle which was not the main objective of this study. The originally scanned high
detailed particles (left) and digitized DEM particles (right) are depicted in Figure 3. The
results highlights that the particle elongation and flatness are globally well represented,
while the angularity could be more better defined using more detailed particle in future.
The surface texture (roughness) captured by the detailed digitization as well as the non-
convexity of the particles are not present in the final particle representations although
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Figure 3: Detailed digitized ballast after the scanning (left) and after reducing the geometrical detail
for DEM representation (right)

the detail reduction process is capable of generating both convex or non-convex particle
shapes.

3 GPU Discrete Element Simulation

3.1 Ballast considerations during DEM

Both the time computational time and realistic particle shapes are currently the two
main limiting factors to use DEM on a regular basis to tackle large scale ballast railway
problems. Typically CPU based DEM environments simulate at most a few thousand of
ballast particles using the clumped sphere representations that ignores the angularity of
actual ballast [3, 4]. It is expected that this kind of DEM simulations can give qualitative
assessments but the effect of angularity is expected to be a crucial factor for ballast
simulations but this is yet to be investigated in greater detail.

3.2 BlazeDEM-3DGPU

As outlined previously this study considers uses the BLAZEDEM-3DGPU framework
developed by Govender et al. [5, 6, 7, 8, 9]. This numerical framework has been validated
for silo discharge and power consumption of milling operation simulations that allows for
large number of particles to be simulated within reasonable computing time. BlazeDEM-
3DGPU is able also to model more complex shapes that include regular and irregular
polyhedra (non-convex particles) [8].

In the case of selected scanned ballasts, the STL file format is converted to the BlazeDEM-
3DGPU format. In particular, the faces and vertices are extracted to define the polyhedral
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geometries. Note also that the python library numpy-stl was used to obtain the Iner-
tia tensor, volume and centre of mass for each digitized ballast particle. In particular,
the inertia tensors plays an important effect for the stability of the final packing. The
BlazeDEM-3DGPU depicted particle geometries are shown in Figure 4.

All simulations conducted in this study are done using a linear spring dashpot model
and Coulomb Criterion are used : CORpp = 0.25, CORpw = 0.1, µpp = 0.6, µpw = 0.5,
density = 1.8g/cm3 for a time-step of 1.10−4s.

Figure 4: DEM Ballast particles for the 6 selected digitized ballasts

Figure 5: Filling stage of box BOX1 after 7.5 s of filling time (a) coloured by particle geometry and (b)
coloured by linear velocity

3.3 Ballast box filling simulations

Two boxes were considered in this study. The first box is 128 cm by 128 cm (BOX1)
and the second box is 248 cm by 248 cm (BOX2). These sizes have been chosen to be
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similar at the scale of experimental devices used classically for the ballast studies during
cyclic compaction tests. Figures 5 depicts the ballast filling stage of BOX1. As shown in
Figure 5(a) the ballast particles were sequentially filled by slice with random packing of
the different particle geometries as well as their orientations, since each colour represents a
different geometry in Figure 5(a). The linear velocities in turn are depicted in Figure 5(b)
depicting stability during ballast formation. In this study two ballast packings are filled
as summarize in Table 2. The final packings are shown in the Figure 6 for the two boxes.
The computing time for around 20 s of filling for the packing 1 is around 0.8 hour for two
GPUs TITAN X cards.

Figure 6: Ballast packings after the filling stage in box BOX1 (a) and box BOX2 (b) (top - coloured by
particle geometry and down - coloured by linear velocity)

Table 2: Ballast packing characteristics

Number of ballasts Total B1 B2 B3 B4 B5 B6
Packing 1 (BOX1) 10000 2000 1500 1500 2000 1500 1500
Packing 2 (BOX2) 60000 12000 9000 9000 12000 9000 9000
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4 Conclusions

Time computation and realistic particle shape (classically clumps of spheres) are ac-
tually the principal limitations to apply Discrete Element Method to large scale ballast
railway problems. In this paper, two typical experimental ballast boxes were filled by up
to 60 000 thousand convex polyhedral-shaped ballast particles using BlazeDEM-3DGPU
that efficiently utilizes the GPU to conduct discrete element simulations within reason-
able computing times. A simplified experimental procedure has been developed in this
work to reduce detailed digitized ballast samples obtained scanning actual samples using
3-D laser scanner to typical polyhedron geometries that can be used in DEM simulations.
This study highlights the promising prospects that GPUs can bring to model railway
problems more precisely within reasonable time frames. One of the ambitious perspec-
tives of this work will be to test the methodology developed here for the digitized ballasts
for the non-convex polyhedra shape, a particle shape that has already been tested with
the BlazeDEM-3DGPU platform [8].
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Abstract. The smoothed particle hydrodynamics (SPH) method was applied to the problem of 
fatigue crack propagation. The stress singularity characteristics at the crack tip and the stress 
intensity factor were compared between the SPH results and the reference values. The result 
of half elliptical surface crack propagation analysis showed smooth crack propagation history 
and the shape of the analyzed fracture surface was close to that achieved by test. Accordingly, 
it is concluded that the SPH is a useful tool to analyze the linear elastic fracture mechanics 
and the fatigue crack propagation. 
 
1 INTRODUCTION 

The estimation of fatigue damage is essential to ensuring the safety of mechanical 
structures. Fatigue crack propagation is one of the dominant phenomenon of fatigue damage. 
Accordingly, some meshing numerical analyses for the crack propagation problem, 
represented by X-FEM [1], have been investigated. However, in general, it is difficult to use 
meshing numerical analyses to deal with some complex situations, such as the process of 
penetrating the thickness of a plate, or connecting multiple cracks or defects. On the other 
hand, mesh-less numerical analyses, like a particle method, can solve such problems easily. 

In this study, smoothed particle hydrodynamics (SPH) method [2] was applied to linear 
elastic fracture mechanics and fatigue crack propagation. In order to investigate the way of 
handling linear elastic fracture mechanics with SPH, the stress singularity at the crack tip area 
in a single edge cracked specimen was analyzed and compared with past numerical results [3]. 
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After that, the half elliptical surface crack propagation phenomenon, one of the fundamental 
fatigue crack propagation problems, was analyzed and compared with the fatigue crack 
propagation test results. 

2 FRACTURE MECHANICS WITH SPH METHOD 

2.1 Some equations of linear elastic fracture mechanics 
The magnitude of load acting on a crack is defined as stress intensity factor K. For example, 

as seen in Fig. 1, in the case of a two-dimensional crack exposed to mean stress σ0, the 
distribution of mode I direction stress at the crack tip area has the following singularity. 

σ(r) = K / (2πr)1/2  (1) 

This equation regards all areas of the specimen as an elastic field. As seen in this equation, K 
is the coefficient of the stress distribution function at the crack tip. Namely, the K value is the 
magnitude of local stress field at the crack tip area, where the fracture really occurs. In the 
case of Fig. 1, K is defined as the function of crack length a and shape correcting coefficient F, 
as follows [4]. 

K = σ0F(πa)1/2  (2) 

In the case of fatigue load, as seen in Fig. 2, stress intensity factor range ΔK, which is the 
difference between maximum K and minimum K, rules the fatigue fracture phenomenon. 

ΔK = Kmax – Kmin = (1 – R)Kmax  (3) 

where stress ratio R is the proportion of the minimum load to maximum load. Generally, ΔK 
is related to fatigue crack growth rate da/dN, which is the increment of crack length per one 
fatigue cycle, as seen in Fig. 3. In the middle range, the relation has the following Paris-
Erdogan law [5]. 

da / dN = CΔKm (4) 

where C and m are material constant. 
 

 
Figure 1 2D mode I crack                             Figure 2 Stress vs. time   
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Figure 3 Fatigue crack growth curve 

 

2.2 Stress intensity factor range 
In the SPH fatigue crack propagation analysis, K values in all crack tip particles must be 

calculated. In this study, K values are calculated simply as follows. 
K = σ1(πA)1/2 (5) 

where σ1 is the principal stress of the crack tip particle and A is the particle size. This equation 
is derived from substitution σ1 and 1/2 A for equation (1). This program is used for constant 
range fatigue load, then, ΔK is calculated by substituting R and equation (5) for equation (3). 
To verify the validity of this method, stress singularity at the crack tip in a single edge 
cracked model, which is one of the fundamental crack problems, is analyzed and compared 
with past numerical analysis. 

2.3 Fatigue crack propagation model 
Generally, crack propagation analysis with a meshing numerical method can define crack 

tips in any position. However, SPH analysis cannot be used in the same way because the 
positions of the particles are restricted by particle size. Therefore in this study, the following 
damage model is applied to the crack tip particles, and the fracture is defined for every crack 
tip particle. 

ΔDi,n = (da / dN|i,n)ΔNn  / A (6) 

Di,n = Di,n-1 + ΔDi,n 
(7) 

where ΔD is the increment of damage, ΔN is the increment of fatigue cycle and D is the total 
damage value of the particle. D is the dimensionless quantity and the remaining life L for each 
crack tip particle is defined as follows 

Li,n = 1 – Di,n (8) 

ΔN in each analysis step is calculated by equations (5), (4) and (8). After ΔN is obtained, 
ΔD is calculated by equation (6). The damage in step n Di,n is calculated by the sum of Di,n-1 
and ΔDi,n. Fracture occurs in the crack tip particle when D is equal to 1, namely L is equal to 
zero. The fracture particle is removed from the crack tip and a new crack tip is redefined. 
After that, the next analysis step is calculated. 
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3 FATIGUE TEST 

3.1 Model of cracked specimen 
Fig. 4 shows cracked models for SPH analysis. Fig. 4 (a) is a single edge cracked plate 

model for the stress singularity analysis. Particle sizes are 0.1 mm, 0.05 mm and 0.02 mm, 
and the numbers of particles are 19,950, 79,900 and 449,750, respectively. Fig. 5 shows a half 
elliptical surface cracked model for fatigue crack propagation analysis. The particle size is 0.1 
mm and the number of particles is 154,810. The cracked areas are modeled by removing 
particles. Accordingly, the distance between upper crack surface and lower the surface is one 
particle size. The half elliptical surface cracked model has a triangle shaped initial crack on 
one of its corners. The support domain size of each analysis is twice the particle size. 

3.2 Specimen for fatigue test and material 
Fig. 5 shows the geometry of the half elliptical surface crack specimen. The specimen has 

the same initial slit as the model in Fig.4 (b). The initial slit was made by a wire electric 
discharge machine. 

The material used in this study was low carbon steel JIS-S50C. Table 1 and Table 2 show 
the chemical compositions and mechanical properties of the material respectively. Fig. 6 
shows the fatigue crack growth curve of the material. C value is 2.0×10-12 and m value is 
3.2443. 

3.3 Crack propagation test  
To compare with the result of the SPH crack propagation analysis, a fatigue crack 

propagation test with a half elliptical surface crack was carried out. In this study, to visualize 
the crack shape history, beach marks were introduced to the fracture surface. The marks were 
introduced by increasing the stress ratio as seen in Fig. 7.  

In this test, the fatigue life was not obtained because the stress ratio and load level were 
changed during the test. The comparison of fatigue life will be carried out with constant 
loaded fatigue test results in the future. 

 
      (a) Single edge cracked plate model                    (b) Half elliptical surface cracked model 

Figure 4 Models for SPH 
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Table 1: Chemical Compositions of JIS-S50C [mass. %] 

C Si Mn P S Cu Ni Cr Mo V 
0.48 0.18 0.63 0.014 0.002 0.12 0.07 1.04 0.15 0.01 

 

Table 2: Mechanical propaties of JIS-S50C 

Yield stress 
[MPa] 

Tensile stress 
[MPa] 

Elongation 
[%] 

Reduction of 
area [%] 

Vickers 
hardness* 

353 681 33.6 12.6 195 
*Force:2 [kgf], Time:30 [sec] 

 

 
Figure 5 Half elliptical surface cracked specimen 

 

         
Figure 6 Fatigue crack growth curve of JIS-S50C         Figure 7 Load vs. time in fatigue crack propagation test 
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4 ANALYSIS RESULTS 

4.1 Stress singularity 
Fig. 8 shows the distributions of stress at the crack tip of a single edge cracked model (see    

Fig. 1), where the SPH results with three different particle sizes and that based on the 
reference [3] are rather well compared. The K value calculated from the SPH result of particle 
size 0.02 mm using equation (5) is 0.90 MPa√m, whereas that of the reference [3] is 0.77 
MPa√m. 

4.2 Fatigue crack propagation 
Fig. 9 shows the results of half elliptical surface crack propagation. Fig. 9 (a) shows the 

crack shape history analyzed by the SPH method. The SPH results show the crack 
propagation history of a half elliptical surface crack penetrate the plate thickness smoothly. 
Fig. 9 (b)-(i) shows the original image of the tested fracture surface. In the fracture surface, 
the beach marks, namely the real crack shape history, are observed clearly. The results of SPH 
analysis almost trace the tested results, as seen in Fig. 9 (b)-(ii) and Fig. 9 (b)-(iii). 
 

 
Figure 8 Stress distributions at crack tip 
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(a) SPH fatigue crack propagation analysis                                     (b) Fatigue crack propagation test 
Figure 9 Fracture surfaces 

 

5 CONCLUTIONS 
The following results were obtained.  

(a) The SPH is able to calculate stress singularity at the crack tip rather well.   
(b) K value by SPH analysis tends to be higher than the reference value. 
(c) The half elliptical surface crack propagation is simulated in a smooth manner. 
(d) The results of the SPH analysis trace well the beach marks observed at tested fracture 
specimen. 

It is concluded that the SPH method is considered to be useful for analysis of linear elastic 
fracture mechanics and fatigue crack propagation. The difference of the K values between the 
SPH result and the reference value as well as the predictions of the fatigue life will be studied 
in the future. 

(iii) Final stage (iii) Fracture surface with SPH final stage 

(ii) Middle stage (ii)  Fracture surface with SPH middle stage 

(i) Initial stage (i) Original fracture surface 
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Abstract. This paper presents the implementation of the SPH Lagrangian method for the 
prediction of the oil slick diameter in the gravity-inertial spreading. Computer codes that predict 
the slick diameter generally use hybrid models (Eulerian-Lagrangian), and simulations start 
from the end of the first phase (gravity-inertial), in which the oil slick diameter is given by Fay's 
equations [1, 2]. Fay  adjusted curves to oil spreading experimental data on a calm sea condition 
aiming to estimate the oil slick diameter as a time function, after the spill occurrence.  The 
mathematical modelling in this work is based on the Navier-Stokes equations, for 
incompressible Newtonian fluids. In the boundary treatment, a model for the collisions between 
the particles has been used, with the definition of an energy restitution coefficient [10].  At the 
end of the first stage of the spill, the numerical results obtained by SPH simulations show 
agreement with the solution obtained from Fay’s equations.  
 
 
1 INTRODUCTION 

The spreading is due to the pollutant’s tendency to flow over itself. It’s the most significant 
transport process in the first few hours of the spill. Its understanding and quantification are of 
great importance to the preservation of the environment. 

The curves adjusted by Fay [1,2] to oil spreading experimental data are still used in 
prediction models for oil slick reaching. The researcher estimated the oil slick diameter based 
on mathematical equations, dividing the phenomenon in three distinct stages, in which the 
gravitational, inertial and viscous forces and superficial tension are held accountable for the 
movement of the oil over the water. The shear stress on the surface of the oil was not considered 
due to the wind action, the advective forces and the turbulent diffusion. Due to the inexistence 
of winds, currents and waves, the oil spread in a circular shape, in a displacement that presented 
radial symmetry. Field data was employed in the attainment of proportionality coefficients for 
the equations proposed in the three stages of the spreading. It is known that the oil spreading, 
in real-life conditions, cannot be fully explained by these equations; however, through 
modifications, like considering the shear effects caused by the wind on the surface of the oil 
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(which explain the elliptical shape of the oil slick in an actual spreading), the equations can be 
applied nowadays. 

The first stage of the oil spreading is not usually taken into consideration in the numerical 
study of the phenomenon because it is very short (about an hour for a 10,000 ton oil spill – 
according to Fay’s results, [1]).  An estimate of the oil slick diameter at the end of this stage, 
which is necessary for algorithms that simulate the longer lasting stage of the spreading 
(gravity-viscous), is, in general, obtained with a prediction based on Fay’s adjusted curves to 
experimental data. Most of the software are hybrids and utilize meshes (in the Eulerian 
modelling of the water) and particles in the discretization of the oil. The prediction of the oil 
particle’s position over time is based on the solution of Langevin’s equation, according to 
reference [3]. However, the employment of Eulerian modelling in the simulation of oil on the 
water surface is not a good choice, for the need of updating meshes (remeshing), after each 
numerical iteration, making the process expensive and complicated.   

During the last few years, the meshless Lagrangian methods have been more and more 
employed. The particle methods are included in this category, providing stable and accurate 
numerical solutions to integral equations or partial differential equations. The Smoothed 
Particle Hydrodynamics method is an alternative to the solution of problems modelled by the 
equations of conservation of mass, momentum balance and energy transport.  

Particle methods, which address the spreading problem with a Lagrangian view for the two 
phases involved (oil and water), are incipient in the scientific study of spreading. Violeau [4] 
and Yang and Liu [5] presented their model and results employing this approach to the study 
of oil spill containment using floating devices.  

The present work presents the implementation of a purely Lagrangian particle model, based 
on the equations of conservation of mass and momentum balance for the oil, in a calm sea 
condition. The Smoothed Particle Hydrodynamics (SPH) method is employed in the solution 
of those equations. The study is directed towards the understanding of the first stage of the 
spreading (gravity-inertial), independent of the other physical and chemical processes that 
occur during the spill, presented in references [6,7]. Employment of purely Lagrangian methods 
in the diameter prediction of the oil slick can not be found in literature. An algorithm was 
developed and implemented, using Fortran Language, and the numerical results were verified 
with the curves adjusted by Fay.  

This paper is organized in sections as follows.  In Section 2, the Lagrangian mathematical 
modelling employed in this work is briefly presented. Section 3 presents the methodology of 
the prediction of the oil slick diameter in the gravity-inertial spreading of oil and numerical 
aspects. The results and discussion of the results are in Section 4. Finally, the conclusions of 
this study are presented in Section 5. 

2 SMOOTHED PARTICLE HYDRODYNAMICS (SPH) METHOD  
Originally, the SPH method was developed in the end of the 70s of the 20th century, by Lucy 

[8] and Gingold and Monaghan [9], for the modelling of astrophysics phenomena. After some 
time, it was employed in the field of solid and fluid mechanics with a wide range of applications, 
due to its ability to incorporate the complexity of physical problems. Especially due to the 
complex geometries involving free surface fluids and fluid-structure interaction, the method 
has attracted a great number of researches.    
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For the solution of conservation differential equations, the SPH method discretizes the 
domain in a finite number of particles. The values of the physical properties in the reference 
particles are obtained by the interpolation of the properties of neighbouring particles with the 
use of smoothing functions (kernels). The particles are delimited by an influence domain (at a 
maximum distance kh  from the fixed particle considered) that defines an area of influence in 
which there is the contribution of the neighbouring particles to approach the physical property 
in the reference particle. 

In the SPH method, different kernels can be used, and so that they are considered suitable 
for interpolation, it is necessary that each one follows certain properties: smoothness, positivity, 
symmetry, convergence, decay, compact support, and normalization within the domain of 
influence. Common kernels used in the interpolations are presented in [10]. 

SPH provides approximations to the physical properties (such as density), gradients (such as 
pressure gradients), divergents (such as velocity divergents) and Laplacians (such as 
temperature and velocity Laplacians) related to fluid flow, with a second order error. 

 

2.1  SPH Approximations for the Conservation Equations  
Modelling of fluid flows and energy transport is performed by the conservation (mass and 

energy) and momentum balance equations. For an incompressible Newtonian fluid,  the Navier-
Stokes equations are employed. Table 1 shows the SPH approximations for these equations, 
written in a Lagrangian description, Eqs. (1)–(3). 

Table 1.  Differential Equations and SPH Approximations 

Differential Equation 
(Continuum) 

SPH Approximation 
(Domain discretised by particles) 

Mass conservation: 
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where   is the fluid density, t is the time,   is the mathematical vector operator nabla,  v  is 
the fluid velocity, g  is the acceleration due to gravity,   is the kinematic fluid viscosity, P  is 
the absolute pressure, e  is the specific internal energy, v  is the energy dissipation per unit 
volume, q  is the conduction heat flux, Hq  is the heat generated by other sources per unit 
volume, W is the kernel, X is the particle spatial position, h  is the support radius, a  and b  are 
subscripts that refer to fixed and neighbouring particles, respectively and ab a b v v v . 

2.2 Consistency  

In the SPH method, the consistency depends not only on the function approximation 
employed but also on the influence domain, the number of particles, and their distribution 
within the domain. If the influence domain is continuous and complete, there is a uniform 
distribution of particles inside it, and the support radius has been properly defined, the 
conditions for the consistencies of zeroth and first orders are met due to the properties of 
normalization and symmetry of the kernel. The influence of the support radius in the 
approximations obtained by SPH therefore needs to be properly analysed [11]. 

In regions near the boundaries, the truncation of the influence domain occurs, leading to less 
accuracy in approximations. This phenomenon is known as particle inconsistency. 

 
     (a)                            (b) 

 

Figure 1. Influence domain: (a) complete and (b) incomplete or truncated.  
It is possible see that the kernel is not defined in a whole domain. 

Chen et al. [12] proposed the application of the Corrected Smoothed Particle Method 
(CSPM) for the particles inconsistency treatment, by introducing a correction factor. The 
particle density is corrected from the use of given expression in Eq. (4): 

                                   *

1 1
( , ) ( , )

n n
b

a a ab b b
bb b

mm W X X h W X X h         (4) 

 

where *
a  is the corrected density of the particle. 

Similar expressions are obtained for the pressure gradient Cartesian components [10]. 
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2.3   Numerical aspects of SPH for dynamic fluid flows 

2.3.1   Variable Smoothing Length  

The length of the influence domain is very important in the SPH method. It influences the 
efficiency of the calculations and the accuracy of the solutions. If the length of the influence 
domain is too small or too large, the results will not be consistent with the studied physical 
problem. The need to apply support radius compensation occurs, for example, in the simulation 
of dam breaking. In this work the following form correction proposed in [13]: 

                                1

d

Dh h D
Dt Dtn




   (5) 

where dn  is the number of domain dimensions. 

2.3.2   Artificial Viscosity  

The transformation of kinetic energy into heat takes place in problems involving mainly 
shock waves and needs to be measured, which does not happen when Eqs. (1)-(3) are employed. 
The artificial viscosity application in the simulations aims to avoid numerical instabilities and 
the interpenetration between particles [13]. The formulation used is shown in Eq. (6): 
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where  is the artificial viscosity,   and   are coefficients used in the calculation of 
artificial viscosity, ac and bc  are the velocities of sound in the fixed and neighbouring particles, 
respectively, and   are the support radii of the fixed and neighbouring particles, 
respectively, 2 is a factor that prevents numerical differences when two particles approach one 
another. The factor 2  was set to 20.01 abh .  

The term related to artificial viscosity is added to the terms of pressure in the SPH 
approximations for the momentum balance and energy conservation equations. 

2.3.3    Temporal Integration 

The Euler method (First Order Runge-Kutta) was employed in the update of particle 
properties over time. The integration stability depends on the time period choice. The CFL 
(Courant-Friedrichs-Lewy condition) numeric stability criterion was applied to guarantee the 
convergence of the results [14]. 
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2.3.4    Boundary Conditions 

In this work, the geometrical boundary conditions have been implemented. The collisions of 
the particles of fluid against the solid walls (considered as being well-defined planes) have been 
studied. The inter-particle collisions were not considered. 

 An algorithm for the study of collisions and trajectories of the particles that collide against 
the solid walls of the domain has been implemented. After the temporal integration and 
obtaining of the position of the center of mass of each fluid particle by the SPH method (in the 
situation in which there are not walls delimiting the domain), the collision algorithm, based on 
mathematical and geometry fundaments, brought the particles back into the domain. This is 
based on the fact that the fluid particles could not escape the domain due to the presence of the 
predefined geometrical planes. The degree of elasticity of the collisions was measured by a 
coefficient of restitution of kinetic energy ( CR ). 

When a collision of a particle against a plane was detected, and the particle’s velocity was 
obtained by the SPH method, there was a correction of the magnitude of its velocity component 
perpendicular to the collision plane, immediately after the impact as follows [10]: 

               col p(v ) = C_ _ _ _R (v )xi i  (7) 

where p(v )i and col(v )i  are the magnitude of the particle's velocity component perpendicular to 
the collision plane at the i  direction, before and after the collision, respectively; _ _(x, y).i   

After the collision, the sense of the particle’s velocity component and mass centre coordinate 
perpendicular to the wall is altered. The sense and magnitude of the velocity component parallel 
to the wall remains unaltered. 

The coordinate of the particle’s mass centre perpendicular to the plane is corrected, as show 
Eq. (8).  

                                             f 1 (1.00 CR)(r d)   i iC C                           (8) 

where: 
 1 iC  and  f iC  and   are the coordinates of the mass centre position at the time instant (to + t) 
and after the reflection,  respectively,  

r  is the particle radius, 

d   is the distance between the particle’s mass centre and the collision plane. 

Figure 2 shows the initial and final mass centres positions ( oC and fC ) after colliding 
successively with two planes ( A and B ) in a numerical iteration. The point 1C  is the final 
position that would be achieved by the particle mass center if there were no walls delimiting 
the field. 
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Figure 2. Collisions experienced by a particle in a time step. 

3 PREDICTION OF OIL SLICK DIAMETER IN THE GRAVITY-INERTIAL 
SPREADING  

3.1  Mathematical modelling and computer code 

Fay [1, 2] adjusted curves to experimental data of the spreading of oil, considering a calm 
sea condition. These adjusted curves, defined for idealized theoretical conditions are still used, 
with some modifications. Mass losses, shear on the surface of the oil (caused by the wind), the 
advective forces and the turbulent diffusion were were not considered. After performing a 
physical analysis of the forces acting on the oil, he divided the process in three stages. In the 
first stage, the action of the gravity force predominates as driving, balanced by the force of 
inertia, resistant to movement. This stage has its duration as a function of the volume of the 
spilled oil, being called gravity-inertial spreading. The expression adjusted by Fay to the 
experimental results is presented by Eq. (8): 

 
1

2 4
1 wD 2k gVt   

(8) 

w
w

w

o 



   
(9) 

where D is the oil slick diameter, w  is the water density, o  is the oil density, g  is the 
magnitude of the gravitational acceleration, V  is the volume of the oil spilled, 1k = 1.14. 

This stage of the spreading lasts until the time instant ft  given by Eq. (10): 

                                            

1
2

o
f

w

ht
g

 
   

  (10) 

where  oh  is the initial oil  height. 
The initial movement of the spilled oil is analogous to that of a dam break [15]. The mass 

conservation and momentum balance equations, Eqs. (1) and (2), have been employed to obtain 
the solution using the SPH method.  This solution is verified by comparison with the results 
from Fay’s equation.  
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3.2  Computational Geometry, Initial and Boundary Conditions 

The simulated domain consisted of a tank with a 20-meter length, 20-meter width and 1.5-
meter height, with a water level of 0.50 meters, and an oil volume initially disposed, in the 
centre, in the form of a cylinder with a height and diameter of 1 meter. Figure 3 presents the 
tank and the initial particle disposition. 

The study was carried out with a small volume of oil, which caused the first stage of the 
spreading to be short. A bigger volume of oil was used in Fay’s experiments; however, there 
are no restrictions in his work regarding the volume of the oil spill and the use of his adjusted 
curves in the prediction of the oil slick diameter, making this research feasible, especially due 
to the specifications of the available hardware.  

A bi-dimensional analysis of the problem was carried out. A longitudinal section of the 
volume was studied (Fig. 4). Figure 5 shows an upper view of the spreading and circular shape 
of the oil slick spreading on calm sea condition. 

The oil particle positions along the horizontal direction were monitored at each numerical 
iteration. The initial lateral distance between the centres of mass of the particles was 2.00 x 10-

2 m, being employed in the discretization of the domain 2,500 oil particles and 26,000 water 
particles (density of 1,000 kg/m3 e absolute viscosity of 1.00 x 10-3 Pa.s). The oil was considered 
a homogeneous, uniform and isotropic fluid. The simulations were carried out for light-weight 
oil, with a density of 850.00 kg/m3 and absolute viscosity of 3.32 x 10-3 Pa.s. The time period 
employed in all simulations, defined by the CFL stability criterion was 1.41 x 10-4 s. The water 
particles remained still during the simulations. Tait equation has been employed in predicting 
the dynamic pressure field of oil [16]. The modified pressure concept has been implemented 
[17]. The duration of the spreading in its first stage, obtained by Eq. (10) was 0.82 s, with a 
total of 5,815 numerical iterations.  

A rigid plane was established, at water level, where the oil spreading occurred. 

 

 

Figure 3. Simulated geometry.  
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Figure 4. Longitudinal section of the oil at the initial time instant. 

 

Figure 5. Upper view: the circular shape of the oil slick spreading on calm sea condition. 

3.3  Numerical Simulations 

In the simulations that were carried out, artificial viscosity was employed (with the 
coefficients  π  = 0.30 and π  = 0.00), a renormalization of the density of the oil was applied, 
the Tait equation was employed to predict the dynamic pressure fields of the oil (with the 
parameter B worth 0,85 x 105 Pa), a correction of the pressure gradients was made, the 
interpolations were carried out with the cubic spline kernel, the support radius varied over time, 
the boundary conditions were chosen (a plane fixed at water level) and the collisions against 
the boundaries were established as a result of the employment of  energy restitution coefficients, 
temporal integration carried out by the Euler method. 

After obtaining the velocity fields of the oil particles using the SPH method, the collisions 
that occurred against the horizontal plane defined at water level were detected with the analysis 
of the water particle trajectories. The direction of the velocity components of the particles that 
collided remained the same, however the sense of the vertical velocities of the particles 
changed. The sense of the velocity component in the x-axis remained unchanged. The positions 
of the particles’ mass centres after the shocks also were corrected. 

The oil particle evolution was monitored during the simulation. With the employment of 
radial symmetry, at each iteration, the circumferences were established with the radii defined 
by the longest horizontal distance between the positions of the oil particles and the position of 
the centre of the tank (10.00 m; 10.00 m; 0.50 m).  
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4    RESULTS AND DISCUSSION 

In the beginning of the simulation using the SPH method, there was a bigger resistance to 
the oil movement with all the coefficients of restitution employed until the time period reached 
0.04 s (Figure 7). In this time period, the oil slick diameter showed a tendency to remain 
constant. After this time period, the oil slick expanded until an inflection point in the curve 
(plotted in red) at around 0.12 s. From this moment until the end of the simulation, a positive 
growth rate was observed for the oil slick diameter.  

Table 2 presents the oil slick diameters obtained by the SPH method (with the coefficient of 
restitution receiving values from 0.70 to 0.92) and by Fay’s equation. The difference between 
the results is also presented.  

Table 2. Oil Slick Diameter at the end of the Gravity-Inertial Stage 

CR Oil slick diameter (m) Difference between the 
diameters - D (m) SPH Fay 

0.70 2.2583 3.0971 0.8388 
0.80 2.2703 3.0971 0.8268 
0.90 2.9824 3.0971 0.1147 
0.92 3.0980 3.0971 -0.0009 

It was verified that results obtained for the oil slick diameter obtained by the SPH method 
converged to results provided by the Fay’s equation, as the CR increased. When the energy 
restitution coefficient reached 0.92, the results were coincident at the end of first stage of 
spreading. Figure 6 shows the agreement between the results (SPH and Fay’s equation), at the 
end of the gravity-inertial phase, when using the CR with a value of 0.92. 

 
Figure 6. Evolution of the oil slick in the first stage of spreading. 
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The convergence of the numerical results (comparing to Fay’s equation solution) occurred 
for low energy dissipation, but that needed to be correctly defined so that the correct diameter 
value was reached at the end of the first stage of the spreading.  

Aiming to measure the computational efficiency, the CPU (central processing unit) 
processing time was measured. Table 3 presents the time period for different coefficients of 
restitution of  energy, maintaining the same conditions and parameters for all simulations. All 
the simulations were carried out using Linux operating system, Intel i5-2450M processor 
(second generation) and 8 GB memory. The description of the sequential computational 
algorithm used in simulations is in [18]. 

Table 3. CPU processing time for different energy restitution coefficients 

CR CPU processing time  
0.70 6 h 5 min 6 s 
0.80 5 h 46 min 19 s 
0.90  5 h 44 min 4  s  
0.92    5h 43 min 31 s   

 
 

5    CONCLUSIONS 

In this work, with the employment of the Lagrangian SPH method in the discretization of 
the energy conservation and momentum balance equations, consistent numerical results were 
reached, in agreement with Fay’s results, for the prediction of the oil slick diameter of light-
weight oil, at the end of the first stage of the spreading. 

The mathematical model used Navier-Stokes equations for Newtonian and incompressible 
fluids. While choosing the boundary conditions, a plane was fixed at water level and the 
coefficients of restitution of kinetic energy were employed to measure the interface effect on 
the oil movement. The energy restitution coefficient reflects the percentage of energy dissipated 
during the collision of the particle against the plane. The calibration of the proposed numerical 
model was done according to values attributed to the restitution coefficient (CR). Simulations 
were carried out for light-weight oil and, after employing different coefficients, a result for the 
oil slick diameter, in agreement with the solution of Fay’s was obtained for a CR equal to 0.92. 

The algorithm employed is capable of obtaining a solution for the first stage of the oil 
spreading, becoming a new tool to be used in the researches. For other types of oil, with specific 
physical properties (density, viscosity) another value for the coefficient of restitution can be 
found, so that there is an agreement between the oil slick diameter (found using the SPH method 
and Fay’s equation) at the end of the gravity-inertial stage. 

The numerical result obtained is important, for the oil slick diameter found is an input entry 
for the gravity-viscous stage simulation, the longest and the one that causes the greatest 
environmental impacts, not needing to employ Fay’s adjusted curves for its prediction anymore. 

The employed model, in its first stage, shows itself as a promising tool and can also be used 
in the study of the subsequent stages of oil spreading on a calm sea. It can be applied to real-
life conditions (in which there are winds, currents and waves) with the attribution of the physical 
properties of the external agents to the particles that discretize the domain. 
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Abstract. It is an intuitive way to use the advantages of two different simulation meth-
ods, such as the Finite-Volume (FV) and Smoothed Particle Hydrodynamics (SPH), to
reduce the computational effort. Finite-Volume, like other grid-based methods, is advan-
tageous for huge systems without fluid-fluid interfaces, whereas SPH is advantageous in
the vicinity of fluid interfaces. We will present our first results for a combined simula-
tion, including a moving SPH domain, in a simple Poiseuille flow and a more complex
multiphase capillary rise scenario.

1 INTRODUCTION

Mesh-free simulation methods, as the Smoothed Particle Hydrodynamics method (SPH),
are advantageous for simulating free-surface flows, solid-fluid interaction with deforma-
tions and multiphase applications. In contrast to grid-based methods, SPH doesn’t require
an expensive meshing or adaption of the grids. On the other hand, simulations of simple
flow are very expensive. A way to reduce the computational effort of the SPH method is
to use it only in parts of the problem domain where it is necessary. In other parts a more
efficient calculation method, like the Finite-Volume method (FVM) may be used.
In the literature some work can be found for linking grid-based and grid-free simulation
methods for solid-fluid systems [1] but there is a leak in coupling fluid-fluid systems [2].
Therefore, a new approach to combine both simulation methods for multiphase flow ap-
plications is presented. The coupling strategy is outlined using FVM and, in conformity,
an incompressible SPH (ISPH) solver.

1
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2 Coupling of Finite Volume Method an ISPH

2.1 ISPH Solver

At our institute, the ISPH solver ”SiPER” is developed and used for different ap-
plications in multi-phase micro-flow in porous media and morphology evolution in fluid
systems. We use the model described in detail in [4]. The coupling strategy is based on
our previously published open boundary conditions as described in [3]. We basic algo-
rithm is a Predictor-Corrector integration scheme, where we use a Bi-Conjugate Gradient
method to solve the Pressure Poisson Equation (PPE) using the PETSc-library [7].

2.2 Finite Volume Solver

The FVM is implemented as 2D staggered grid solver according to [5] inside the existing
SiPER code. It is implemented in the same structure as the SPH solver with a Predictor-
Corrector integration scheme. The PPE is also solved using a Bi-Conjugate Gradient
method of the PETSc-library. The code is limited to an equidistant grid.

2.3 Coupling Strategy

Set up of the simulation domain

The first step of the coupled simulation is to lay the equidistant grid of the FVM over
the whole domain with the height H and length L. Inside of this domain the SPH domain
is inserted on a random position xSPH with its belonging length LSPH . Due to the fact
that the coupling is only done in one direction the height of the SPH domain is equal to
the total domain height H. This setup can be seen in figure 1. The red lines indicate the
coupling boundaries between the two simulation methods.
The FV grid cells behind the SPH domain will be deactivated, therefore we get two
separated FV domains. In each domain we can calculate a fluid with different properties.

Coupling boundary condition

The relevant properties for the coupling are the velocity v = (u, v) and the pressure
p. For a successful coupling the following four conditions at the interface between the
methods have to be fulfilled

vSPH
I = vFVM

I , (1)

∇vSPH
I = ∇vFVM

I , (2)

pSPH
I = pFVM

I , (3)

∇pSPH
I = ∇pFVM

I . (4)

Terms of higher order are neglected. Due to the properties of the Navier-Stokes equations,
a Dirichlet (Eq. (1) or (3)) and a Neumann (Eq. (2) or (4)) boundary condition is needed.
The incompressibility of the fluid fulfills condition (2). As second boundary condition a
Dirichlet boundary for the pressure is chosen. The pressure at the interface is unknown

2
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Figure 1: Setup of the simulation domain for the coupling of the FV ans SPH method.

a priori because of the random position of the SPH domain inside the whole simulation
domain. Because of that we need to calculate the pressure for the Dirichlet boundary
conditions iteratively.
At the interface in the SPH domain, the pressure pSPH

I is calculated with an interpolation
of the pressure values of the adjacent FV cells as shown in fig. 2 (right). At the interface
in the FV domain, the pressure in the center of the boundary cells are needed. At this
position a fictive SPH particle is inserted and with the SPH interpolation scheme the
pressure can be calculated as shown in figure 2 (left). The pressure on the interface is
calculated as

pFVM
I =

(pr + pi)

2
(5)

Obviously, with this approach the pressure on the interface has to be iterated until
pFVM
I = pSPH

I . This pressure iteration takes part during the SPH corrector step.

Overlapping of the simulation domains

By using open boundary pressure conditions, small errors in the pressure solution are
present. These errors prevent a convergence of the pressure iteration. To avoid this
problem the simulation domains of SPH and FV will be slightly overlapped, as shown
in fig. 3. The position of the interface is not equal to the boundary of each simulation
domain but is defined as

xI =
xI,SPH + xI,FVM

2
. (6)

The pressure calculation for the FV boundary condition is now at a position with a
negligible error. The iteration is aborted by two different criteria. First, the mean square

3
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Figure 2: Pressure calculation at the interface for FV (left) with an SPH interpolation. Bilinear inter-
polation of the pressure on the grid cells for the SPH method (right)

deviation at the position of the interface xI between the SPH and the FV pressure is used,
second the variation of the pressure at the boundaries is used.

Figure 3: Interface with overlapping simulation methods.

Movement of the SPH domain

The aim of the coupling is to simulate e.g. bubbles in a bubble column where small,
moving areas of multiphase flow are present. Therefore the SPH domain has to move inside
the FV domain. To achieve this, the position of the SPH domain has to be calculated in
every time step. This is done by identifying the phase boundary and then move the SPH
domain in a way that the phase boundary is always in the center of the SPH domain.
During this movement particles are generated or deleted as described for open boundary
conditions in [4]. The FV grid will change due to the position of the SPH domain and
grids will be deactivated or activated, applying the new fluid properties. The movement
of the SPH domain is limited to one size of the grid cell per time step to avoid errors.

4
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3 Results and discussion

3.1 Poiseuille Flow

A single-phase, two-dimensional Poiseuille flow is calculated for a viscous fluid with a
density of ρ = 1000 kg/m3, a dynamic viscosity µ = 0.01 kg/sm and a simulation domain
with the height of H = 1mm and the length L = 6mm. Dirichlet pressure conditions
(pL = 180Pa, pR = 0Pa) are applied. A sketch up is shown in fig. 4.

𝑝𝑝𝐿𝐿 𝜌𝜌, 𝜇𝜇
𝑝𝑝𝑅𝑅

𝐿𝐿

𝐻𝐻

Figure 4: Visualization of the Poiseuille flow.

The solution of the velocity is compared to the analytic solution

ux (y, t) =
gx ρ

2µ
y (y −H) +

∞∑
n=0

4 gx ρH
2

µπ3
(2n+ 1)3

sin
(π y

H
(2n+ 1)

)
exp

(
−(2n+ 1)2 π2µ

ρH2
t

)
.

(7)
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Figure 5: Comparison of the analytic velocity profile with the solution of the coupled simulation for
four different points of time.
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Figure 5 shows the calculated velocity at the left interface. The results are in good
agreement with the analytic solution. The integrated error of pressure and velocity is
below 0.1% at every time step.

3.2 Moving Poiseuille Flow

To evaluate the error of the moving SPH domain inside the FV domain, the SPH
domain is moved multiple times from left to right and back again. This movement results
in a triangle shaped pressure profile over the time as seen in fig. 6. The simulation
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Figure 6: Pressure profile at the interface for a moving SPH domain.

represents the analytic solution very well. As seen in fig. 7, the error in the velocity
through the movement is equally. In summary, it can be stated that the movement of the
SPH domain does not result in a highly increasing error.
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Figure 7: Temporal progress of the velocity at the interface.

6

915



Christian A. Walter, Manuel Hirschler and Ulrich Nieken

3.3 Capillary Rise

A capillary rise between two flat parallel walls as shown in fig. 8 consists of a wetting
fluid (w) ( ρw = 1800 kg/m3 µw = 0.0047 kg/sm) and a non-wetting fluid (n) (ρn = 1000 kg/m3

µn = 0.001 kg/sm). The height of the simulation domain is H = 9.3mm and the distance
between the two plates is d = 1.55mm. The wetting fluid will move up through the
capillary and stops on a stationary level (hw) where the forces are in an equilibrium [6].
At the beginning the pressure sinks fast and ends on a stationary profile. Fig. 9 shows

𝐻𝐻

ℎ𝑤𝑤

ℎ𝑛𝑛

𝑑𝑑

𝜌𝜌𝑤𝑤, 𝜇𝜇𝑤𝑤

𝜌𝜌𝑛𝑛, 𝜇𝜇𝑛𝑛
𝑔𝑔

Figure 8: Visualization of the capillary rise.

the expected behavior for the pressure during the rise. Both interfaces between SPH and
FV are shown, and the difference between both lines gives the pressure drop at the fluid
fluid boundary. The results are in good agreement with capillary rise experiments [6].
We conclude that our coupling strategy leads to reasonable results. In future work, some
minor issues at the interface between FVM and SPH need to be fixed. A promising
alternative to match the interfaces is very recently presented by Napoli et al. [2].
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Figure 9: Temporal progress of the pressure for both interfaces.
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Abstract. Incompressible smoothed particle hydrodynamics method has been used to
simulate the sedimentation of a two-dimensional rigid elliptic disc in quiescent medium in
presence of an external electric field. The motion of the elliptic disc in the absence of the
electric field is compared to literature data and good agreement is observed. The results
show that the trajectory of the elliptic disc in presence of the electric field is strongly
affected by the electrical properties of fluid and solid.

1 Introduction

This study deals with the motion of a rigid elliptic particle sedimenting in a quiescent
background fluid. At low Reynolds numbers, the particle tends to sediment lying flat on
its major axis [1]. When placed in an external electric field, the electrical forces exerted
on the particle may result in a moment that changes its orientation [2]. The electric field
induced rotation in this case is of particular significance in particle orientation in sprays
or microfluidic devices, to name a few [3, 4].

Electrohydrodynamics of multiphase flows have been successfully investigated using
incompressible smoothed hydrodynamics (ISPH) method before [5]. Here, an isothermal
two dimensional ISPH method is used to calculate velocity, pressure and electrical po-
tential of the elliptic particle and its surrounding fluid. The sedimentation of an elliptic
particle in the absence of the external electric field has been investigated before in [1, 6]
and our method is validated in [7].

The sedimentation pattern of the elliptic particle is highly dependent on the electrical
properties of the system and proximity of the boundaries. To investigate the long term

1
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sedimentation patterns, a shifting boundary condition is implemented and tested without
the electric field. Then, four sets of boundary conditions and two different sets of electrical
properties are simulated and the behavior of the elliptic particle is investigated.

2 Governing Equations and Geometry

Equations governing an incompressible flow subject to an external electric field may
be written in dimensionless form as

∇ · u = 0, (1)

ρ
Du

Dt
= ∇p+

1

Re
∇ · τ +

1

Eg
f(e), (2)

where u is the velocity vector, p is pressure, ρ is density, t is time and D/Dt = ∂/∂t+u ·∇
represents the material time derivative. Here, τ is the viscous stress tensor,

τ = µ
[
∇u+ (∇u)†

]
, (3)

where µ denotes viscosity and superscript �† represents the transpose operation. f(e) is
the electric force vector defined as [8]

f(e) = −1

2
E · E∇ε+ qvE. (4)

Here ε denotes electric permittivity, qv is is the volume charge density near the interface
while E is the electric field vector. Assuming small dynamic currents and neglecting
magnetic induction effects, the electric field is irrotational [8] and may be represented
by gradient of an electric potential ϕ, E = −∇ϕ. Further assumption of fast electric
relaxation time compared to viscous relaxation time leads to the following relations for
electric potential and charge density

∇ · (σ∇ϕ) = 0, (5)

qv = ∇ · (ε∇ϕ) , (6)

where σ is the electrical conductivity.
Dimensionless values are formed using the following scales

x = x∗/d, ρ = ρ∗/ρf , u = u∗/
√
gd, (7)

t = t∗
√

g/d, E = E∗/E∞, ϕ = ϕ∗/E∞H,

p = (p− ρg · x)∗ /ρfgd, D = ρs/ρf , V = µs/µf ,

P = εs/εf , C = σs/σf ,

2
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Figure 1: General schematic of the test cases

leading to Reynolds and Electrogravitational numbers defined as

Re =
ρf
√

gd3

µf

, Eg =
ρfgd

εfE2
∞
. (8)

Here E∞ is the undisturbed electric field intensity, H is the distance between electrodes
and d =

√
ab denotes equivalent ellipse diameter. An asterisk marks dimensional variables

whereas subscripts �s and �f denote fluid and solid phases, respectively.
Figure 1 shows the general geometry of the cases studied here. The elliptic particle

is positioned at (w, h) in a W × H rectangular box at an angle θ with respect to the
horizontal axis. Aspect ratio of the ellipse is set to a/b = 2. Gravitational acceleration
acts in positive y direction. When electric field is present, an electric potential difference
of ∆ϕ = E∞H is imposed between horizontal walls, generating an undisturbed electric
field parallel to side walls. Details of initial particle arrangement are given in [7].

3 Numerical Method

To distinguish between different phases, a color function ĉ is defined such that it as-
sumes a value of zero for one phase and unity for the other. The color function is then
smoothed out across the phase boundaries as

ci =
Jn∑
j=1

ĉjWij

ψi

, (9)

to ensure smooth transition between the properties of each phase when used for their
interpolation. Here, ψi =

∑Jn
j=1 Wij, is the number density of SPH particle i, calculated

3
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as the sum of interpolation kernel of neighboring particles i and j over all neighbors of
particle i, Jn. Interpolation kernel, W (rij, h), is a function of the magnitude of distance
vector rij = ri−rj and smoothing length h [9]. Interpolation of phase properties is carried
out through

1

χi

=
ci
χs

+
1− ci
χf

, (10)

where χ may denote density, viscosity, permittivity or conductivity.
The solid region is treated as a liquid with a viscosity ratio of V = 100 [7]. Addition-

ally, rigidity constraints are imposed by computing a center-of-mass velocity and angular
velocity

us =
1

Js

Js∑
j=1

uj, ωs =
1

Is

Js∑
j=1

uj × rjs, (11)

which are used to assign an individual velocity to each solid particle according to

ui = us + ωs × ris. (12)

Here, ris = ri − rs where rs denotes the solid object’s center of mass, Js is the number of
particles present in the solid phase and Is is the solid object’s moment of inertia about
its center of mass.

A predictor-correcter scheme is employed to advance the governing equations in time
with a variable timestep according to ∆t = 0.25h/umax, where umax is the largest particle

velocity magnitude [10]. In the predictor step, (5) and (6) are solved to obtain f
(n)
(e)

through (4). Then positiona and velocity are advanced to their intermediate forms using
the following relations,

r+i = r
(n)
i + u

(n)
i ∆t+ δr

(n)
i , (13)

u+
i = u

(n)
i +

(
1

Re
∇ · τ (n)

i +
1

Eg
f
(n)
(e),i

)
∆t

ρi
, (14)

where starred variables represent intermediate values and superscript (n) denotes values
at the nth time step. Number density and fluid properties are calculated according to the
intermediate position of the interface. The artificial particle displacement vector in (13),
δri, is defined as in [10] and a constant value of 0.06 is used.

Using intermediate values, pressure at the next time step is calculated and positions
and velocities are advanced in time using the following equations

∇ ·
(

1

ρ+i
∇p

(n+1)
i

)
=

∇ · u+
i

∆t
, (15)

u
(n+1)
i = u+

i − 1

ρi
∇p

(n+1)
i ∆t, (16)

4
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Table 1: Configurations for testing the shifting boundary condition.

Case A B C D
Top and bottom No-slip Shifting No-slip Shifting

Side walls No-slip No-slip Periodic Periodic

r
(n+1)
i = r

(n)
i +

1

2

(
u
(n)
i + u

(n+1)
i

)
∆t+ δr

(n)
i . (17)

In these equations, the rigidity constraints ((11) and (12)) are implemented after each
velocity update.

Details of the spatial discretization and enforcement of boundary conditions are given
in [7].

4 Results

4.1 Shifting boundary condition

A sedimenting ellipse is likely to move in a periodic manner. However, the period
of such motion may be very long and the effects of bounding walls may be substantial.
As such, the long-term simulation of the sedimentation of the elliptic particle may be
necessary for observing the periodic motion in some cases. To implement the shifting
boundary, the ellipse is placed at the center of the computational domain. As its center
of mass moves up by one particle spacing, all particles are shifted so that the ellipse is
vertically centered. Any particles transfered out of the upper boundary are discarded and
a new layer of particles are added at the bottom boundary. If the computational domain
is high enough, the ellipse will continue its descent without limitation.

Since the motion of the ellipse without electric field is well studied, the method is
tested in the absence of an external electric field [1, 6, 7]. The parameters are set as
D = 1.1, Re = 58.8, a/b = 2, W/a = 4, h/d = 34 and θ = π/4. Computational domain
is discretized by 80035 particles. The combination of the boundary conditions used here
are given in table 1.

In most cases, the effects of top and bottom walls should not contaminate the results
and the simulations are terminated before wall effects appear. However, the effects of side
walls are unavoidable in sedimentation in confined domains [1]. In this sense configurations
A-B and C-D are paired for comparison. It is expected that cases B and D behave similar
to cases C and D as long as the ellipse is far from the bottom wall. Figure 2 plots the
horizontal position and orientation of the particle with respect to its vertical position.
Cases A and C reach the bottom wall at y∗/W = 6 while cases B and D may continue
indefinitely. The agreement between A-B and C-D pairs is excellent and this means that
from a hydrodynamic point of view, the implementation of the shifting boundary has no
effect on the sedimentation. It is worth mentioning that in all cases, the ellipse comes to a
horizontal orientation while its position is dependent on the side wall boundary condition.
With a no-slip wall, the hydrodynamic forces move the ellipse toward the center of the

5
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Figure 2: Horizontal position (a) and orientation (b) of the elliptic disc while sedimenting.

domain while in the periodic configuration, the ellipse settles further away from its starting
horizontal position. The Reynolds numbers based on terminal velocity, Ret = ρfutd/µf ,
is equal to 15.1 and 16.2 for A-B and C-D pairs, respectively. As expected, this shows
that the ellipse descends slower in confined domain due to wall effects.

4.2 Boundary effects on sedimentation

The introduction of the electrical field may significantly alter the behavior of the ellipse
sedimenting in quiescent fluid. Two sets of permittivity ratio and conductivity ratio pairs
of (10, 20) and (20, 0.1) are used and will be referred to as cases S and U, respectively.
The significance of the electrical parameters chosen is that the former has τs < τf while
the latter has τs > τf , where τ = ε/σ. This means that the electrical forces resist rotation
for case S while the situation for case U is more complex. Velocity boundary conditions
are as given in table 2. For configurations A and B no electric field lines pass through the
side walls while in configurations C and D, the side walls are periodic. Reynolds number
is set to 58.8 while Electrogravitational number is equal to 27.7.

Figure 3 plots the horizontal position and orientation of the ellipse versus its vertical
position for S cases. In all cases, the ellipse aligns itself with the electric field almost
instantly, regardless of the boundary configuration, with cases A-B and C-D following
the same trajectory. When side walls are present, i.e. configurations A and B, the ellipse
moves slowly toward the center of the computational domain whereas in configurations
C and D, the ellipse remains to the right of its starting horizontal position. It is worth
noting that the early horizontal deviation in electrified cases is in the opposite direction

6
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Figure 3: Horizontal position (a) and orientation (b) of the elliptic disc of case S while sedimenting in
an external electric field.

of the cases without the electric field.
Figure 4 provides the horizontal position and orientation of the ellipse for case U.

Unlike case S, case U shows remarkably different trajectories with different boundary
configurations. While cases CU and DU behave similarly with a periodic motion, cases
AU and BU are completely unrelated. This shows that the electrical boundaries have
notable effects when there is a race between f(ep) = −E ·E∇ε/2 and f(eq) = qvE (equation
(4)). Cases CU and DU follow a periodic trajectory to the left of their starting position
and rotate up to ten degrees around the flat orientation. Case BU follows a periodic
motion of equal horizontal distance and angular span to that of CU and DU at a higher
frequency in the center of the channel. Unlike others, case AU does not follow a periodic
trajectory and stays mostly in an upright orientation. It moves back and forth near the
left wall before changing direction in y∗/W = 4 and heading toward the right wall.

Table 2 provides Ret for all cases. For oscillating cases, the average vertical velocity is
used instead of the terminal velocity in computation of Ret. In agreement with the obser-
vations made above, cases AS-BS and CS-DS have similar terminal Reynolds numbers.
For case U, the oscillatory motion reduces the descent velocity resulting in smaller Ret.
As expected, cases CU and DU have similar terminal Reynolds numbers while the largest
Ret belongs to AU which descends in a mostly upright orientation.

To explore the effects of the electrical forces on the motion of case U in more detail,
figures 5 and 6 provide the torques and horizontal component of the forces applied to the
ellipse during its descent. The electrical force and torque are computed directly from the
electrical forces applied to particles of the solid phase. Since the FSI coupling technique

7
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Figure 4: Horizontal position (a) and orientation (b) of the elliptic disc of case U while sedimenting in
an external electric field.

Table 2: Terminal Reynolds number Ret for cases S and U for different boundary configurations. When
no electric field is applied Ret = 15.1 [7].

Case A B C D
S 22.1 21.9 22.8 22.8
U 19.7 9.6 11.1 11.2

8
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Figure 5: Hydrodynamic torque (blue), electric torque (red) and resultant torque applied to the ellipse
of case U with boundary configurations of A (a), B (b), C (c) and D (d) while sedimenting in an external
electric field. A positive value induces a counter-clockwise rotation.

used here does not provide an explicit interface for the solid body, the hydrodynamical
parts are found by subtracting the electrical components from the resultant torque and
force applied to the body. The resultant components are calculated using the position
and orientation of the ellipse in time. The results are smoothed using a Gaussian filter to
remove spurious oscillations.

The differences between case AU and other cases are apparent in both torque and forces
exerted on it. Having both side and top boundaries in its vicinity, the initial electrical
torque turns the ellipse in counter-clockwise direction to align it with the electric field.
The hydrodynamic torque is comparable but smaller than the electrical counterpart and
the ellipse maintains its orientation. This causes it to approach the left wall where it
is deflected due to electrical forces (y∗/W ≈0.75). While descending near the wall from
y∗/W ≈ 1 to 4, the electric torque encourages a flat orientation whereas the hydrodynamic
torque opposes it. The ellipse gets closer to the left wall progressively with each approach
and this reduces the hydrodynamic forces pushing it toward the wall. At y∗/W ≈ 4, the
ellipse breaks off the left wall and heads toward the opposing wall. While passing the
middle of the channel, the electrical and hydrodynamical forces become negligible. At
this position, electrical torque encourages a counter-clockwise rotation while a slightly
larger hydrodynamical torque resists it. After y∗/W ≈ 5, the bottom wall affects the
simulation.

Despite sharing the same side wall configuration with case AU, replacing top and
bottom boundaries with shifting walls changes the electrical effects exerted on case BU

9
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Figure 6: Horizontal component of hydrodynamic force (blue), electric force (red) and resultant force
applied to the ellipse of case U with boundary configurations of A (a), B (b), C (c) and D (d) while
sedimenting in an external electric field. A positive value moves the ellipse to the right.

significantly. Throughout its path, the electrical torque remains the dominant term and
dictates both rotation and horizontal position. Initially, the electrical torque turns the
ellipse toward a flat orientation while the hydrodynamic torque resists it. The electrical
torque is clockwise for positive angles and counter-clockwise for negative angles. Electrical
and hydrodynamic forces are in agreement and act to move the ellipse away from the
wall. The period of both forces are similar while the electric component lags behind the
hydrodynamic part.

Cases CU and DU act in a similar fashion. The electrical and hydrodynamical torques
alternate as the ellipse pivots around its flat orientation. The torques oppose each other
with the electrical torque as the dominant component. On the other hand, the dominant
force term is the hydrodynamic component. Although there are no side walls to induce
electrical forces in the horizontal direction, the domain width is small enough for the
periodic boundary to have an effect. The ellipse interacts with itself through the periodic
boundary and as the symmetry breaks a horizontal force is exerted on the ellipse. The
electrical force points in the negative direction for positive angles and in positive direction
for negative angels. This means that the ellipse is electrically forced to the left for positive
angles and to the light for negative angles, which is also in line with hydrodynamic
tendency of the ellipse. As a result, electrical and hydrodynamical forces have the same
period while the electrical part slightly lags behind.
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5 Conclusions

An ISPH method to simulate the sedimentation of an elliptic particle in quiescent
flow under external electric field is presented here. A shifting boundary condition for
long term simulation of the sedimentation is implemented and tested. It is seen that
the shifting boundary condition has negligible effects in the absence of the electric field.
The simulations in the presence of the electric field are carried out for two sets of elec-
trical properties and four different boundary configurations. The results show that both
electrical properties and the boundaries have significant effects on the trajectory of the
sedimentation.
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